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Preface 


Since the pioneering works of Frobenius, Schur and Young more than a hun- 
dred years ago, the representation theory of the finite symmetric group has 
grown into a huge body of theory, with many important and deep connections 
to the representation theory of other groups and algebras as well as with fruit- 
ful relations to other areas of mathematics and physics. In this monograph, we 
present the representation theory of the symmetric group along the new lines 
developed by several authors, in particular by A. M. Vershik, G. I. Olshan- 
skii and A. Okounkov. The tools/ingredients of this new approach are either 
completely new, or were not fully understood in their whole importance by 
previous authors. Such tools/ingredients, that in our book are presented in a 
fully detailed and exhaustive exposition, are: 


—the algebras of conjugacy-invariant functions, the algebras of bi-K- 
invariant functions, the Gelfand pairs and their spherical functions; 

— the Gelfand—Tsetlin algebras and their corresponding bases; 

— the branching diagrams, the associated posets and the content of a tableau; 

— the Young—Jucys—Murphy elements and their spectral analysis; 

— the characters of the symmetric group viewed as spherical functions. 


The first chapter is an introduction to the representation theory of finite 
groups. The second chapter contains a detailed discussion of the algebras 
of conjugacy-invariant functions and their relations with Gelfand pairs and 
Gelfand-Tsetlin bases. In the third chapter, which constitutes the core of the 
whole book, we present an exposition of the Okounkov—Vershik approach 
to the representation theory of the symmetric group. We closely follow the 
original sources. However, we enlighten the presentation by establishing a 
connection between the algebras of conjugacy-invariant functions and Gelfand 
pairs, and by deducing the Young rule from the analysis of a suitable poset. 


xiii 


xiv Preface 


We also derive, in an original way, the Pieri rule. In the fourth chapter we 
present the theory of symmetric functions focusing on their relations with 
the representation theory of the symmetric group. We have added some 
nonstandard material, closely related to the subject. In particular, we present 
two proofs of the Jucys-Murphy theorem which characterizes the center 
of the group algebra of the symmetric group as the algebra of symmetric 
polynomials in the Jucys—Murphy elements. The first proof is the original one 
given by Murphy, while the second one, due to A. Garsia, also provides an 
explicit expression for the characters of G, as symmetric polynomials in the 
Jucys—Murphy elements. In the fifth chapter we give some recent formulas 
by Lassalle and Corteel-Goupil—Schaeffer. In these formulas, the characters 
of the symmetric group, viewed as spherical functions, are expressed as 
symmetric functions on the content of the tableaux, or, alternatively, as shifted 
symmetric functions (a concept introduced by Olshanskii and Okounkov) on 
the partitions. Chapter 6 is entirely dedicated to the Littlewood—Richardson 
rule and is based on G. D. James’ approach. The combinatorial theory 
developed by James is extremely powerful and, besides giving a proof of the 
Littlewood-Richardson rule, provides explicit orthogonal decompositions of 
the Young modules. We show that the decompositions obtained in Chapter 3 
(via the Gelfand—Tsetlin bases) are particular cases of those obtained with 
James’ method and, following Sternberg, we interpret such decompositions 
in terms of Radon transforms (P. Diaconis also alluded to this idea in his 
book [26]). Moreover, we introduce the Specht modules and the generalized 
Specht modules. It is important to point out that this part is closely related to 
the theory developed in Chapter 3 starting from the branching rule and the 
elementary notions on Young modules (in fact these notions and the related 
results suffice). The seventh chapter is an introduction to finite dimensional 
algebras and their representation theory. In order to avoid technicalities and 
to get as fast as possible to the fundamental results, we limit ourselves 
to the operator «-algebras on a finite dimensional Hilbert space. We have 
included a detailed account on reciprocity laws based on recent ideas of R. 
Howe and their exposition in the book by Goodman—Wallach, and a related 
abstract construction that naturally leads to the notion of partition algebra. In 
Chapter 8 we present an exposition of the Schur—-Weyl duality emphasizing 
the connections with the results from Chapters 3 and 4. We do not go 
deeply into the representation theory of the general linear group GL(n, R), 
because it requires tools like Lie algebras, but we include an elementary 
account on partition algebras, mainly based on a recent expository paper of 
T. Halverson and A. Ram. 


Preface XV 


The style of our book is the following. We explicitly want to remain at an 
elementary level, without introducing the notions in their wider generality and 
avoiding too many technicalities. On the other hand, the book is absolutely 
self-contained (apart from the elementary notions of linear algebra and group 
theory, including group actions) and the proofs are presented in full details. 
Our goal is to introduce the (possibly inexperienced) reader to an active area 
of research, with a text that is, therefore, far from being a simple compilation 
of papers and other books. Indeed, in several places, our treatment is original, 
even for a few elementary facts. Just to draw a comparison against two other 
books, the theory of Okounkov and Vershik is treated in a complete way in the 
first chapter of Kleshchev’s book, but this monograph is at an extremely more 
advanced level than ours. Also, the theory of symmetric functions is masterly 
and remarkably treated in the classical book by Macdonald; in comparison with 
this book, by which we were inspired at several stages, our treatment is slightly 
more elementary and less algebraic. However, we present many recent results 
not included in Macdonald’s book. 

We express our deep gratitude to Alexei Borodin, Adriano Garsia, Andrei 
Okounkov, Grigori Olshanski, and especially to Arun Ram and Anatoly Ver- 
shik, for their interest in our work, useful comments and continuous encour- 
agement. 

We also thank Roger Astley, Clare Dennison and Charlotte Broom from 
Cambridge University Press and Jon Billam for their constant and kindest help 
at all stages of the editing process. 
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Representation theory of finite groups 


This chapter is a basic course in representation theory of finite groups. It is 
inspired by the books by Serre [109], Simon [111], Sternberg [115], Fulton and 
Harris [43] and by our recent [20]. With respect to the latter, we do not separate 
the elementary and the advanced topics (Chapter 3 and Chapter 9 therein). 
Here, the advanced topics are introduced as soon as possible. 

The presentation of the character theory is based on the book by Fulton 
and Harris [43], while the section on induced representations is inspired by 
the books by Serre [109], Bump [15], Sternberg [115] and by our expository 
paper [18]. 


1.1 Basic facts 


1.1.1 Representations 


Let G be a finite group and V a finite dimensional vector space over the complex 
field C. We denote by GL(V) the group of all bijective linear maps T : V > V. 
A (linear) representation of G on V is a homomorphism 


o : G —> GL(V). 


This means that for every g € G, o(g) is a linear bijection of V into itself and 
that 


© o(8182) = o (g1)o (82) for all g1, g2 € G; 
e o(1g) = Iy, where 1g is the identity of G and Zy the identity map on V; 
e o(g7!) = a(g)! for all g € G. 


2 Representation theory of finite groups 


To emphasize the role of V, a representation will be also denoted by the pair 
(o, V) or simply by V. Note that a representation may be also seen as an action 
of G on V such that o(g) is a linear map for all g € G. 

A subspace W < V is o-invariant (or G-invariant) if o(g)w € W for all 
g € Gand w e W. Clearly, setting p(g) = o(g)|w, then (p, W) is also a rep- 
resentation of G. We say that p is a sub-representation of o. 

The trivial subspaces V and {0} are always invariant. We say that (ø, V) is 
irreducible if V has no non-trivial invariant subspaces; otherwise we say that 
it is reducible. 

Suppose now that V is a unitary space, that is, it is endowed with a Hermitian 
scalar product (-, -)y. A representation (o, V) is unitary provided that o (g) is a 
unitary operator for all g € G. This means that (o(g)v1, o(g)v2)v = (v1, V2) Vv 
for all g € G and vı, v2 € V. In particular, o(g~!) equals o(g)*, the adjoint 
of o(g). 

Let (o, V) be a representation of G and let K < G be a subgroup. The 
restriction of o from G to K, denoted by Reso (or Res¢ V) is the represen- 
tation of K on V defined by [Reso ](k) = o0(k) forallke K. 


1.1.2 Examples 


Example 1.1.1 (The trivial representation) For every group G, we define the 
trivial representation as the one-dimensional representation (tg, C) defined by 
setting tg(g) = 1, forall g € G. 


Example 1.1.2 (Permutation representation (homogeneous space)) Sup- 
pose that G acts on a finite set X; for g € G and x € X denote by gx the g- 
image of x. Denote by L(X) the vector space of all complex-valued functions 
defined on X. Then we can define a representation A of G on L(X) by setting 


[A(g) fx) = fex) 
for all g € G, f e L(X) and x € X. This is indeed a representation: 
[A(gig2) f(x) = F8 a,x) = (go) fg, |x) = ADAL) fH), 


that is, A(gig2) = A(gi)A(g2) (and clearly AVG) = Ir). à is called the 
permutation representation of G on L(X). 
If we introduce a scalar product (-, -)z(x) on L(X) by setting 


(fis rw = YS fie) fee) 


xeX 


for all fi, fo E L(X), then A is unitary. 


1.1 Basic facts 3 


Another useful notation is the following. For x € X, we denote by 6, the 
Dirac function centered at x, which is defined by 


1 ify=x 


aoho ify x. 


Note that {ô : x € X} constitutes an orthonormal basis for L(X) and, in par- 
ticular, f = Dey f(x)6, for all f € L(X). Moreover, A(g)d, = 5, for all 
ge€GandxeX. 


Example 1.1.3 (Left and right regular representations) This is a particular 
case of the previous example. Consider the left Cayley action of G on itself: 
gor 880, 8, 0 € G. The associated permutation representation is called the 
left regular representation and it is always denoted by à. In other words, 
[A(g) fl(go) = f(g7!go) for all g, go € Gand f € L(G). 

Analogously, the permutation representation associated with the right Cay- 
ley action of G on itself: go Es 20g ', 8, go € G, is called the right regular rep- 
resentation and it is always denoted by p. In other words, [o(e)f (go) = f (e02) 
for all g, g&o € Gand f € L(G). 


Example 1.1.4 (The alternating representation) Let G, be the symmet- 
ric group of degree n (the group of all bijections, called permutations, 
mw: {1,2,...,n} — {1,2,...,n}). The alternating representation of ©, is the 
one-dimensional representation (£, C) defined by setting 


1 if 7 is even 
e(r) = 
—1 ifm is odd. 
Remark 1.1.5 Every finite dimensional representation (ø, V) of a finite group 
G is unitarizable, that is, it is possible to define a scalar product (-,-) on V 
which makes o unitary. 
Indeed, given an arbitrary scalar product (-, -) on V, setting 


(vi, U2) = $ (0 (8), o(g)v2) 
geG 
we have that 


(o(g)v1, 0(g)v2) = X (o (ha(g), o(h)o(g)v2) 


heG 
(s = gh) = )(o(s)u1, 0(s)v2) 
sEG 


= (v1, U2). 


4 Representation theory of finite groups 


By virtue of this remark, from now on we consider only unitary representa- 
tions. 


1.1.3 Intertwining operators 


Let V and W be two vector spaces. We denote by Hom(V, W) the space of 
all linear maps T : V > W. If (ø, V) and (p, W) are two representations of a 
group G and T € Hom(V, W) satisfies 


To(g) = o(g)T (1.1) 


for all g € G, we say that T intertwines o and p (or V and W) or that T is 
an intertwining operator. We denote by Homg(V, W) (or by Homg(o, p)) the 
vector space of all operators that intertwine o and p. 

Ifo and p are unitary, then 


Home(o, p) > Home(p, o) 


T > T* a) 


is an antilinear (that is, (aT; + BTo)* =aT/ + BT}, for all a, B € C and 
Tı, T € Homg(o, p)) isomorphism. Indeed, taking the adjoint of both sides, 
(1.1) is equivalent to 


og )T* = T* pe) 


and therefore T € Homg(o, p) if and only if T* € Homg(p, o). 

Two representations (o, V) and (o, W) are said to be equivalent, if there 
exists T € Homg(o, p) which is bijective. If this is the case, we call T an 
isomorphism and we write o ~ p and V = W; if not, we write o % p. If in 
addition o and p are unitary representations and T is a unitary operator, then 
we Say that o and p are unitarily equivalent. 

The following lemma shows that for unitary representations the notions of 
equivalence and of unitary equivalence coincide. We first recall that a bijective 
operator T € Hom(V, W) has the following, necessarily unique, polar decom- 
position: T = U|T|, where |T| € GL(V) is the square root of the positive 
operator T*T and U € Hom(V, W) is unitary, see [75]. 


Lemma 1.1.6 Suppose that (p, V) and (o, W) are unitary representations of 
a finite group G. If they are equivalent then they are also unitarily equivalent. 


Proof Let T € Homg(V, W) be a linear bijection. Composing with T* € 
Homg(W, V), one obtains an operator T*T € Homg(V, V) 1 GL(V). Denote 
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by T = U|T| the polar decomposition of T. Then, for all g € G, 
o(g IT Po(g) = o(g"')T*To(g) = T*p(g')p(g)T = T*T = |T} 


and, since [o(g~!)|T|o(g)}’ = o(g7!)|T|?a(g), the uniqueness of the polar 
decomposition implies that 


o(g ')|Tlo(g) = |T], 
in other words, |T| € Homg(V, V). It then follows that 


Uo(g) =T\T|'o(g) = To(g)|T|"! = p(g)U 


for all g € G, and therefore U implements the required unitary equivalence. 


Definition 1.1.7 We denote by Irr(G) the set of all (unitary) irreducible repre- 
sentations of G and by G = Irr(G)/ ~ the set of its equivalence classes. More 


concretely, we shall often think of G as a fixed set of irreducible (unitary) 
pairwise inequivalent representations of G. 


1.1.4 Direct sums and complete reducibility 


Suppose that (oj, Vj), j =1,2,...,m, m € N, are representations of a 
group G. Their direct sum is the representation (o, V) defined by setting 
V = @j_, Vj and, for v = } `; vj € V (with vj € Vj) and g € G, 


o(g)v = X oj(g)vj. 
j=l 
Usually, we shall write (o, V) = (Q4i_1 oj, Bi Vp. 
Conversely, let (o, V) be a representation of G and suppose that V = 
Dj V; with all V;’s o-invariant subspaces. Set, for all g € G, oj(g) = 
o(g)lv,;. Then o is the direct sum of the representations 0;’s: 0 = Dj Oj. 


Lemma 1.1.8 Let (o, V) be a finite dimensional representation of a finite group 
G. Then it can be decomposed into a direct sum of irreducible representations, 
namely, 


v=@v; (1.3) 


where the V;’s are irreducible. Moreover, if o is unitary, the decomposition 
(1.3) can be chosen to be orthogonal. 


Proof By virtue of Remark 1.1.5, we can reduce to the case that ø is unitary. 
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If (ø, V) is not irreducible, let W < V be a non-trivial o -invariant subspace. 
We show that its orthogonal complement W+ = {v € V : (v, w)y = 0 for all 
w € W} is also invariant. Indeed, if g € G and v € WŁ, one has 


(a(g)u, w)y = (v, ol(e7!)w)y = 0 


for all w € W, because o(g7')w € W and v € Wt. Thus o(g)v € Wt. In 
other words, we have the orthogonal decomposition 


v=w w+. 
If both W and W+ are irreducible we are done. Otherwise we can iterate 
this process decomposing W and/or WŁ. As dimW, dimW+ < dimV, this 
procedure necessarily stops after a finite number of steps (the one-dimensional 
representations are clearly irreducible). 


1.1.5 The adjoint representation 


We recall that if V is a finite dimensional vector space over C, its dual V’ is 
the space of all linear functions f : V > C. If in addition V is endowed with 
a scalar product (-, -)y, then we define the Riesz map 


Vəve 0 eV’ (1.4) 


where 0 (w) = (w, v)y forall w € V. This map is antilinear (that is, Q..4,w = 
X8, + 8u) and bijective (Riesz representation theorem). The dual scalar prod- 
uct on V’ is defined by setting 


(Oy, Ow) vi = (w, v)y (1.5) 
forall v, w € V.If {vy, v2,..., v,} is an orthonormal basis of V, the associated 
dual basis of V’ is given by {9,,, 9.,,---, Ou, }. Note that it is characterized by 


the following property: 6,,(v;) = ôi, j. 

Suppose now that (ø, V) is a representation of G. The adjoint (or conjugate, 
or contragredient) representation is the representation (o’, V’) of G defined by 
setting 


[o'(g) f\(v) = fog) (1.6) 
for all g € G, f € V’ and v € V. Note that we have 
[o'(g)@wl(v) = Pulo (gw) 
= (o (g7')v, w)y 
= (v, 0(g)w)y 


= Uo(g)w (v), 
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that is, 


o'(g)Oy = VYo(g)w (1.7) 


for all g € G and w € V. In particular, ø is irreducible if and only if o’ is 
irreducible. 


1.1.6 Matrix coefficients 


Let (o, V) be a unitary representation of G. Let {v;, v2, ..., Vn } be an orthonor- 
mal basis of V (n = dimV). The matrix coefficients associated with this basis 
are given by 


Gi, j(8&) = (0(g)v;, vi)v 


g €G,i, j = 1,2,...,n. We now present some basic properties of the matrix 
coefficients. 


Lemma 1.1.9 Let U(g) = (Gi, (8) j= € Mn, n (C) be the matrix with entries 


the matrix coefficients of (o, V). Then, for all g, g1, g2 € G we have 
G) U(gig2) = U(gi)U (82); 
(ii) U(g7') = U(g)*; 
(iii) U(g) is unitary; 
(iv) the matrix coefficients of the adjoint representation o' with respect to the 
dual basis O», 9y,,..-, Ov, are 


(0'(g)Oy; 5 Ou) v” = Qi, ;(g). 


Proof All these properties are easy consequences of the fact that U(g) is the 
representation matrix of the linear operator o(g) with respect to the basis 
U1, U2,~-++,5 Un. 

(i) We have 


n 


o(g2)vj = X_(0(82)Vj, Ue) VUE 


k=l 
and therefore 
i,j (8182) = (o(g1)0(g2)U;, vi)v 
= X (0 (82)vj, ve) v + (0 (gi) ve, Vi)v 


k=1 


= 5 Pi, k(81)Øk, j (82). 


k=1 


8 Representation theory of finite groups 


(ii) We have 


gi,(g') = (a(g7')v;, vi) Vv 


= (vj, 0(g)vi)v 
(olg) = o(g)") = (o(g)ui, vj)v 
= 9;,i(g). 


(iii) This is an immediate consequence of (i) and (ii). 
(iv) Recalling (1.5) and (1.7) we have 

(a'(g)4v, , Oy, ) v= (Bocey; ; Oy, ) y’ 

= (v;i, o (8)vj}v 


= (o (g)vj, viv. 


We shall say that the g; ;(g)’s are unitary matrix coefficients and that g t> 
U (g) is a unitary matrix realization of o (g). 


1.1.7 Tensor products 


We first recall the notion of tensor product of finite dimensional unitary spaces 
(we follow the monograph by Simon [111] and our book [20]). 

Suppose that V and W are finite dimensional unitary spaces over C. The 
tensor product V Q) W is the vector spaces consisting of all maps 


B:Vxw-C 


which are bi-antilinear: 


B(ayv, + a202, w) = Q7 B (v1, w) + 2B (v2, w) 


Biv, ow, + &2w2) = a] B(v, w1) + &2B(v, w2) 


for alla,,a2 € C, vj, v2, v € V and wy, wo, w E W. 
For v € V and w € W we define the simple tensor v & w in V QW by 
setting 


[v @ w](v1, v2) = (v, vi}y (w, wi) w. 
The map 


VxW>VQW 
(v,w) > v@w 
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is bilinear: 
2 
(a1 01 + 0202) ® (Biwi + bw) = X aiBjv; @ w; 
i,j=l 

for all a1, a2, Bi, Bo € C, vj, v2 € V and wy, w2 E€ W. 

The simple tensors span the whole V Q) W: more precisely, if By = 
{v1, Vo,..., Un} and By = {wy, w2,..., Wm} are orthonormal bases for V and 
W, respectively, then 


{vi @ wj}i=1,2 anes n (1.8) 
J=1; 2, m 
is a basis for V Q W. In particular, dim(V ® W) = dimV - dimW. Indeed, 
if BEV@W, v=}; av; E€ V and w=}; Bjw; € W, then (v; Q 
w;)(v, w) = aib; and therefore 


n m 
B(v, w) = > X mp; B(vi, wj) 
i=l j=l 
n m 
= > B(vi, wj)v; @ wj (v, w) 
i=l j=l 


so that B = `; Do) BU, wv; Q wj. 


Moreover, one introduces a scalar product on V & W by setting 
(vi @ wk, Vj @ We)v@w = (Vi, vj)v + (Wk, We)w 


Uj, Uj; € By, wz, we € By, and then extending it by linearity. It then follows 
that (1.8) is also orthonormal. 

Finally, if T € Hom(V, V) and S €e Hom(W, W) one defines a linear 
action of T@S on V@W by setting (T ® Sv ® w) = (Tv) ® (Sw) for 
all v € By and w € By, and extending it by linearity. This determines an 
isomorphism Hom(V Q W) = Hom(V, V) Q Hom(W, W). Indeed, we have 
T & S =0 if and only if T =0 or S = 0. Moreover, dimHom(V & W) = 
dim[Hom(V, V) & Hom(W, W)] = (dimV)*(dimW)?. 

Suppose now that G; and G2 are two finite groups. Let (o;, V;) be a represen- 
tation of G;,i = 1, 2. The outer tensor product of o; and 02 is the representation 
oi X o2 of Gi x G2 on V; ® V, defined by setting 


[o1 X o2](g1, 82) = 01 (81) ® 02(g2) 


for all g; € G, and go € G2. 
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With the notation above, if Gi = G2 = G, we define a representation o) ® 
o of G on Vi & V; by setting 


[oi ® o2](g) = 01 (8) D o2(g) 
for all g € G. This is called the internal tensor product of o; and o2. Note that 
o Do = Res2*°(o, X o2) 


where G = {(g1, 82) € G x G : gı = gp} is the diagonal subgroup of G x G 
and Res denotes the restriction as in the end of Section 1.1.1. 


1.1.8 Cyclic and invariant vectors 


Let (o, V) be a unitary representation of G. A vector v € V is cyclic if the 
translates o(g)v, with g € G, span the whole V. In formule: < o(g)v: g € 
G >= V.For instance, if G acts transitively on X, then every ôx, with x € X, is 
cyclic in the permutation representation A of G on L(X) (indeed, A(g)d; = dx). 
Note that, if W is a proper o-invariant subspace of V, then no vector w € W 
can be cyclic. 

On the other hand, we say that a vector u € V is o-invariant (or fixed) 
if o(g)u = u for all g € G. We denote by Vo = {u € V : o(g)u = u for all 
g € G} the subspace of all o-invariant vectors. 


Lemma 1.1.10 Suppose thatu € V® is a non-trivial invariant vector. Ifv € V 
is orthogonal to u, namely (u, v)y = 0, then v cannot be cyclic. 


Proof Indeed, v is contained in the orthogonal complement < u >+, which is 
a proper o -invariant subspace of V (ø is unitary). 


The following result will be useful in the study of the representation theory 
of the symmetric group. 


Corollary 1.1.11 Suppose that there exist a cyclic vector v € V, g € G and 
à €C, à Æ 1, such that o(g)v = Av. Then VE = {0}. 


Proof Let u € V®, so that o(g)u = u. As u and v admit distinct eigenvalues 
w.r. to the unitary operator o (g), they are orthogonal. By the previous lemma, 
u =0. 


Exercise 1.1.12 Show that if dimV® > 2 then V has no cyclic vectors. 


[1.1.12 Hint. Ifu, w € VČ are non-trivial and orthogonal, then for v € V \ VE 
one has dim < u, w, v >= 3 and therefore there exists wy €< u, w >C V®, 
with uo Æ 0, such that < uo, v >= 0.] 
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For instance, if G acts transitively on X, then dimL(X)° = 1 because for 
f € L(G) one has A(g) f = f for all g € G if and only if f is constant on X. 
Moreover, as we remarked before, the vectors 6,, x € X, are cyclic. 


1.2 Schur’s lemma and the commutant 


Let G be a finite group. 


1.2.1 Schur’s lemma 


Lemma 1.2.1 (Schur’s lemma) Let (o, V) and (p, W) be two irreducible rep- 
resentations of G. 


(i) fT c Homg(o, p) then either T = 0 or T is an isomorphism. 
(ii) Homg(o, o) = Cly. 


Proof (i) If T € Homg(o, p), then KerT < V and ImT < W are G-invariant. 
Therefore, by irreducibility, either KerT = V, so that T = 0, or KerT = {0}, 
and necessarily ImT = W, so that T is an isomorphism. 

(ii) Let T € Homg(o, o). Since C is algebraically closed, T has at least 
one eigenvalue: there exists à € C such that Ker(T — AJy) is nontrivial. But 
T — Aly € Homc(o, o) so that by part (i), necessarily T — ATy = 0, in other 
words T = Aly. 


Corollary 1.2.2 Ifo and p are irreducible representations of G then 


1 ifo~p 
0 ifofop. 


Corollary 1.2.3 If G is an Abelian group then every irreducible G- 


dimHomg(o, p) = | 


representation is one-dimensional. 
Proof Let (o, V) be an irreducible representation of G. For gg € G we have 


o (go)o (8) = o (g)o (80) 


for all g € G, that is, o(g9) € Homg(o, o). It follows from Lemma 1.2.1.(ii), 
that o (g0) = x(go)ly, where x : G > C. This implies that dimV = 1 as ø is 


irreducible. 


Example 1.2.4 Let C, =< a > be the cyclic group of order n generated by 
the element a. A one-dimensional representation of C, is just a map x : Cn > 
T := {z € C : |z| = 1} such that x(a*) = x(a) for all k € Z. In particular, 
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x(a)" = 1, that is, x (a) is an nth root of 1. Thus there exists j € {0,1,...,n — 
1} such that x = xj, where 


k 2mi 
xj(a ) = exp z 


for all k € Z. It follows that Xo, x1,.--, Xn-1 are the irreducible representa- 
tions of C,. Indeed they are pairwise inequivalent as two one-dimensional 
representations are equivalent if and only if they coincide. 

In particular, the irreducible representations of C2 = Go are the trivial rep- 
resentation ı (see Example 1.1.1), and the alternating representation € (see 
Example 1.1.4). 


1.2.2 Multiplicities and isotypic components 


First of all, we recall some basic facts on projections. 

Let V be a vector space. A linear transformation E € Hom(V, V) is a 
projection if it is idempotent: E? = E. If the range W = ImE is orthogonal to 
the null space KerF, we say that E is an orthogonal projection of V onto W. 
It is easy to see that a projection E is orthogonal if and only if it is self-adjoint, 
that is, E = E*. 

Let now (V, o) be a representation of G and suppose that 


v = Qnm Ww, 


is an orthogonal decomposition of V into irreducible sub-representations (see 
Lemma 1.1.8). This means that J is a set of inequivalent irreducible represen- 
tations, and that, for p € J, m,W, is the orthogonal direct sum of m, copies 
of W,. 

More precisely, there exist 1,1, Ip,2; - - - , Lom, E€ Homg(W,, V), necessar- 
ily linearly independent, such that 


mW, = QD Ip; Wo. (1.9) 


Any vector v € V may be uniquely written in the form v = }` DEF Pi Up, j> 


with vp, j € Ip,;Wp. The operator Ep, ; € Hom(V, V) defined by setting 
E,,j(v) = vp,; is the orthogonal projection from V onto J, ;W,. In partic- 
ular, Iy = Ser Di Ep,j: 

Observe that if v = ) oc, pe Up,j then o(g)v = } pey Pi O(g)Up,;- 
As o(g)v,,; € Ip, ; Wp, by the uniqueness of such a decomposition we have that 
Ep, jO(g)v = 0(g)Up,; = o(g)E,,;v. Therefore, Ep, ; € Homg(o, o). 
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Lemma 1.2.5 The space Homg(W,, V) is spanned by Ip.1, [p.2,---; Ip.m,- In 
particular, m, = dimHomg(W,, V). 


Proof If T € Homg(W,, V), then 


me 


T=hT=> > Bat. 


des k=1 


Since ImE, , = Ie kWọ, if follows from Corollary 1.2.2 that, if 6 Æ p, then 
Eg T = 0. Moreover, again from Corollary 1.2.2, one deduces that Ep ,T = 
axl, x for some a, € C. Thus, 


Mp Mp 


Poy fala > ole 
k=1 k=1 


Corollary 1.2.6 [fV = Byes m’,W, is another decomposition of V into irre- 
ducible inequivalent sub-representations, then necessarily J' = J, m’, = mp 
and m Wp = mpW, forall p € J. 


Proof Just note that if 0 ¢ J and T e Homg(6, o), then, arguing as in the 
proof of the previous lemma, one deduces that T = 0. 


By applying (1.2) we also get the following. 
Corollary 1.2.7 With the above notation we have m, = dimHomg(W5, V). 


Exercise 1.2.8 Prove the above corollary directly using the same arguments of 
Lemma 1.2.5. 


Clearly, the decomposition of m, W, into irreducible sub-representations is 
not unique: it corresponds to the choice of a basis in Homg(W,, V). 


Definition 1.2.9 The positive integer m, is called the multiplicity of p in o 
(or of W, in V). Moreover, the invariant subspace m,W, is the p-isotypic 
component of p ing. 


Suppose again that V = B pes Mp Wp is the decomposition of V into irre- 
ducible sub-representations. Also let J, , and E,, be as before. 

For all p € J and 1 < j,k < mọ, there exist non-trivial operators TE J€ 
Homg(V, V) such that 


Im7/, = 1,%W 


KerTl; = V © 1,,; Wp 
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and 


TE; T, = ôp.08js TE, (1.10) 


We may construct the operators TÈ j in the following way. Denote by I3 
the inverse of J, ; : Wo —> Ip,;Wp < V. Then we may set 


=} . 
T? y= Ipklp jv ifv el ;Wp 
kj 0 ifv € VOI, Wy. 


In particular, 
Moreover, by Corollary 1.2.2 we have that 
Home (Ip, ; Wp, Ip,xWp) = CT. 


We shall use these operators to study the structure of Homg (ø, o). But first 
we need to recall some basic notions on associative algebras. 


1.2.3 Finite dimensional algebras 


An (associative) algebra over C is a vector space A over C endowed with a 
product such that: A is a ring with respect to the sum and the product and the 
following associative laws hold for the product and multiplication by a scalar: 


a(AB) = (w@A)B = A(aB) 


for all æ € Cand A, B € A. 

The basic example is End(V) := Hom(V, V) with the usual operations of 
sum and product of operators, and of multiplication by scalars. 

A subalgebra of an algebra A is a subspace 6 < A which is closed under 
multiplication. 

An involution is a bijective map A +» A* such that 


e (A> =A 
e («A + BB) = a@A* + BB* 
e (AB)* = B*A* 


for all æ, 8 € C and A, B € A. 

For instance, if A = Hom(V, V), then T —> T* (where T* is the adjoint of 
T) is an involution on A. 

An algebra A is commutative (or Abelian) if it is commutative as a ring, 
namely if AB = BA for all A, B € A. 

An algebra A is unital if it has a unit, that is there exists an element J € A 
such that AJ = JA = A for all A € A. Note that a unit is necessarily unique 
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and self-adjoint. Indeed, if 7’ is another unit in A, then J = IT’ = I’. Moreover, 


and therefore [ = I*. 
An algebra with involution is called an involutive algebra or *-algebra. 
Given an algebra A, its center Z(.A) is the commutative subalgebra 


Z(A) = {B € A: AB = BA forall A € A}. (1.11) 


Let A; and A be two involutive algebras and let 6: A; — A be a map. 
One says that @ is a *-homomorphism provided that 


e d(aA+ BB) =ad(A)+ p(B) (linearity) 
e (AB) = o(A)G(B) (multiplicative property) 
e ~(A*) = [ġ(A)]* (preservation of involution) 


for alla, 8 € C and A, B € Aı. If in addition ¢ is a bijection, then it is called 
a x-isomorphism between A; and Az. One then says that A; and Az are 
x-isomorphic. 

On the other hand, ¢ is a x-anti-homomorphism if the multiplicativity prop- 
erty is replaced by 


(AB) = ġ(B)ġ(A) (anti-multiplicative property). 


for all A, B € Aj. Finally, ¢ is a x-anti-isomorphism if it is a bijective *-anti- 
homomorphism. One then says that A; and A are x-anti-isomorphic. 

Let Ai, A2,..., Ak, k > 2, be associative algebras. Their direct sum, 
denoted by A; @ A2 @--- ® Ax, is the algebra whose vector space structure 
is the direct sum of the corresponding vector spaces endowed with the product 


(Aj, A2,..., Ak)X(Bı, B2, ..., Bk) = (A1 Bi, Ar Bo, ..., Ak By) 


for all A;, B; € Ai. 

Let A be an algebra and let 6 C A be a subset. The algebra generated by B, 
denoted by < B >, is the smallest subalgebra of A containing B. Equivalently, 
< B > is the set of all linear combinations of products of elements of B. 

An algebra A is finite dimensional if the corresponding vector space is finite 
dimensional. If this is the case, denoting by e1, e,..., eg a linear basis of A, 
the d? (structure) coefficients Ci, jk € C such that 


d 


ee; = J Ci, j,kêk 


k=1 


uniquely determine the product in A. 
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Example 1.2.10 Let V be a unitary space. Then the space End(V) = 
Hom(V, V) = {7: V —> V, Tlinear} is a unital «-algebra with respect to the 
composition of operators. Moreover, if (ø, V) is a unitary representation of a 
finite group G, then the subalgebra Homg(V, V) of Hom(V, V) is also a unital 
*-algebra. 


Example 1.2.11 Letm > 1 and denote by Mm,m(C) = ais) ed the algebra 
of m x m complex matrices (product is just the ordinary rows by columns 
multiplication). A linear basis is given by the matrix units namely, by the 
matrices e;,; where 1 is the only nonzero entry in the position (i, j), 1 <i, j < 
m. The product is given by 

ei jek, = 9j,kei,¢ 


and the involution is given by 


* = oe 
jg = eji- 


This algebra is unital with unit J = e;,; + €2,2 +---+ mm. Note that setting 
V = C” we clearly have Mm,m(C) = Hom(V, V) (cf. the previous example). 


Example 1.2.12 A finite dimensional commutative algebra of dimension m 


is isomorphic to C” = hae C. The center of the matrix algebra Mm,m(C) is 


isomorphic to C: it consists of all scalar matrices AJ with A € C. A maximal 
Abelian subalgebra A of Mi m(C) is isomorphic to the subalgebra consisting 
of all diagonal matrices, so that A = C”. 


1.2.4 The structure of the commutant 


Definition 1.2.13 Let (o, V) be a representation of a finite group G. The alge- 
bra Homg(V, V) is called the commutant of (o, V). 


In the following theorem we shall use the operators Te j constructed at the 
end of Section 1.2.2. 


Theorem 1.2.14 The set 
(Te; :peJ,1<k,j <m,} (1.12) 
is a basis for HomG(V, V). Moreover, the map 


Homg(V, V) > Does Mm,.m,(C) 


p 
T > Does Qk, j eget 
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where the a, ;’s are the coefficients of T with respect to the basis (1.12), that 
1S, 


m p 


T=}, DL Tij 


pEJ k,j=1 


is an isomorphism of algebras. 


Proof Let T € Homg(V, V). We have 


Mp me 
rant =(S¥ea|7( TY E 
pes k=1 deJ j=l 
Mp me 


= > XO) Ep aT Es,j. 


p.0eJ k=1 j=l 


Observe that ImE, TE, ; < lpkWp, and the restriction to Te ;Wọ of 
Ep xT Eg,; is an intertwining operator from Ig ; Wọ to I,,,.W,. From Corol- 
lary 1.2.2, it follows that Ep, T Eo, ; = 0 if 0 % p, while, if p ~ 0, Ep kT Eo,j 
is a multiple of T? j» that is, there exist af ; € C such that 


— WP P 
Ep kT Eo, j = Ak j Tk j 


This proves that the T% ;’s generate Homg(V, V). To prove independence, 
suppose that we can express the 0-operator as 


Mp 
_ p mp 
O= >) > me TE) 
pes k,j=1 
If0 Æ v € I, ;W, we obtain that 0 = 77, ay ,T¢;v and this in turn implies 
that ak j = 0 for all k = 1,2, ..., mp, as TE jv and Ti jv belong to indepen- 


dent subspaces in V if k 4 k’. The isomorphism of the algebras follows from 
(1.10). 


Corollary 1.2.15 dimHomg(V, V) = X pe; >. 


Definition 1.2.16 The representation (ø, V) is multiplicity-free if m, = 1 for 
allpe J. 


Corollary 1.2.17 The representation (o, V) is multiplicity-free if and only if 
Hom<,(V, V) is commutative. 
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Observe that 


is the projection from V onto the p-isotypic component m „Wp. It is called the 
minimal central projection associated with p. 


Corollary 1.2.18 The center Z = Z(Hom,(V, V)) is isomorphic to C. More- 
over, the minimal central projections {E, : p € J} constitute a basis for Z. 


Exercise 1.2.19 Let (o, V) and (7, U) be two G-representations. Suppose that 
V= Dyes m,W, and U = pex n Wp, J, K C G, are the decompositions 
of V and U into irreducible sub-representations. Show that 


Hom,(U, V) = B Mn, .m,(C) 


pEKAJ 


as vector spaces. 


1.2.5 Another description of Homg(W, V) 


In this section, we present an alternative and useful description of Homg(W, V). 
First of all, we recall the canonical isomorphism 


W ' 8V = Hom(W, V) 


1.13 
QQv try Tou wre) 
where T, , € Hom(W, V) is defined by setting 
Ty yw = p(w)u (1.14) 


for all w € W. 
Suppose that (o, V) and (o, W) are two G-representations. We define a 
G-representation n on Hom(W, V) by setting 


n(g)T = p(8)To (g!) (1.15) 
for all g € G and T € Hom(W, V). 


Lemma 1.2.20 The isomorphism (1.13) is also an isomorphism between o' Q 
pand n. 


Proof For g € G, € W', v € V and w € W we have 


[o'(g) 8 PeDe 8 v) = [o'(g)9] 8 [P(g)v] > Torgg, pew (1.16) 
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and 
To'(g)p,p(gvW = [o'(g)p](w) - p(g)u 
= y(a(g7')w) - p(g)u 
= p(g)ly(o(g"')w)- v] 
= p(g)Ty.vo(g')w, 
that is, 


Toepolev = pP8)Ty vo (g) = n(g)Ty,v- (1.17) 


Then (1.16) and (1.17) ensure that the map g ® v +> Ty, is an isomorphism 
between o’ ® p and 7. 


Definition 1.2.21 Let (p, V) be a G-representation and K < G bea subgroup 
of G. We denote by 


VĚ ={veV: p(k)u =v, forallk € K} 


the subspace of all K -invariant vectors in V. 
In other words, V* is the x x-isotypic component in Res? V, where tx is the 
trivial representation of K. 


As a consequence of Lemma 1.2.20 we have the following. 
Corollary 1.2.22 Homg(W, V) = [Hom(W, V)]° = Homg(ig, 0’ ® p). 


Proof Homg(W, V) and [Hom(W, V)|° coincide as subspaces of Hom(W, 
V). Indeed, T € Homg(W, V) if and only if n(g)T = p(g)Ta(g—') =T. 
Since Hom[(W, V)]° is the ıg-isotypic component of ņ, the isomorphism 
[Hom(W, V)]° = Homg(tg, o’ ® p) follows from Lemma 1.2.20 and Lemma 
1.25; 
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1.3.1 The trace 


Let V be a finite dimensional vector space over C. We recall that the trace is a 
linear operator tr : Hom(V, V) — C such that 


(i) tr(TS) = tr(ST), for all S, T € Hom(V, V); 
(ii) try) = dimV. 


Moreover, tr is uniquely determined by the above properties. In particular, if 
V is endowed with a Hermitian scalar product (-,-) and v1, v2,..., Un iS an 
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orthonormal basis, then 
tr(T) = }_ (Tvuj, vj) 
j=l 
for all T € Hom(V, V). 
Let W be another vector space. It is easy to check that 


tr(T ® S) = tr(T)tr(S) (1.18) 
for all T € Hom(W, W) and S € Hom(V, V). Indeed, if w1, wo,..., Wm and 
V1, V2, .-., Un are orthonormal bases for W and V, respectively, then w; ® vj, 
i=1,2,...,mandj = 1,2, ...,n is an orthonormal basis for W ® V so that 


tr(T @S)= $ YT 8 Sw; ® vj), wi ® Vj) wav 
i=1 j=l 


= tr(T)tr(S). 


1.3.2 Central functions and characters 


Definition 1.3.1 A function f € L(G) is central (or is a class function) if 
f (8182) = f (8281) for all g1, go € G. 


Lemma 1.3.2 A function f € L(G) is central if and only if it is conjugacy 
invariant, that is, 


f(g7'sg) = f(s) 


forall g,s € G. In other words, a function is central if and only if it is constant 
on each conjugacy class. 


Proof If f is central, then, for all g, s € G, 
f(g-'sg) = f(sgg') = f(s), 


while, if f is conjugacy invariant, then, for all g1, 82 € G, 


f(gigo) = f(gigogig; |) = f(g281). 


Definition 1.3.3 Let G be a finite group and (øo, V) a G-representation. The 
character of (o, V) is the function x° : G > C given by 


x°(g) = tr(o(g)) 
for all g € G. 
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The elementary properties of the characters are summarized in the following 
proposition. 


Proposition 1.3.4 Let (o, V) and (p, W) be two G-representations and let x° 
and x?’ be their characters. 


G) x7 (lg) = dimV. 
(ii) x7 (g7!) = x° (8), forall g € G. 
Gi) x° € L(G) is a central function. 
(iv) Ifo = o, Q o then x° = x” + xX” 
(v) IfG = G, x Grando = 0; K 0», with o; a G;-representation, i = 1, 2, 
then oB — = xx. 
(vi) Ifo! is the adjoint of o, then x° (g) = x° (8) forall g € G. 
(vii) x7? = x7 x’. 
(viii) With n as in (1.15), we have x" = x? x”. 


Proof (i) and (iv) are trivial. 
(ii) Let {v1, v2, ..., vg} be an orthonormal basis in V; then 


d 


d 
x87) = X (olg "vi, vi) = > (vi, o(8)vi) = S (a (8)vi, vi) = X7 (8). 
i=1 


i=1 


i=1 


(iii) is a consequence of the defining property of the trace and (v) follows 
from (1.18). 


(vi) Let {v,,v2,..., vg} be an orthonormal basis in V and let 


{9y,, Oy, --+, 9y,} be the corresponding dual basis. Then, from (1.5) and (1.7) 
it follows that 


d 


triog) = Y(o'(g)»,, 9) v 


i=l 


d 

= X Craw Oy.) v 
izi 
d 

= Yiu, o(g)vi)v 
i=l 
d ee 

= x (a(g)v;, vi)v 
izi 


= x° (8). 
(vii) is a consequence of (v). 
(viii) follows from Lemma 1.2.20, (vi) and (vii): 


p'@o py gp yg 
x"=x =x = 
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1.3.3 Central projection formulas 


Following the monograph of Fulton and Harris [43], we deduce several impor- 
tant properties of the characters from a simple projection formula. We recall 
that if E : V — V is a projection, then 


dimImE = tr(£). (1.19) 


Lemma 1.3.5 (Basic projection formula) Let (o, V) be a G-representation 
and K a subgroup of G. Then the operator 


E=EX=-__Y o(k) 


is the orthogonal projection of V onto V“. 


Proof For v € V we have Ev € V*. Indeed, 


o(ky)Ev = — Yo olkiku = Ev, 


for all kı € K. Moreover if v € V* then 
(k)v = v=v. 
=e Len gD 


Therefore E is a projection from V onto V“. It is orthogonal because o is 
unitary: 


< *. a 1 1 
E* = K rO Sa o(k)=E 


Corollary 1.3.6 dimV* = Har, Lk) L(K)- 


Proof From (1.19) and the previous lemma we get 


1 1 G 
dimV* = ah o|- Lx Os pe eu 


keK keK 


Corollary 1.3.7 (Orthogonality relations for the characters of irreducible 
representations) Let(o, V) and (p, W) be two irreducible representations of 
G. Then 


ifo ~p 
ifo % p. 
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Proof We have 


1 i o 
ja x?) LG) = jg * LG) L(G) 


1 
(by Proposition 1.3.4.(vili)) = Ta 'G) L(G) 


(by Corollary 1.3.6) = dimHom(p, o)? 
(by Corollary 1.2.22) = dimHomg(p, 0) 
1 ifo~p 
0 ifo op. 


(by Schur’s lemma) = 


Corollary 1.3.8 Let (o, V) be a representation of G and let o = ®pesmpp 
be its decomposition into irreducible sub-representations (cf. Corollary 1.2.6). 
Then 


(i) Mp = Tee XL for all p EJ. 


GD ql? XOLO = Les M2. 
(iii) Tee X°) = 1 ifand only if o is irreducible. 


Note that this gives another proof of the uniqueness of the multiplicity m,. 
Moreover, it also shows that o is uniquely determined (up to equivalence) by 
its character. 


Lemma 1.3.9 (Fixed points character formula) Suppose that G acts on a 
finite set X and denote by (à, L(X)) the corresponding permutation represen- 
tation. Then 

x*(g) = {x € X : gx = x}]. 


Proof Take the Dirac functions {6, : x € X} as an orthonormal basis for L(X). 
Clearly, 


1 ifg-ty=x 

1 ifglyA#x 

that is A(g)d, = 5g, for all g € G and x € X. Thus, 
x7(g) = J (A(g)8x. 8x) 20%) 


xeX 


= Yass 5x) LX) 


xeX 


[A(g)3x19) = ô(87' y) = | = Sex(y), 


=|{x e X: gx =x}. 
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Again, a very simple formula has deep consequences. 


Corollary 1.3.10 The multiplicity of an irreducible representation (p, Vp) in 
the left regular representation (A, L(G)) is equal to dọ = dimV,, that is, 


L(G) = aV, 


peG 


In particular, |G| = } <6 d. 


Proof The character of A is given by: 


IG] ifg=lg 


Dey eh. = = 
x°(g) = |{h € G : gh = h}| = Y otherwise 


= |G/61,(8) 


and therefore 


1 . 
ja” X*k) = x°(g) = dimV,. 


We shall also use the following version of the fixed points character formula, 
specialized to the case of a transitive action. 


Corollary 1.3.11 Suppose that G acts transitively on a finite set X and denote 
by K the stabilizer of a point xo € X (so that X = G/K as G-spaces). If C 
is a conjugacy class of G and go € C then the character of the permutation 


representation of G on X is given by 
|X| 
x*(80) = i COE 


Proof First note that for all x € X one has 
{e €C: gx = x}| = |{hEeC:hx =xo}|=|CNK|. 


Indeed, if s € G is such that sxọ = x, then the map g > h = s™!gs yields a 
bijection implementing the first equality above. Also, applying the fixed points 
character formula we get, for go € C, 


x"(g0) = |{x € X : gox = x}| 
= {(x,g)EX xC: gx =x}I 


IC] 
_ x lig eC: ga = x)| 
xeX IC| 
|X| 
CAK] 
IC| 


Note that C N K is a union of conjugacy classes of K. 
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Definition 1.3.12 (Fourier transform) Let (o, V) be a representation of G 
and f € L(G). The operator 


o(f) = >> f(g)o(g) € Hom(V, V) (1.20) 
geG 
is called the Fourier transform of f ato. 


Lemma 1.3.13 (Fourier transform of central functions) Suppose that f € 
L(G) is central and let (o, W) be an irreducible representation. Then 


1 ies 
Af) = q(x" BOLE 
p 
Proof We first show that o( f) € Homg(W, W). For go € G we have 


p(f)p(g0) = X f(g)p(ggo) 


geG 


=> f(ggq els) 


geG 


(f is central) = 5 FET DPG) 


geG 


= $ f(s)e(g0g) 


geG 
= p(g0)e(f). 


Therefore, by Schur’s lemma there exists c € C such that 
p(f) = cly. 
As 
tri = trl) F(g)e(g)l = >> OLE = (x?, Fue 


geG geG 


and 


tr[clw] = cd, 


L 
dp 


we immediately deduce that c = +(x”, f) L(G) and the statement follows. 


From the orthogonality relations for the characters (see Corollary 1.3.7) we 
deduce the following. 


Corollary 1.3.14 Let (o, V) and (p, W) be two irreducible representations. 
Then 


IGl y ifo ~ 
ye) = ds V pP 
a(x?) 0 otherwise. 
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We now give an explicit expression formula for the minimal central projec- 
tions E, € Homg(V, V) (see Corollary 1.2.18). 


Corollary 1.3.15 (Projection onto an isotypic component) Let (o, V) and 
(p, W) be two representations, with p irreducible. Then 
dy — 
E, := o(x? 
p IG| (x?) 


is the orthogonal projection onto the p-isotypic component of V. 


Proof If o = @®oge, moO is the decomposition of o into irreducible sub- 
representations, then 
dp 


do — d, — _ 
— O(xX?) = — Dd moO(X?) = —_ mp p(x”) = mylw, = Ep. 
IGI IGI 2 0 IGI P pw, P 


We now determine the number of irreducible pairwise nonequivalent rep- 
resentations of G, that is, the cardinality of G (see Definition 1.1.7). For this 
purpose, we use the following elementary formula: 


f =M )ôic- (1.21) 
Indeed 


f= D> FB, = Y SOND = ACP êi: 


geG geG 


Corollary 1.3.16 The characters x’, p € G form an orthogonal basis for 
the space of central functions of G. In particular, |G| equals the number of 
conjugacy classes of G. 


Proof From the orthogonality relations for the characters (Corollary 1.3.7) we 
have that {x? : p € G } is an orthogonal system for the space of central functions 
in L(G). We now show that it is complete. Suppose that f is central and that 
(f, X°)ug@ = 0 forall p € G. Then, from Corollary 1.3.10 and Lemma 1.3.13 
we have 


MUA) = Paf) =0 


peG 


(observe that x? = x” by Proposition 1.3.4.(vi)). From (1.21) we deduce that 
f=0. 

Denoting by C the set of all conjugacy classes of G, we have that the 
characteristic functions 1c, C € C, form another basis for the space of central 
functions. Therefore the dimension of this space is equal to |C| and thus IG (= 


IC]. 
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Theorem 1.3.17 Let G, and G2 be two finite groups. Then 
Gi x G2 > (01, p2) > pı X p € Gy x G2 

is a bijection. 

Xoz 


Proof From n(v)i in Proposition 1.3.4 we know that x"? = x” x”. Therefore, 
if 01,01 € Gi and (2, 02 € Ga we have, by Corollary 1.3.7, 


1 


yo Bo ai Xoz; 
|G, x Go| 


1 
x LG xG) = eX een (x, x?) LG) 


1 
IG\| |G2| 


= Sp1.01 Sp.,02- 
Another application of Corollary 1.3.7 and (iii) in Corollary 1.3.8 ensure that 
{o X pr: pı € Gi, mE Gz} is a system of pairwise inequivalent irreducible 
representations of G; x Go. 

Finally, IG: x Gal equals the number of conjugacy classes of Gi x G2 
which clearly equals the product of the number of conjugacy classes of G; and 
the number of conjugacy classes of G2. By Corollary 1.3.16, the latter in turn 
equals the product IGi| . IG, and this ends the proof. 
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1.4.1 Wielandt’s lemma 


Let G be a finite group. Suppose that G acts on a finite set X and denote by A 
the permutation representation of G on L(X) (see Example 1.1.2). 
We may identify Hom(L(X), L(X)) with L(X x X) via the isomorphism 


L(X x X) > Hom(L(X), L(X)) 


N a (1.22) 


where 


(Tr f(x) = XJ F(x, yfo) 


yex 


for all f € L(X) and x € X. In other words, we may think of L(X x X) as the 
space of X x X-matrices with coefficients in C. Indeed, if F1, Fy € L(X x X), 
then 


Tr, Tr, = Trin 
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where the product F; F2 € L(X x X) is defined by setting 
(Fi PG, y) = > Fix, DP, y) 
zEX 


for all x, y € X. In particular, this shows that (1.22) is in fact an isomorphism 
of algebras. 
The group G acts on X x X diagonally, that is, 


g(x, y) = (8x, gy), 


for all g € G and x, y E€ X. 

In particular, L(X x X)® is the set of all F € L(X x X) which are G- 
invariant: F(gx, gy) = F(x, y) forall g € G and x, y € X. Thus, F € L(X x 
X) is G-invariant if and only if it is constant on the G-orbits on X x X. 

In the present situation, Corollary 1.2.22 has the following more particular 
form. 


Proposition 1.4.1 Homg(L(X), L(X)) = L(X x X)°. 
Proof Taking into account (1.22), we have 


[A(g)Tr f(x) = >) F(g'x, yf) = >> Fg 'x, g 'y) f(g" 'y) 
yex yex 
and 
[TrA(g) fx) = >> Fox, y) f(g y) 
yex 


for all g € G, F € L(X x X), f € L(X) and x € X. Therefore TrA(g) = 
A(g)Tr if and only if F is G-invariant. 


Exercise 1.4.2 Show that the permutation representation of G on L(X x X) is 
equivalent to the tensor product of the permutation representation L(X) with 
itself. 


Exercise 1.4.3 Suppose that G acts on another finite set Y. Show that 
Homg(L(X), L(Y)) = L(X x Y)°. 


In the same notation as Exercise 1.4.3, an incidence relation between X 
and Y is just a subset Z C X x Y. If Z is G-invariant (that is, (gx, gy) € T 
whenever (x, y) € Z and g € G), the Radon Transform associated with Z is 
the operator Rz € Homg(L(X), L(Y)) given by: 


(Rr fy) = D> fŒ) 


xEX: 
(x, y)eZ 
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for all y €e Y and f € L(X). Clearly, Z is G-invariant if and only if it is the 
union of orbits of G on X x Y, and Exercise 1.4.3 may be reformulated in the 
following way: the Radon transforms associated with the orbits of Gon X x Y 
form a basis for Homg(L(X), L(Y)). 


Corollary 1.4.4 (Wielandt’s lemma) Let G act on a finite set X and let à = 
®pesm,p be the decomposition into irreducibles of the associated permutation 
representation. Then 


Yn? = |orbits of G on X x X|. 
pEJ 


Proof On the one hand, 
dimHomg(L(X), L(X)) = dimL(X x X)? = lorbits of G on X x X| 


because the characteristic functions of the orbits of G on X x X form a basis 
for L(X x X)°. 

On the other hand, dimHomg(L(X), L(X)) = D pef mi, by Corollary 
1:2-15. 


Example 1.4.5 Let G = 6, act in the natural way on X = {1,2,...,n}. 
The stabilizer of n is &„,—1, the symmetric group on {1,2,...,n — 1}, and 
X = 6,/S,„-1. In L(X) we find the invariant subspaces Vo, the space of con- 
stant functions, and V; = {f € L(X): pD FG) = 0}, the space of mean- 
zero functions. Moreover, the orthogonal direct sum 


L(X)=W @ V, (1.23) 


holds. On the other hand, G,, has exactly two orbits on X x X, namely Qo = 
{@,i):i=1,2,...,n} and Qı = {(i, j): i Æ j,i, j =1,2,...,n}. There- 
fore, Wielandt’s lemma ensures that (1.23) is the decomposition of L(X) into 
irreducible G,,-sub-representations. 


Exercise 1.4.6 Suppose that a group G acts transitively on a space X. 
Denote by Vo the space of constant functions on X and by V; = {f € L(X): 
ae ex J (x) = 0} the space of mean-zero functions. Show that L(X) = Vo ® V; 
is the decomposition into irreducible G-sub-representations of L(X) if and only 
if the action of G on X is doubly transitive, that is, for all x, y, z, u € X such 
that x Æ y and z Æ u there exists g € G such that g(x, y) = (z, u). 


Exercise 1.4.7 In the same notation as Exercise 1.4.3, suppose that „c; Mm, 0 
is the decomposition of the permutation representation of G on L(Y). Show 
that Zpeznrmpm py = |orbits of G on X x Y|. 
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1.4.2 Symmetric actions and Gelfand’s lemma 


We say that an orbit Q of G on X x X is symmetric if (x, y) € Q implies 
(y, x) € Q. Also, the action of G on X is symmetric if all orbits of G on X x X 
are symmetric. Finally a function F € L(X x X) is symmetric if F(x, y) = 
F(y, x) forall x, y € X. 


Proposition 1.4.8 (Gelfand’s lemma; symmetric case) Suppose that the 
action of G on X is symmetric. Then Homg(L(X), L(X)) is commutative and 
the permutation representation of G on L(X) is multiplicity-free. 


Proof First observe that if the action of G is symmetric then any F € L(X x 
X)°, being constant on the G-orbits on X x X, is clearly symmetric. Thus, 


(Fi Po), y) = > File, PC, y) 
zex 
= DAG DRO, z) 
zEX 
= (BF), x) = (PF, y) 


(FoF, isin L(X x X)°), forall Fo, Fy € L(X x X)° andx, y € X. This shows 
that L(X x X)? is commutative. To end the proof, apply Proposition 1.4.1 and 
Corollary 1.2.17. 


Observe that if A is a subalgebra of M,,_,(C) such that all A € A are sym- 
metric, then A is commutative, indeed 


AB = A’ BT =(BA)' = BA 


forall A, B € A. 


1.4.3 Frobenius reciprocity for a permutation representation 


In what follows, we assume that the action of G on X is transitive. We fix xọ € X 
and denote by K = {g € G : gxọ = Xo} < G its stabilizer. Thus, X = G/K, 
that is, we identify X with the space of right cosets of K in G. Note also, that 


1 
Y rws ral Y= fex) 
xeX geG 
for all f € L(X). 


Definition 1.4.9 Suppose that G acts transitively on X. If the corresponding 
permutation representation is multiplicity-free, we say that (G, K) is a Gelfand 
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pair. If in addition, the action of G on X is symmetric, we say that (G, K) isa 
symmetric Gelfand pair. 


Example 1.4.10 Let G, be the symmetric group of all permutations of the set 
{1,2,...,n}. Fix 0 < k < n/2 and define Q,_,% as the set of all subsets of 
{1,2,...,} of cardinality k, that is, 


Qn = {A C {1,2,...,n}: |A] = k} 


(we also say that A € Q,- is a k-subset of {1, 2, ...,}). The group G,, acts 
on Q, «4: fora € G, and A € Q,_, 4, then TA = {x (j): j € A}. 

Fix A € Q,- and denote by K its stabilizer. Clearly, K is isomor- 
phic to G,_, x Gz, where the first factor is the symmetric group on A = 
{1,2,...,n}\ A and the second is the symmetric group on A. As the action is 
transitive, we may write Qn- = Gn/(Gn—~ X Sx). 

Note that (A, B) and (A’, B’) in Qy-x ge X Qn- are in the same G,,-orbit 
if and only if |A N B| = |A’ N B’|. The “only if” part is obvious; conversely, if 
|A A B| = |A’ N B’|, then using the decomposition 


{1,2,...,n} = (AU B) | [iA \ can By] [i8 \ Ane] [ann 
= (A'U BNE | [tan B] [iB anay] [an B 
we can construct x € G, such that 


e t(ANB)=A'NB’ 
e t[A\ (AN B)] =A’ \ (A'N B’) 
e [B\ (AN B)] = B'\ (A'N B’) 


so that 7(A, B) = (A’, B’). 
Setting 


O; = {(A, B) € Qn-k,k X n-k : |AN B| = j} 


we have that 
k 
Qn—kk X Qn-kk = al Oj 
j=0 
is the decomposition of Qn—k,k X Qn- k into G,-orbits. 

Observe that every orbit ©; is symmetric: |A N B| = |B N A|, so that 
(Gn, Gn- X Gx) is asymmetric Gelfand pair. Moreover, since there are exactly 
k + 1 orbits of G, on Qna-k,k X Qn-k.k, by Wielandt’s lemma (Lemma 1.4.4) 
we deduce that L(Qn—z, x) decomposes into k + 1 irreducible inequivalent G,,- 
representations. 
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Exercise 1.4.11 (1) Show that, if O < h < k < n/2, then G, has precisely 
h + 1 orbits on Qa—-k,k X Qn-h,h- 

(2) Suppose that L(Q) = Pa Vg, j is the decomposition of L(Q,) into 
irreducible representations (see Example 1.4.10). Use (1) and Exercise 1.4.7 
to show that it is possible to number the representations Vko, Vk,1, ---, Vk k in 
such a way that V}; ~ Vk, j forall j = 0, 1,..., h and O < h < k < n/2. 
[Hint. Every representation in L(Q,—n,,) is also in L(Qy_x,x).] 


Suppose that (o, W) is an irreducible representation of G. Set d, = dim W 
and suppose that W* (the subspace of K -invariant vectors in W) is non-trivial. 
For every v € W*, we define a linear map 7, : W > L(X) by setting: 


d 
(T,u)(gxo) = x p(g)v)w (1.24) 


forall g € Gandu € W. Since G is transitive on X, this is defined for all x € X. 


Moreover, if g1, g2 € G and gıxo = 82x0, then 2, 82 € K and therefore (v is 
K-invariant) 


d 
(T,u)(g2x0) = x! p(g1)(g; 82)v) w = (Tyu)(g1x0). 


This shows that 7,u is well defined. 


Theorem 1.4.12 (Frobenius reciprocity for a permutation representation) 
With the above notation we have the following. 


(i) T, € Homg(W, L(X)) for all v € WE. 
(ii) (Orthogonality relations) For all v, u € W£ and w,z € V we have 


(Taw, Tyz) rx) = (w, z}w (v, u)w. 
Gii) The map 


W£ > Homg(W, L(X)) 


E 7 (1.25) 


is an antilinear isomorphism. In particular, the multiplicity of p in the 
permutation representation on L(X) equals dimW*. 
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Proof (i) This is trivial: if g, go € G and u € W, then 


[A(g)T,ul(goxo) = [Trul(g~ | goxo) 


dp 
Se iere D oCgo)v)w 


= [T,e(g)u](goxo). 


(ii) This is another application of Lemma 1.3.5. For u, v € WK, define a 
linear map Ru, : W —> W by setting Ru „w = (w, u) wu, for all w € W. Note 
that 


tr( Ry») = (v, u) wp. (1.26) 
Indeed, taking an orthonormal basis w1, w2,..., Wa, for W we have 
dp dp 
tr(Ru») = X (Ru»wj, wj)w = X (wj, u)w (v, wj)w = (v, u)w. 
j=l j=l 


Also, with the notation in (1.14), we have R,, = To,.y. In general, Ry,» 
does not belong to Homg(W, W), but its projection (see the first equality in 
Corollary 1.2.22 and Lemma 1.3.5) 


LS p(g)Runp(@7) (1.27) 


~ IGI ace 


does. Since W is irreducible, R = clw for some c € C. We now compute c by 
taking traces on both sides of (1.27). Clearly tr(cIw) = cdp, while, by (1.26) 
and (1.27) we have 


ir(R) = F Low), p(s") 
geG 


= A yl 


geG 


= (v, Uu)y. 


We deduce that c = T (v, u) w and therefore 


1 
R = — (v, u)wIw. (1.28) 
dp 
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Then, for w, z € W we have: 


(Taw, Toz) Lo = = Y(Tuw)(gxo)(Tr2(8x0) 


gEG 


= £ Flw, ple) we oE 


geG 


= IGI XOR plg w, Z)w 


geG 
= d,(Rw, Z)w 


= (w, Z)wiv, u)w 


where the last equality follows from (1.28). 

(iii) Itis obvious that the map v > 7, is antilinear. We now show that itis also 
bijective. Suppose that T € Homg(W, L(X)). Then W > u |> (Tu)(xp) € Cis 
a linear map, and therefore there exists v € W such that (Tu)(xo) = (u, v) w, 
for all u € W. Then we have 


[Tu](gxo) = [A(g7')Tu](xo) 
(T € Homg(W, L(X)) = [Tp(g7!)u](xo) 
= (p(g~')u, v) w 

= (u, p(g)v)w, 


(1.29) 


that is, 
T =_./—Y,. 


Clearly, v € W*: if k € K then 
(u, p{k)v) w = (Tu)(kxo) = (Tu)(xo) = (u, v) w 


for all u € W, and therefore p(k)v = v. 
Moreover, it is obvious that the vector v in (1.29) is uniquely determined, 
so that (1.25) is a bijection. 
Finally, the multiplicity of p in the permutation representation on L(X) is 
equal to dimHomg(W, L(X)) (see Lemma 1.2.5) and therefore to dimW*. 


Corollary 1.4.13 (G, K) is a Gelfand pair if and only if dimW* < 1 for every 
irreducible G-representation W. In particular, dimW* = 1 if and only if W is 
a sub-representation of L(X). 
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1.4.4 The structure of the commutant of 
a permutation representation 


In this section, we give, for a permutation representation, an explicit form for 
the operators TE ; constructed at the end of Section 1.2.2 (see also Theorem 
1.2.14). 

Suppose that L(X) = Dres m,W, is the decomposition of L(X) into 
irreducible sub-representations. For every p € J let {vf, v5,..., Um,} be an 
orthonormal basis for wk and denote by T € Homg(W,, L(X)) the inter- 
twining operator associated with v? (cf. (1.24)). 


Corollary 1.4.14 
LO) = DDT w, 
pet j=l 


is an explicit orthogonal decomposition of L(X) into irreducible sub- 
representations and every T? is an isometric immersion of W, into 
L(X). 


Let vf, vô, ..., Um, be as before. For p € J andi, j = 1,2, ..., mp set, for 
g,heG, 
p dp p 
Qi (8X0, hxo) = X] — (ehy? , p(g)v; ) w,- (1.30) 


Then $f j € L(X x X) is well defined as v? and v? are both K -invariant. 
Moreover it is G-invariant CA j€ L(X x X)°): 


d 
$; (Sexo, Shxo) = jx COA}. p(s)o(g)u; w, = $; (8x0, hxo). 
Thus, we can define p? j€ Homçg(L(X), L(X)) as the operator associated 
with the G-invariant matrix CA j (x, Y))x,yex, namely, 
(®P f(x) = D> oP (x, ») f(y) (1.31) 
yex 


for all f € L(X) andx € X. 
We now present two elementary identities relating the operators oP jE 
Homç(L(X), L(X)) and Te € Homg(W,, L(X)). 


Lemma 1.4.15 For g € Gand f € L(X) we have: 
(i) 1D, flex) = ET? IE pec CM f hro? (x0). 


(il) LD2, fezo) = EEE. TP PWP: 
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Proof (i) We have 


dp 
[fe = e 2 S loh, p(g)uP)w, f(axo) 


heG 


vh p p 
= Y T} pth h 
= rie 2i p(h)v; (8x0) > f(hxo) 


Jd p 
=T h)f(h : 
KIK” 2 ph) f (hxo)v? | (gxo) 


The proof of (ii) is similar and it is left to the reader. 


We now show that, in the present situation, the operators p? j coincide with 
the operators Tf; in Theorem 1.2.14. 


Theorem 1.4.16 For every o, p€J, i,j=1,2,...,mp and s,r= 
1,2,..., Mo we have: 
(1) Ime, = T} W, 

(ii) Ker®; ; = L(X)Ə T? Wo 
(iii) DP Of, = ôjsôp,o ® 
Proof (i) This is an immediate consequence of (i) in Lemma 1.4.15. 

(ii) If in Gi) of Lemma 1.4.15 we take f = 7,’ w, with w € Ws, then we 
have 

P o V dp o p P 
[®; 7. w](gxo0) = Ter 7 w, T; p(g)v; ) 1x) 

and this is equal to zero ifo Æ p orifo = p butr Æ j. Note that (ii) may also 


be deduced from (i) and (iii). 
(iii) Arguing as in the proof of Lemma 1.4.15, we get, for all g, h € G, 


d do 
[Of P7 Exo hao) = a 2 {ev}, (80; w, (Our , oS dw, 
T S 
= oe vee SIT? olhyu \txo IT? ogo? x0) 
teG 
= Vo Te oing , T? p(g)v?) LO 


d 
=% öso yj (UF v?)w, (ohut, o(g)u?) w, 


aa = ôs po}, sP? (8X0, hxo), 
where (x) follows from Theorem 1.4.12 and Corollary 1.4.14. 
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Corollary 1.4.17 
(i) D? i is the orthogonal projection onto T} W,. 
(ii) So; 2, p? ; is the orthogonal projection onto the isotypic component m, Wp. 


1.5 The group algebra and the Fourier transform 


1.5.1 L(G) and the convolution 


In this section we study the left regular representation (A, L(G)) of a finite 
group G (see Example 1.1.3). This is a particular case of the theory developed 
in the previous section. 

For fi, f2 € L(G) we define the convolution fı x f2 € L(G) by setting 


[fi * Allg) = >> A(gh"') fh). 


heG 
Equivalently, 
[fix Al(g= DY) AORO => At) Ath 'g). 
s,teG: heG 
st=g 


A third way to write the convolution is the following 


fix => Aah) fr 


heG 
In particular, ôs, * be. = de,2) = A(g1)dg, and 
bg * f = A8) f (1.32) 


for all g1, 82, g € G and f € L(G). Similarly, one has 


f * ôg = plg)f (1.33) 
for all g € G and f € L(G). It follows that 


P(g1)A(g2) = A(g2)0(81) (1.34) 


forall g1, go € G, that is, the left and the right regular representations commute. 

The vector space L(G), endowed with the multiplication x becomes an 
associative algebra, called the group algebra (or the convolution algebra) of 
G. It has a unit, namely the function 6;,, and it is commutative if and only if G 
is commutative. Moreover, the map L(G) 3 yY bh Y e L(G), where wr(g) = 
w(g—') for all g € G, is an involution. We only check the anti-multiplicative 
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property: 
[Wi * Yol(g) = >> Valgs)yr(s7') 


seG 


= Do yeg Dyas) 


seG 
= [yz * yi (87) 
= [vo * Wi] (8) 
for all Wi, Y2 € L(G) and g € G. 


Remark 1.5.1 A function f is in the center of L(G) (cf. (1.11)) if and only 
if f xô, = ô, * f forall g € G, that is, f(g~'h) = f(hg™') forall g, h € G, 
i.e., if and only if f is central (cf. Definition 1.3.1). 


The group algebra is a fundamental notion in the representation theory of 
finite groups, as the following proposition shows. 


Proposition 1.5.2 For every w € L(G) define a linear map Ty : L(G) > 
L(G) by setting 
Tyf= fry, 
forall f € L(G). Then the map 
L(G) > wr Ty € Homg(L(G), L(G)) 


is a *-anti-isomorphism of algebras (here, Homg(L(G), L(G)) is the commu- 
tant (cf. Definition 1.2.13) of the left regular representation of G). 


Proof This is just a specialization of Proposition 1.4.1 for the left regular 
representation. 

Suppose that F € L(G x G)®, that is F(gg1, 882) = F(g1, 82) for all 
8,81, 82 € G. Then, F(g1, 82) = F(8283' 81, 82) = F(83'81, La), that is 


F(g1, 82) = V(g5'81) (1.35) 


where V(g) = F(g, lg) forall g € G. 
Conversely, if F is of the form (1.35) then clearly F € L(G x G)°. 
Moreover, assuming (1.35), for every f € L(G) and g € G we have 


(Tw f(g) = Y fW(h-!g) = Y Flg, h) fh) = (Tr f(g) 


heG heG 


where Tp is as in (1.22). 
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We now show that the map T +> Ty is a x-anti-isomorphism. Indeed, for 
Yi, Y2 and f € L(G) we have 


Ty, (Tw, f) = (f * 2) * Yi = f * (P2 * Yi) = Ton, fh 


that is, Ty, Ty, = Ty,w, (anti-multiplicative property). Moreover, for fi, f2 
and Y € L(G), we have 


(Tu fis dro = >> filgs Ws) fal) 


geG seG 


(setting t = gs) = > A@W(s') fats“) 


teG sEG 
= (fi, Ty PLG)» 


that is (Ty)* = Ty. 


Exercise 1.5.3 Give a direct proof of the above proposition by showing that if 
T c Homg(L(X), L(X)), then Tf = f * Y, where Y = T(6,,). 


Let now (o, W) be an irreducible representation of G. Note that the stabilizer 
K of 1g (that plays the same role of xq), for the left action of G on itself reduces 
to the trivial subgroup {1g}. This means that the space of K -invariant vectors 
is the whole space W. Therefore, as in (1.24) we can define, for every v € W, 
an operator 7, : W —> L(G) by setting 


d 
[Tul(g) = | lu, p(g)v)w, 
IG] 
for all u € W and g € G. Then, the Frobenius reciprocity theorem (Theorem 
1.4.12) now becomes: 


Theorem 1.5.4 
(i) The map W > v +> T, € Homg(W, L(G)) is an antilinear isomorphism. 
(ii) (Orthogonality relations) For all v, u, w, z € W we have: 


(Taw, Toz) ra) = (w, z)w (v, u)w. 


From now on, we suppose that G is a fixed complete set of irreducible, 
pairwise inequivalent representations of G. We know (cf. Corollary 1.3.16) 
that IG | equals the number of conjugacy classes in G. 

For every p € G, fix an orthonormal basis {ye u,n, vi} in the repre- 
sentation space W,. For simplicity of notation, denote by T? the operator 7; p 
Then we have the following more explicit version of Corollary 1.3.10. 
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d, ; g 
Corollary 1.5.5 L(G) = pe Dja T? W, is an explicit orthogonal decom- 
position of L(G) into irreducible sub-representations of the left regular 
representation. Moreover, every T? is an isometric immersion of W, into 


L(G). 


In correspondence with the orthonormal basis {uv}, v5, ..., vis we define 
the unitary matrix coefficients 


p; (8) = (PWT, uP) w,- 


The coefficients of the G-invariant matrix (cf. (1.30)) now become 


d 
$f (g,h) = TLA p(s)? dw, 


and therefore 


[G| 


ef j(h) = Hle h) 
p 


Moreover, the associated intertwining operators (cf. (1.31)) now have the form 
fo 


l.f = 
iif = TG] 


Tewa (1.36) 
as one easily verifies from the definitions (see also (1.35)) and the trivial identity 
gf ETD = 97,0). 

From Theorem 1.4.16 we immediately deduce the following. 


a 


Theorem 1.5.6 For every o,9 €G, i,j=1,2,...,d, and s,r= 
1,2,...,d, we have: 
(i) Imọ? = We 
(ii) Ker®?, = L(G) OoT?W, 
(iii) Dr Pf, = 57 50 q6 Pt p- 
In Lemma 1.1.9 we have given the basic properties of the matrix coefficients. 


We now add some specific properties that hold in the case the representations 
are irreducible. 


Lemma 1.5.7 Let p and o be two irreducible representations of G. 


(i) (Orthogonality relations) (gf Qe LG) = 1 9p.05i,s9j.- 


Gi) GP pg = êp obj Pr 


1.5 The group algebra and the Fourier transform 


Proof (i) With the same notation of Theorem 1.5.4 we have 


r IG] JIG] o o 
PE OSLO) = FA qi fh vs TP UP Le) 
p o 
by Th 1.5.4.41)) = IGI 6j.55 
(by Theorem 1.5.4.4i)) = PI issô jt 
P 


(ii) 


[oh * Me) = Do oh (ghyor,") 


heG 
dp 
(by Lemma 1.1.9) = 5° $ PeO Eh) 
heG k=1 
. _ IG i 
(by @)) = T 00:7 9.8 iae). 
p 


Alternatively, (ii) is just a reformulation of (iii) in Theorem 1.5.6. 


Corollary 1.5.8 The set 
O :péeG,i,j= 1,2,...,do} 


is an orthogonal system in L(G) which is also complete. 
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(1.37) 


Proof From Corollary 1.3.10 we have that dimL(G) = >> < d 2 and therefore 


pEG “p 
it is equal to the cardinality of (1.37). 


We observe that Corollary 1.4.17, in the setting of the left regular represen- 
tation, can be completed with the following expression for the projection onto 


the isotypic component: 


d — 
Y DP. f = —— P 
l,l Gi ** 


i=l 


where x” is the character of the representation p (see (1.36)). 
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1.5.2 The Fourier transform 


We begin this section by observing that, in the notation of Definition 1.3.12, 
for a representation (o, V) of G and fi, f2 € L(G), we have 


o(fi* fa) = DLA * Al(g)o(g) 


geG 
YY filgh) falh)o(gh)o(h™") (1.38) 
gEG heG 


= 0(fi)o(fr). 


In what follows, we set A(G) = Pê Hom(W,, Wp). 
The Fourier transform is the linear map 


F:L(G)> A(G) 
f DaO (1.39) 


pEG 


In other words, F f is the direct sum of the linear operators p(f) : W, > 
W,. p € G. The Hilbert—Schmidt scalar product on A(G) is defined by setting 


(er Ds) = i È dorr iT,Sṣ), (1.40) 
G peG 


peG aEG HS 
where T,, Sp € Hom(W,, W,) for all p € G. 
Exercise 1.5.9 Prove that (1.40) defines a scalar product. 


Recall that if {vf , v9, ..., vy} is an orthonormal basis for W,, then 


5 


r[T, S>] = 
2 


We now define the map 


“1: A(G) > L(G) 
by setting 
FT) o= GÈ a tr [p(g)* Tp]. 
peG 
for all Pre T, € A(G) and g € G. 
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For all p € G and i, j = 1,2, ...,d, we define the element Tf; € A(G) by 
setting, if w € Ws, 0o € G, 


v? 


Tw = ôp o (W, vi Eyy, vf. 


i,j 


In other words, the operator T j is trivial on the complement of 
Hom(W,, W,) and on this space it coincides with the linear operator associated 
with the tensor product Oye ® v? E€ w, ® W,(= Hom(W,, W,)); see (1.13). 


Similarly to Corollary 1.5.8, we have: 


Lemma 1.5.10 The set 1T; :pE G, i, j= 1,2,...,dp} is an orthogonal 
basis for A(G) and 


d 
p o P 
(T; j? Ty UHS = gajret (1.41) 
Proof Indeed, 
Ge A 
(Tip Tidus = 780.0 DATE YE» Tere )w, 
k=1 
d a 
= boo D Sind elurs UP) w, 
k=1 
d 
= gagro issi 


and clearly dim A(G) = >> „<8 d? 


peG “p- 


Theorem 1.5.11 The Fourier transform F is an isometric *-isomorphism 
between the algebras L(G) and A(G). Moreover, F~! is the inverse of F 
and we have: 


ror - ol 


— T, 1.42 
=| (1.42) 


and 


Lgr. (1.43) 
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Proof From the multiplicative property of F (see (1.38)) one immediately gets 
that F is ahomomorphism of algebras. Also 


(o(f wi, w2)w = ($ F(g)o(g)wi, w2) w 


geG 
= ($ f(g Yo(g)wi, w)w 
geG 
(setting s = g7!) = DD fis)o(s!)w, w2) Ww 
seG 
= (wi, > f(s)p(s)wa)w 
sEeG 


= (w1, o(f)w2)w 


for all f € L(G) and w1, w2 E€ W. We deduce that p(f) = e(f)* forall f € 
L(G), that is, F preserves the involutions. 

Moreover, since lle? j lee = |G|/d, (the orthogonal relations, Lemma 
1.5.7) and || Tf; len = d,/|G| by (1.41), to end the proof of the whole statement 
we just need to show (1.42) and (1.43). 

Recall that o; = o? P where p’ is the adjoint of p (see Lemma 1.1.9). Now, 
for o, p € G we have 


OPED 


geG 
and therefore 


(o(y? vr, v2 )w, = >) oP (go(g)v?, 0?) w, 
geG 


G| 


(by the orthogonality relations) = hs, pôi sô j.t 
p 


|G| 
= Fae US) Ww, 
p 


and this shows (1.42). We now prove (1.43). 


dp * 
1g) (lols) Tf] 
d 


XOTE uP, o(g)ur)w, 


t=1 


[FTP 1g) 


> 


TOLAR 


ae aje als 


pi ;(8)- 
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Corollary 1.5.12 LetC be a conjugacy class of G, 1c its characteristic function 
and Tı, the associated convolution operator (that is, Ty, f = f * 1c for all 
f € L(G)). Then for each p € G the isotypic component dW, in L(G) is an 
eigenspace of Tc, and the associated eigenvalue is 


x o) 


dp 


IC 


where x? (g) does not depend on the particular element g € C. 


Proof It is an immediate consequence of Theorem 1.5.11 and Lemma 
1313; 


Corollary 1.5.13 For f € L(G), the operator ® ,,-ge(f) is self-adjoint (resp. 
normal) if and only if f = f (resp. f x f = f * f). 


Corollary 1.5.14 (Fourier inversion formula) For every f € L(G) we have 


f@= Tq Gj: i trioleg) Pf). 


Corollary 1.5.15 (Plancherel formula) For fi, f2 € L(G) we have 


(fo huo = a trie fD]. 


IG] 4 


From Lemma 1.3.13, the fact that the characters span the space of central 
functions, and the Fourier inversion formula we get: 


Corollary 1.5.16 (Characterization of central functions) A function f € 
L(G) is central if and only if the Fourier transform p(f) is a multiple of 
the identity Iw for all irreducible representations (p, W) € G. 


With the choice of an orthonormal basis {v}, v$, ..., vi, } in each irreducible 
representation W,, p € G , we associate the maximal commutative subalgebra 
B of L(G) = A(G) (by the Fourier transform, see (1.39)) consisting of all 
f € L(G) whose Fourier transform @,<gp(f) is a diagonal operator in the 
given basis. In other words, f € L(G) belongs to B if and only if each vector 
vi, j =1,2,..., dp, is an eigenvector of p( f), for all p € G. 

The primitive idempotent associated with the vector vy is the group algebra 
element e? given by 


d m 
< (ol8w,, wiw, (1.44) 


p dp 
e;(8)= g (g) = iG] 


IG] 
forall g € G. 
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The following proposition is an immediate consequence of the previous 
results. 


Proposition 1.5.17 

(i) The set {ef : :p E G, j =1,2,...,d,} isa (vector space) basis for B; 

Gi) ef * er S, for all pee. J=1,2,...,d, and i= 
1 EET E 

(ii) oe? 0? = 8p,05;,i€4, for all poe, jJ=1,2,...,d, and i= 
1, 2, ..d,; in particular, pte’): W, — W, is the mikao projection 
onto the 1-dimensional jubšpace spanned by v? fn 

(iv) let f € Band p( fv = Avi, with Af EeCGope G and j SL 2iac8 dys 
then 


dp 
f= 5 5 Aef (Fourier inversion formula in B) 


peG j=! 


and 
P _ 3P3P 
fxe; = Ne 


Exercise 1.5.18 (1) Show that a function Y € L(G) belongs to TP W, (see 
Corollary 1.5.5) if and only if Y xe; =dopdij, for all o € G and i = 
1, 2, cs .y de. 

(2) Show that a function f € L(G) belongs to 5 if and only if each subspace 
T W, is an eigenspace for pi associated convolution operator Tey = w * f; 
marcové ff=} peG yi jel rie f , then the eigenvalue of Tp associated with 
Te W, is precisely Af. 


1.5.3 Algebras of bi- K -invariant functions 


In this section we shall continue the analysis of the structure of the algebra L(G). 
Now, we express some results in Section 1.4 in the group algebra setting. 

Let G be a group acting transitively on a (finite) set X. Fix xọ € X and 
denote by K the stabilizer of x9. Then X = G/K. 

Let S be a set of representatives for the double cosets K\G/K of K in G. 
This means that 


G= [| Ksk, 


seS 
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with disjoint union. In other words, {KsK : s € S} are the equivalence classes 
for the relation 


gwr~h<saski,ko €K : g= kihk 


for g,h eG. 
For s € S, set Q, = {ksxo : k € K} = Ksxo(= KsKxo) C X and O, = 
{(gx0, gsxo) : g E€ G} = G(x, sxo) C X x X. 


Lemma 1.5.19 With the previous notation, we have: 
(i) X = [les Qs is the decomposition of X into K -orbits. 


(ii) X x X = [ [es Qs is the decomposition of X x X into the G-orbits under 
the diagonal action: g(x, y) = (gx, gy), for x, y E€ X and g E G. 


Proof (i) If g € G, then Kg K xo = Kgxo is the K -orbit of gxọ. Moreover, if h 
is another element of G, we have 
Kgxo = Khxo @ Jkı € K s.t. gxọ = kıhxo 
S Jki, ka E K s.t. g = kihk. 
Therefore, if S is a system of representatives for K\G/K, then {ksxo : k € K}, 
s € S, are the K -orbits on X. 
(ii) We first note that any G-orbit on X x X is of the form G(xo, gxo) for 
a suitable g € G. Indeed, if x, y € X, say x = goxo with go € G, and we take 
g € G such that gxọ = gy, then 
G(x, y) = G(gox0, 8089 Y) = G(xo, 8x0). 


Moreover, if g, h € G, then 


G(xo, gxo) = G(X, hxo) & Ak; € K s.t. (Xo, 8X0) = (Xo, ki hxo) 
S dki,ko E K s.t. g = kjhko. 


Exercise 1.5.20 For every orbit Q of K on X, set Og = {(gxo, gx): g € 
G, x € Q}. Show that the map Q +> Og is a bijection between the K -orbits on 
X and the G-orbits on X x X. 


Definition 1.5.21 Let G be a finite group and let K < G be a subgroup. A 
function f € L(G) is right (resp. left) K -invariant when f(gk) = f(g) (resp. 
f(kg)= f(e))forallg € Gandk € K.A function f € L(G) is bi-K -invariant 
if 

f(kigks) = f(g) 
for all kı, k2 E€ K and g € G. 
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We denote by L(G/K) and by L(K\\G/K) the subspaces of right K invariant 
and bi-K-invariant functions on G, respectively. Note that if fı is left K- 
invariant then fı x» f is left K-invariant and, symmetrically, if f is right K- 
invariant, then f * f2 is right K-invariant, for all f € L(G). In other words, 
L(G/K) is a left-ideal in L(G) and, cf. (1.32), it is invariant with respect to the 
left regular representation, while L(K \G/K) is a two-sided ideal. 

Recall that L(X x X)© denotes the set of all functions on X x X which are 
constant on the G-orbits. 


Theorem 1.5.22 T 
(i) For every f € L(X) define the function f € L(G) by setting 


f(g) = flexo) 
forall g € G. Then the map f > fis a linear isomorphism between L(X) 
and L(G/K). Moreover, it intertwines the permutation representation of G 
on L(X) with the restriction to L(G/K) of the left regular representation 
of G on L(G). 
(ii) For every F € L(X x X)° define the function Fe L(G) by setting 


~ 1 
F(g)= Kl 8X0) 


for all g € G. Then Fe L(K\G/K) and the map 


L(X x X)? > L(K\G/K) 
F a F 


is an isomorphism of algebras. 


Proof (i) This is trivial: X is the same thing as the space of all right cosets 
G/K of K inG. 

(ii) It is easy to see that Fe L(K\G/K) and that the map F > F is an 
isomorphism of vector spaces (cf. Lemma 1.5.19). Now suppose that F, Fy € 
L(X x X)® and set 


F(x, y) = $ Fix, dFilz, y) 


zEX 


for all x, y € X. Then, for all g € G, 


F(g) — Ft hxo) Fx(h ) 
= — Xo, hx X0, 2X 
E [K 1X0, AXo) F2NX0, §X0 
heG 
1 =j 
= IKE È Fi(xo, hxo)F2(x0, h~ gxo) 


= [Fi * F8). 
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Denote by L(X)* the space of K-invariant functions on L(X), that is, 
f € L(X)¥ if and only if it is constant on the K -orbits on X. 

Combining Lemma 1.5.19 and Theorem 1.5.22, we have the following 
isomorphisms: 


L(X x X)? = L(K\G/K) = L(xX)*. 
As the first two spaces above are algebras, L(X)* can be endowed with a 


structure of an algebra as well. From Theorem 1.5.22, Corollary 1.2.17 and 
Proposition 1.4.1 we also have the following. 


Corollary 1.5.23 (G, K) is a Gelfand pair if and only if the algebra 
L(K\G/K) is commutative. 


Note that the above is usually taken as the definition of a Gelfand pair. We end 
this section by presenting Gelfand’s lemma (cf. Proposition 1.4.8) in its general 
form. 


Proposition 1.5.24 (Gelfand’s lemma) Let G be a finite group and let K < G 
be a subgroup. Suppose there exists an automorphism t of G such that g~! € 


Kt(g)K for all g € G. Then (G, K) is a Gelfand pair. 


Proof If f € L(K\G/K) we have f(t(g)) = f(g7') for all g € G. Then, for 
fı, fo € L(K\G/K) and g € G we have: 
[fi * fol(t(g)) = 5 FAY AEAT) 


heG 


= X Ash") fh) 


heG 


=D AMA's") 


heG 
= [fo * fle 
= [fo * fil(t(g)) 


and therefore L(K \G/K) is commutative. 


Exercise 1.5.25 Show that (G, K) is a symmetric Gelfand pair (see Definition 
1.4.9) if and only if g7! € KgK for all g € G. Note that this corresponds to 
the case t(g) = g for all g € G in the previous proposition. 


We also say that (G, K) is a weakly symmetric Gelfand pair when it satisfies 
Gelfand’s lemma (Proposition 1.5.24) for some automorphism tT. 


Example 1.5.26 G x G acts on G as follows: (g1, 82): g = gigg, for 
all g1, 82,g € G. The stabilizer of 1g is clearly the diagonal subgroup 
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G= {(g, g): g € G} < G x G. Therefore, G = (G x G)/G. We now show 
that (G x G, G) is a weakly symmetric Gelfand pair. Indeed, the flip automor- 
phism defined by t(g1, g2) = (82, g1) gives 


(g1, 92) | = (871, 83) = (a7), 87 (es 8185 1s 83!) € Gt(g1, 82), 
for all g1, g2 € G. 


-1 


A group G is ambivalent if g~" is conjugate to g for every g € G. 


Exercise 1.5.27 Show that the Gelfand pair (G x G, G) is symmetric if and 
only if G is ambivalent. 


Let (G, K) be a Gelfand pair and let L(X) = @ weg W, be the (multiplicity 
free) decomposition of L(X) into G-irreducible sub-representations. For each 
Wp, let v? be a K-invariant vector in W, such that ||v?||w, = 1 (recall that 
dimw* = 1; see Corollary 1.4.13). The spherical function associated with W, 
is the bi-K -invariant matrix coefficient 


P(g) = (V, p(g)v")w,- 


Consider the isomorphism L(X) > f => fe L(G/K) (see Theorem 1.5.22). 
Let ¢, € L(X) denote the K-invariant function defined by setting ¢,(x) = 
Pp(8) if gxo = x. Then pp = gp. 


Exercise 1.5.28 (1) Show that the set {g, : p € J} is an orthogonal basis for 
L(K\G/K) and that lollo = |G|/dimW,. 
(2) Let x’ be the character of W, and set d, = dimW,. Show that 


1 = 
P8) = KI D reo 


keK 
and that 
p dp o.(h-loh) 
Oa X Gp(h-!gh). 
heG 
Hint. Take an orthonormal basis w1, w2,..., Wa, in W, such that wı = v?, 


the K -invariant vector, and use Lemma 1.3.5 and the orthogonality relations in 
Lemma 1.5.7. 


For more on spherical functions, the spherical Fourier transform, and their 
applications (in the finite setting), see our monograph [20] and Terras’ book 
[117]. 
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1.6 Induced representations 


1.6.1 Definitions and examples 


Let G be a finite group, K a subgroup of G and (p, V) a representation of K. 


Definition 1.6.1 (Induced representation) The representation induced by 
(p, V) is the G-representation (o, Z) defined by setting 


Z={f:G— V: f(gk)= p(k!) f(g), forall g € G,k e K} (145) 
and 


lo (81) f(g2) = f(gy'g2), forall gı, g2 € G and f € Z. (1.46) 


Note that o(g)f € Z for all g € G and f € Z. One denotes o and Z by 
Ind p and IndẸ V, respectively. 


We now give an alternative description of IndẸ V. Suppose that G = 
Ll,<s 5K, that is, S is a system of representatives for the set G/K of right 
cosets of K in G. For every v € V define the function fy : G —> V by setting 


_folg'v ifgeK 
fils) = | 0 otherwise. et) 


Then f, € Z andthe space V’ = { fy : v € V} is K-invariant and K -isomorphic 
to V. Indeed, o (k) fy = fow for all k € K. Moreover, we have the following 
direct decomposition: 


z = Qw v". (1.48) 

ses 
Indeed, for any f € Z ands € S set vs = f(s). Itis immediate to check that 
f=) 3OF, (1.49) 

seS 


and that such an expression is unique (this is just a rephrasing of the fact that 
f € Z is determined by its values on S as indicated in (1.45)). Moreover, if 
we fix g € G, for every s € S we can define ts € S and ks € K as the unique 
elements such that gs = t,k,. We then have 


o(g)f =) o8) fo, = > olts)o(ks) fo, = X ots) fork... 0.50) 
seS seS seS 
Conversely we have: 


Lemma 1.6.2 Let G, K < Gand S as above and let (t, W) be a representation 
of G. Suppose that V < W is a K-invariant subspace and that the direct 
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decomposition 


w = Qro) (1.51) 


seS 


holds. Then the G-representations W and IndẸ V are isomorphic. 


Proof Defining V’ as above, from (1.48) we have that Z = Ind¢ V and W are 
G-isomorphic. Indeed, if w € W and w = ae T(s)vs, With v, € V, then, as 
in (1.50), we have t(g)w = baer, T(t;)[t(Ks)vs], that is, under the map w >> f 
we also have T(g)w +> T(g)f. 


Exercise 1.6.3 Let K be a subgroup of G and let S be a set of the represen- 
tatives of the right cosets of K in G, so that G = Les sK. Let (x, W) bea 
representation of G, suppose that V < W is K -invariant and denote by (p, V) 
the corresponding K -representation. 

Show that if W =< z (s)V : s € S >, then there exists a surjective map that 
intertwines 7 and Ind§ p. 


Hint. Setting o = Ind p, the required surjective intertwiner is the linear 
extension of o(s)v + m(s)u, s € S and v € V. Indeed, if g € G and gs = tk, 
with s,t € S and k € K, then 


o(g)[o(s)v] = o (DÐlolkyv] > r (Hlir(k)v] = zg) (s)v]. 
We observe that the dimension of the induced representation is given by 
dim(IndẸ V) = [G : K]dim(V) (1.52) 


as immediately follows from the previous lemma and from |S| = [G : K] = 
IG/K|. 


Example 1.6.4 (Permutation representation) Suppose that G acts transi- 
tively on a finite set X. Fix a point xọ € X and denote by K = {g € G : gxo = 
xo} its stabilizer; thus X = G/K is the set of right cosets of K. Denote by 
(t, C) the trivial (one-dimensional) representation of K. Then IndẸC is noth- 
ing but the space {f : G —> C: f(gk) = f(g), Vg € G,k € K} of all right 
K -invariant functions on G. As the latter coincides with L(X) (see (i) in 
Theorem 1.5.22) we have: 


Proposition 1.6.5 Let G be a group, K < G be a subgroup and let X = G/K. 
The permutation representation of G on L(X) coincides with the representation 
obtained by inducing the trivial representation of the subgroup K. 
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1.6.2 First properties of induced representations 


One of the first important properties of induction is transitivity. 


Proposition 1.6.6 (Induction in stages) Let G be a finite group, K < H < G 
be subgroups and (p, V) a representation of K. Then 


Indĝ (Ind? V) = Ind V (1.53) 
as G-representations. 
Proof By definition we have 
IndẸ# V ={f': H — V : f'(hk) = p(k") f'(h), Yh € H,k € K} 
and, setting o = Ind} p, 
Ind? (Ind¥ V) = {f : G > Ind¥V : f(gh) =o(h"') f(g), Yg € G, h € H}. 
Thus Ind& (Ind? V) may be identified with the function space 


U={F:GxH-V: F(gh,Wk) 
= p(k ™!)F(g, hh’), Vg € G,h,h' € H,k € K} 
by setting F(g,h) =[f(g)]() for all g € G and h € H. If F €e U, then 


F(g,h) = F(gh, 1g), so that F is uniquely determined by its values on 
G x {lg}. Thus, setting F (e) = F(g, 1g) we have that F : G > V and 


F (gk) = F(gk, 1c) = F(g, K) = p(k!) F(g, 16) = pk!) F (g) 


and {F : F € U} is G-isomorphic to IndẸ V. This completes the proof: the 
isomorphism is F +> F. 


Theorem 1.6.7 (Frobenius’ character formula for induced representa- 
tions) Let (o, W) be a representation of K and denote by x? its character. 


G 
Then the character yind, ‘°) of the induced representation is given by 
G 
xinde(g) YO xg), (1.54) 
ses: 
s-lgseK 


where S is any system of representatives for G/K. 


Proof Let {e), e2,...,@n} be an orthonormal basis for W and set fs j; = 
o(s) fe,, where fe, is asin (1.47), o = IndẸ p and G = Les sK (as in (1.48)). 
Then { fs; :s € S, j =1,2,...,n}1s a basis for Ind? W. 
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Now suppose that g, go E€ G, with go = sk where s € S and k € K. Then 
there exist sı € S and Ẹ € K such that g's = sk and therefore 
[o(g)fs,)M(go) = fsi (8780) = 
= fy (sikk) = 
= ôs, sı E(k DoR ej. 


But k = s;'g~!s and we have s = s; if and only if g7!s € sK, that is, if and 
only if s~'gs € K. Hence we can write 


p(k!)p(s-!gs)e; if sl gs EK 


lo (8) fs; (go) = | 0 otherwise. (1.55) 


The coefficient of f; ; in o (8) fs,j is equal to the coefficient of fs, ;(go) in 
[o (g) fs,;](go). In particular, from (1.55) it follows that it is equal to zero if 


sigs ¢é K. 
Moreover, if k = s~'g~'s € K and 


pe; = D> a, (Ke, 
r=1 
then 


[o(g) fe.) go) = X jk Ye, 


r=1 


(for(80) = fe) = $ a,j) fsr(80) 


r= 


and the coefficient of f; ;(go) in [o(g) fs, ; (go) equals a; j(k). 


Since x? (R!) = ee, a; j(k) and k~! = s~! gs, we have 


L= ¥ Zous >) Legs). 


ses: j=l ses: 
s-loseK sloseK 


Exercise 1.6.8 Prove that the right-hand side of (1.54) does not depend on the 
choice of S. 


The following lemma is a prelude on the connection between induction and 
restriction. 
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Lemma 1.6.9 Let (0, V) be a representation of a group G and (o, W) a rep- 
resentation of a subgroup H < G. Then we have the following isomorphism of 
G-representations 


V @ Ind W = Ind¢[(Res?, V) & W]. (1.56) 


Proof First of all, the right-hand side in (1.56) is made up of all functions 
F : G —> V QW such that F(gh) = [0(h7!) @ o (h7!)]F (g), for all h € H 
and g € G. Moreover, the left-hand side is spanned by all products v @ f 
where v € V and f : G > W satisfies f (gh) = o (h7!) f(g), for all h € H 
and g € G. 

It is easy to see that the map ¢ : V @ Indy W > IndẸ [(Res¥, V) & W] 
defined by setting [¢(v 8 f)](g) = 6(g-!)v ® f(g) is a G-equivariant linear 
isomorphism. 


Corollary 1.6.10 If (0, V) is a representation of a group G, H is a subgroup 
of G and X = G/H then 


IndẸ Res V = V @L(X) (1.57) 
as G-representations. 


Proof Apply Lemma 1.6.9 with o = ty, the trivial representation of H. In this 
case, Indo W = L(X) and (Res V) QW= (Res% VY@CZ Res§ V. 


1.6.3 Frobenius reciprocity 


The following fundamental result of Frobenius provides another relation 
between the operations of induction and restriction. 


Theorem 1.6.11 (Frobenius reciprocity) Let G be a finite group, K < Ga 
subgroup, (o, W) a representation of G and (p, V) a representation of K. For 
every T € Homg(W, IndẸ V) define T : W — V by setting, for every w € W, 


Tw =[Tw](g). (1.58) 
Then T € Hom, (Res@ W, V) and the map 


Homg(W, Ind? V) > Homg (Res¥ W, V) 
TRT 


is a linear isomorphism. 
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Proof We first check that Te Hom x (Res W, V). Fork € K and w € W we 
have: 


To(k)w = [T(o(k)w) |) 

= [TkT w)] c) 

=x) [Tw](k') (1.59) 

=) POIT we) 

= p(k) Tw 
where t = IndẸ p and the starred equalities depend on the following facts: *) 
because T is an intertwiner; xx) by the definition of the action of G on IndẸ V; 
* * *) by the defining property of the elements in Ind V. On the other hand, for 


Ue Hom, (Res@ W, V) we can define Ŭ : W —> IndẸ V by setting, for every 
w € W andg € G 


[Uwl(g) = Uo(g"')w. 
Again, it is easy to check that UV € Homg(W, IndẸ V). Moreover from 
[Twl(g) = [t8 Tw] Ae) = [Tog ws) = Tog ')w (1.60) 


one deduces that the maps T > T and U > U are one inverse to the other 
and therefore we have established the required isomorphism. 


In particular, from Lemma 1.2.5 we deduce: 


Corollary 1.6.12 In the case that the representations W and V are irreducible 
we have that the multiplicity of W in Inde V equals the multiplicity of V in 
Res? W. 


In the case of the trivial representation versus the permutation representation, 
namely Example 1.6.4, T € Homg(W, C) and it can be expressed in the form 


Tw = [Tw](xo), 


where xo € X is the point stabilized by K. In this case, any element 0 € 
Homx (W, C) may be uniquely expressed in the form 


8(w) = (w, wo)w 


where wọ is a K -invariant vector in W. Therefore, ifT € Homg(W, L(X)) and 
wo is the K -invariant vector corresponding to T, we have Tw = (w, Wo) w and 


[Tw](gx0) = (w, o(g)wo)w Vg eG,we W, (1.61) 
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that is, in the notation of (1.24), we have 


|X| 


T ae 
do 


1.6.4 Mackey’s lemma and the intertwining number theorem 


Let G be a finite group, H, K < G two subgroups and (p, W) a representation 
of K. Let S be a system of representatives for the double cosets in H\G/K so 
that 


G= || 45K. 


ses 
For all s € S, consider the subgroup Gs = sKs™! N H and define a represen- 


tation (ps, W,) of G,, by taking W, = W and setting p,(t)w = p(s~'ts)w, for 
allt € G, and w € W,. 


Exercise 1.6.13 Identify H\G/K with the set of H-orbits on X = G/K and 
prove that the subgroup G, is the stabilizer in H of the point x, = s K (compare 
with Lemma 1.5.19). 


Theorem 1.6.14 (Mackey’s lemma) The representation ResGInd¢ p is iso- 
morphic to the direct sum of the representations Indg. ps, S E S, i.e. 


Res? Ind? p = aD Indë ps. (1.62) 
ses 
Proof Let Z; = {F : G —> W s.t. F(hs'k) = ôs p(k7')F(hs), Yh € H,k € 
K and s’ € S}. Then, recalling (1.45), Zę coincides with the subspace of func- 
tions in Z = Ind W which vanish outside Hs K. Clearly 


Z= QB Z. (1.63) 
ses 
For F € Z,;, we can define f, : H — W by setting f,(h) = F(hs), for all 
h € H.Ift € G,, then we have s~'ts € K and therefore 
fht) = F(hts) = pist s]F (hs) = pt7 fsh) 


so that f; € Indg. Ws. 
Vice versa, given f € Indg. W, we can define F, : G —> W by setting 
F,(hs'k) = ôs s p(k!) f (h), for k € K,h € H ands’ € S. F, is well defined: 
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indeed if hsk = hysk,, then t := skk;'s~! = h~'h, € G, and thus 


PTOS h) = pele sth this) fav] 
= wk Lost) f h) 
= pk") fit") 
= p(k") f (h). 
Also with g = hs’k’ we have F,(gk) = F,(hs'k'k) = ôs s p(k 1k!) f(A) = 
p(k!) F.(hs'k’) = p(k~!)F,(g) so that F, € Zs. 
This shows that the representation of H on Zs is isomorphic to the repre- 


sentation obtained by inducing p, from G, to H. Combining this with (1.63), 
we end the proof. 


We now express Mackey’s lemma in the setting of a permutation repre- 
sentation. Let H and K be two subgroups of G. Denote by X = G/K the 
homogeneous space corresponding to K. Let x9 € X be a point stabilized by 
K and S a set of representatives for the double cosets of H\G/K. As in 
Exercise 1.6.13, for s € S we have that G, is the stabilizer of sxo and, setting 
Qs = {hsxo : h € H} = Hsxo, then X = ] [es Qs is the decomposition of X 
into H-orbits. 

Let now p = tx be the trivial representation of K. Then p; is the trivial rep- 
resentation of G, and Ind@. ps is the permutation representation of H on L(Q;). 

Therefore, Mackey’s lemma reduces to the decomposition 


Resi L(X) = @ L(Q,). (1.64) 


ses 


ses 


The following is a very important application of Mackey’s lemma. 


Theorem 1.6.15 (Intertwining number theorem) In the same hypotheses of 
Mackey’s lemma, assume that (o, W) is a representation of H. Then 


dimHomg(Ind{o, Ind? p) = 5 dimHomg, (Res@ 0, ps). 


ses 


Proof We have 
dimHomg(Ind§o, Ind? p) =œ) dimHomy(a, Res? Ind p) 


= J dimHom,y(o, Ind# ps) 


sES 
=(*) > dimHomg, (Resë o, Ps) 
seS 


where =œ) follows from Frobenius’ reciprocity (Theorem 1.6.11) and the 
remaining one from Mackey’s lemma. 


2 
The theory of Gelfand—Tsetlin bases 


In this chapter we develop the theory of Gelfand—Tsetlin bases for group 
algebras and permutations representations. A peculiarity of our approach is 
the description of the algebra of conjugacy invariant functions in terms of 
permutation representations, so that a commutative algebra may be related to a 
suitable Gelfand pair. 


2.1 Algebras of conjugacy invariant functions 


2.1.1 Conjugacy invariant functions 
The algebras of conjugacy invariant functions in this section were considered 
in [10], [118] and by A. A.-A. Jucys [71] and E. P. Wigner in [124] and [125]. 
A generalization to the compact case was presented in [74]. 
Let G be a finite group and let H < G bea subgroup. A function f € L(G) 
is H-conjugacy invariant if 


fih-'gh) = f(g) forallhe HandgeG. 


We denote by C(G, H) the set of all H-conjugacy invariant functions defined 
on G. It is an algebra under convolution: if fi, f2 € C(G, H) then fix fo € 
C(G, H). Indeed, for g € G and h € H we have 


[fix Al! gh) = $ fih ghs) f(s) 


seG 


E= hsh =Y Algn fre) 


teG 
= [fi * fol(g). 
If H = G, then C(G, H) is the usual algebra of central functions on G. 


59 


60 The theory of Gelfand-Tsetlin bases 


We now consider the action of G x H on G defined by 
(8, h) 80 = ggoh' (2.1) 


for all g, go € G and h € H. The associated permutation representation, that 
we denote by 7, is given by 


In(g, h) feo) = f(g 'goh), (2.2) 
forall f € L(G), g, go € G and h € H. 


Lemma 2.1.1 

(i) The stabilizer of 1g under the action (2.1) is the (G x H)-subgroup H= 
{(h,h):h € H}. 

(ii) Denote by L(A\(G x H)/H) the algebra of bi-H-invariant functions on 
G x H. Then the map 


® : L(H\(G x H)/H) > C(G, H) 
given by 
[P(F)]l(g) = [H| F(g, 1a) 
for all F € L(A\(G x H)/H) and g € G, is a linear isomorphism of 
algebras. Moreover, 
IPP ln@ = VIAIIF Iex. (2.3) 
Proof (i) It is obvious that (g, h) - Lg = 1g if and only if g = h € H. 
(ii) Observe that F € L(G x H) is bi-H-invariant if and only if 
F(hyghz, hihhz) = F(g, h) 
for all g € G and h, hı, h2 € H. Therefore, if F € L(H\(G x H)/H) and 
f = ®(F), we have 
fh gh) = |H|F(h™'gh, hh) = [HIF (g, le) = f(g) 


showing that f € C(G, H). Moreover, 


1 
F(g,h) = F(gh"'h,h) = F(gh"', 16) = TRAA 
and F is uniquely determined by f. 
Conversely, if f € C(G, H), then the function F € L(G x H) defined by 
setting F (g, h) = mflgh"'), is clearly bi- H-invariant. 
This shows that ® is a bijection. Linearity is obvious and (2.3) is left to the 
reader. 
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We are only left to show that ® is multiplicative. Let F1, Fz € L(A \(G x 
H)/H). Then 


[DCF * F2))(g) = [HILF * Fol(g, 1a) 
=]|H| $ 9 Fi(gs, hFas, ho!) 
seG heH 
=]|H| X Fi(8sh™', 1o) Fa(hs™', 1G) 
seG heH 
Gh! =t) = |H] $ Fiket, 1a) Ft, Ie) 
teG 


[PCF * B(F2)](g). 


We now decompose the permutation representation 7 (cf. (2.2)) into 
(G x H)-irreducible sub-representations. Recall (see Theorem 1.3.17) that any 
irreducible representation of G x H is of the form o KX p for some irreducible 
representations o and p of G and H, respectively. Note also that the adjoint of 
Res¢o is precisely ResGo’. 


Theorem 2.1.2 Let (o, V) € G and (p, W) € Ĥ and denote by (p', W') € H 
the adjoint representation of (p, W). Given T € Homg,47(o X p, n), define 
T:W-— V' by setting 
[Tw](v) = [Tv 8 wc) (2.4) 
forallv € V and w € W. Then Te Homy(p, Reso’) and the map 
Homex (0 X p, n) > Homy(p, Resġo') 
TRT 
is a linear isomorphism. 
Proof First of all, note that a linear map T : V @ W —> L(G) belongs to 
Homg x 47(o X p, n) if and only if 
{T[(o(g)v) 8 hwo) = [Tv @ wg goh) (2.5) 
forall g, go € G, h € H, v € V and w € W. 
Therefore, if this is the case, and T is defined as in (2.4), we have 
[T p(h)w\(v) = {Tiv 8 p(hyw]}(1¢) 
(by (2.5)) = [Tw 8 w)](A) 
(again by (2.5)) = {T[o(h7')v @ wle) 
= (Tw)lo(h-')v] 
(by (1.6)) = [o/(A)Tw](v) 
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for all h € H, v € V and w e W. This means that, for all h € H, o'(h)T = 
T p(h), that is T € Homy(p, Res@o’). Note also that again by (2.5), we have 


[T(v 8 w)K(g) = {TIo (87w ® wla) = [Two (g7), (2.6) 
so that T is uniquely determined by T. This shows that the map T > T is 
injective. 


It remains to show that this map is also surjective. This follows from the fact 
that (2.6) is its inversion formula, that is, given T € Homy(p, ResGo’ ), if we 
define T € Hom(V &® W, L(G)) by setting 


[T(v ® w)l(go) = [Twl(a(gp w) (2.7) 
for go € G, v € V and w € W, then T € Home, 4(o K p, n). 
Indeed, if (2.7) holds, we have 
{T[(o(g)v) 8 (o(h)w)]}(g0) = [T p(h)yw\(o(gy | gw) 
(since T € Homy(p, Reso’) = [o'(h)Tw](o(go 'g)v) 
= [Tw](o(h-'go'g)v) 
= [T (v Q w)|(g"!goh) 


forall g € G,h € H, v € V and w € W, that is (2.5) is satisfied and therefore 
T € Homgxa (0 X p, n). 


From Lemma 1.2.5 we get: 


Corollary 2.1.3 The multiplicity of o X p in n is equal to the multiplicity of p 
in Resĝ o”. 


Given o € G and pe H, denote by m,,. the multiplicity of p in Res¢o’ (that 
is, Mp, = dimHomy(p, Res%o’)). 


Corollary 2.1.4 The decomposition of n into irreducible sub-representations 
is given by 


n = an BD mp.0(0 x p). 


oeG pef 


Suppose that H = G. Observe that now (n, L(G)) is a representation of 
G x G. We already know that (G x G, G) is a Gelfand pair (see Example 
1.5.26). We now present the corresponding decomposition into irreducible 
sub-representations. 


Remark 2.1.5 We can give to (2.7) a more explicit form. Let w1, w2,..., Wm 
be a basis in W and take v; € V such that 6,, = Twj, j =1,2,...,m, where 
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0 is the Riesz map (as in (1.4)). Then (2.7) becomes 
[Tw jl(o(gq v) = %, (0 (gq Jv) = (v, o(go)vj). 


That is, the set of all matrix coefficients of this form spans a subspace of L(G) 
isomorphic to o X p. See also Corollary 2.1.6 and Exercise 2.1.8. 


Corollary 2.1.6 ({40]) Suppose that H = G. Then 


n= Qomo. 


peG 


Moreover, the representation space of p' & p is Mp, the subspace of L(G) 
spanned by all matrix coefficients p(g) = (e(g)v, w)w,, with v, w € Wy. In 
other words, we have L(G) = Pec M,. In particular, this gives another 
proof that (G x G, G) is a Gelfand pair (see Example 1.5.26). 


Proof In our setting we have 


, ; 1 ifo~o’ 
Mp, = dimHomg(p, 0°) = ; 
0 otherwise. 


Moreover, taking o = p’ and T= Ty, in (2.6), we get T € Hom¢x¢(p' R 
p, n). Also, 


[T (0s 8 WIE) = [o'(87 Ow) 
= 4[p(g)w] 
= (0(g)w, v) 
for all v, w € W, and g € G, so that T (0, & w) € Mp. 


Since dimM, = d (a basis for M, is given by the matrix coefficients CA jp 
1 <i, j < d,, see Corollary 1.5.8), then T(W,, @ Wy) = My. 


Exercise 2.1.7 Show that the spherical functions of the Gelfand pair (G x 
G, G) are the normalized characters, namely + x’, p EG. 


Exercise 2.1.8 (1) Give a direct proof, by using the properties of the matrix 
coefficients, that M, = Wi & W, and deduce Corollary 2.1.6. 
(2) From (1) deduce Corollary 2.1.4. 


Hint. (1) Expand $i, )(g | 80) and gj, ;(gog) by means of Lemma 1.1.9. 
(2) Analyze Res (o' X p). 
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2.1.2 Multiplicity-free subgroups 


Definition 2.1.9 Let H bea subgroup of G. We say that H is a multiplicity-free 
subgroup of G if for every o € G the restriction Res? HI is multiplicity- -free, 
equivalently, if dimHomy (p, Res So) < < l forall p € H ando €G. 


Theorem 2.1.10 The following conditions are equivalent: 


(i) The algebra C(G, H) is commutative. 
Gi) (G x H, H) is a Gelfand pair. 
(iii) H is a multiplicity-free subgroup of G. 


Proof The equivalence between (ii) and (iii) follows from Corollary 2.1.4 and 
from the definition of Gelfand pair. The equivalence between (i) and (ii) follows 
from Lemma 2.1.1 and Corollary 1.5.23. 


The equivalence between (i) and (iii) was estabilished by Wigner in [124]. 
Another proof of this equivalence will be presented at the end of Section 7.4.6. 


Remark 2.1.11 (a) When H = G the conditions in the previous theorem 
always hold true. Indeed C(G, G) is the space of central functions, that is, 
the center of the algebra L(G) (cf. Remark 1.5.1) and therefore it is com- 
mutative. (ii) corresponds to Example 1.5.26, while (iii), namely that G is a 
multiplicity-free subgroup of itself, is trivially satisfied. 

(b) On the other hand, when H = {1g}, the conditions in the previous 
theorem are equivalent to G being Abelian. Indeed L(G) is commutative if 
and only if G is commutative. Moreover, one has C(G, {16} = L(G) and 
LAAG, 1le)}\(G x {16}))/{(e, le)}) = L(G). Finally, (ii) amounts to say 
that all irreducible representations of G are one-dimensional; this is clearly 
equivalent to the algebra A(G) (and therefore, by Theorem 1.5.11, to L(G)) 
being commutative. 


Proposition 2.1.12 (G x H, A) isa symmetric Gelfand pair if and only if for 
every g € G there exists h € H such that hgh™! = g™ (that is, every g € Gis 
H-conjugate to its inverse g~'). Moreover, if this is the case, then C(G, H) is 
commutative and H is a multiplicity-free subgroup of G. 


Proof The pair (G x H, F) is symmetric if and only if for all (g, h) € G x H 
there exist hı, h2 € H such that 
h`! = hhh 


(2.8) 
g | = high. 


Taking h = 1g we get h} = hy! and therefore g7! = high;'. 
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Conversely, suppose that every g € G is H-conjugate to g~!. Then, for 
(g,h) € G x H, lett € H be such that (gh~!)~! = t(gh7!)t~!. We can solve 
the system (2.8) by setting hy = h~!t and hy = h7!t7!. 


Exercise 2.1.13 Show that if (G x H, H) is a Gelfand pair, then the spherical 
function associated with the representation o X p is given by 


1 


E XO x7(gh)- xh) 


heH 


(we identify the double cosets in H \(G x H)/ A with the H -conjugacy classes 
in G; note that the right hand side does not depend on the particular element g 
but only on its H-conjugacy class). 


[Hint. Use Exercise 1.5.28.] 


2.1.3 Greenhalgebras 


In this section, we present a generalization of the theory of subgroup-conjugacy- 
invariant algebras and the related Gelfand pairs. Following Diaconis [27], we 
call them Greenhalgebras, since they were studied in A. Greenhalgh’s thesis 
[53]. They were also considered by Brender [11] (but Greenhalgh considered 
a more general case). 


Definition 2.1.14 Let G be a finite group and suppose that K and H are two 
subgroups of G, with K < H < G. The Greenhalgebra associated with G, H 
and K is 


G(G, H, K) = {f € L(G) :f(h™'gh) = f(g) and f(kigkz) = f(g), 
Vg eG, he H, kpk € K}. 


In other words, G(G, H, K) is the set of all functions defined on G that are 
both H-conjugacy invariant and bi-K -invariant. 


Set X = G/K. Then the group G x H acts on X by the following rule: 
(8; h): 80K = ggoh"'K (2.9) 
(note that, if g, go € G, h € H and k € K, then 


(g, h) - gokK = ggoh'hkh™'K = ggoh™' K, 
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for all g € G and h € H, because K < H and therefore (2.9) does not depend 
on the choice of go € goK). This clearly generalizes the case K = {lg} 
considered in Section 2.1.1. We still denote by 7 the associated permutation 
representation: 


In(g, h) fgoK) = f(g~' gohK) 
with f € L(G/K), g, go € G and h € H. 


Also, Lemma 2.1.1 generalizes as follows: 


Lemma 2.1.15 

(i) The stabilizer of K € G/K under the action of G x H is the group B = 
(K x {Ig}))H = {(kh,h):k € K,h € H}. 

(ii) The map 


®: L(B\(G x H)/B) > G(G, H, K) 
given by 
[P(F)|(g) = |H|F(g, 1a) 


forall F € L(B\(G x H)/B) and g € G, is a linear isomorphism of alge- 
bras. Moreover, 


IEC = vy HINE lnexm- (2.10) 


Proof (i) We have (g, h)K = K if and only if gh! € K, that is if and only if 
(e, h) = (kh, h) for some k € K. 

(ii) The proof is the same as that in (ii) of Lemma 2.1.1 with the same 
correspondence ®. Just note that if f = ®(F) then F satisfies F(k, gkz, h) = 
F(g, h) if and only if f satisfies f (kıgk2) = f(g), for all g € G, h € H and 
kı, ky EK. 


Now we determine the multiplicity of an irreducible representation o X 0 € 
GxH=Gxfi (see Theorem 1.3.17) in the permutation representation n. 
First we examine the case G = H. To this end, we introduce a new notion: 
if y is a representation of the quotient group H/K, its extension to H is the 
representation y given by: 


VA) = y(hK) 


for all h € H. In other words, we have composed y with the projection v : 
H— H/K: 


Y=yn:H 5 H/K 5 GL(V,). 
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Clearly, 7 is irreducible if and only if y is irreducible. Moreover, if we set 
fk = ={peE A: Res! Ke = (dimp)tx} (where tx is the trivial representation of 
K), then 


is clearly a bijection. 


Proposition 2.1.16 Denote by a the permutation representation n in the case 
G = H. Then the decomposition of a into irreducible (H x H)-representations 


a= Dp Hp’). 


pefr 


is given by 


Proof Start with Corollary 2.1.6 applied to the group H/K: if £ is the permu- 
tation representation of (H/K) x (H/K) on L(H/K) defined by setting 
[Bhi K, hoK)f\hK) = f(hy'hh2K) 
for all hı, h2, h € H and f € L(H/K), then 
D ony’ 
yeH/R 


is its decomposition into irreducible representations (note that for this decom- 
position one may give a proof that does not use Theorem 2.1.2; see Exercise 
2.1.8). The extension of 6 to H coincides exactly with a, and this yields 
immediately the proof. 


Now we are in position to deal with the general case G > H. We recall that 
given a representation p we denote by p’ the corresponding adjoint represen- 
tation (see Section 1.1.5). 


Theorem 2.1.17 For everyo € G and p € Hx, denote by mpo the multiplicity 
of p' in ResGo. Then the decomposition of n into irreducible representations is 


n= an aD Mp,c(o X p). 


ocG pel 
Proof First note that the stabilizer of K €e H/K under the action of H x 
H coincides with the stabilizer of K € G/K under the action of G x H: in 
both cases itis B < H x H < G x H. Then applying transitivity of induction 
(Proposition 1.6.6) and Example 1.6.4 we can write 


n = Indo" ty = Indĝ% H Ind?" 12 = Index a. 
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Note also that, by Frobenius reciprocity (Theorem 1.6.11), we have 
Ind? p’ = n,o 
oeG 


for all p € fk. Switching p with p’ (p € fk © pe Hx) we can write the 
decomposition in Proposition 2.1.16 in the form 


a= P(e’ Bp) 
péeH 


and therefore 


= QB B Mpo(o X p). 


ocG péHx 


Exercise 2.1.18 Give a proof of Theorem 2.1.17 along the lines of Theorem 
2.1.2 and Corollary 2.1.3. 


Theorem 2.1.19 The following conditions are equivalent: 


(i) The algebra G(G, H, K) is commutative; 

(ii) (G x H, B)isa Gelfand pair; 
(iii) for everyo € G and p € Ax, the multiplicity of p in ResGo is < 1; 
(iv) for every oa € G and pe A, the multiplicity of o in Ind& p is <l. 


Proof The equivalence of (ii) and (iii) follows from Theorem 2.1.17 (noting 
again that p € fk if and only if p' € Ax). The equivalence of (i) and (ii) 
follows from Lemma 2.1.15. Finally (iii) and (iv) are equivalent by virtue of 
Frobenius reciprocity (Theorem 1.6.11). 


Exercise 2.1.20 Suppose that G(G, H, K) is commutative. Show that the 
spherical function associated with the representation o X p has the follow- 
ing expression: 


Papl h) = mL XP). 


teH keK 


Compare with Exercise 2.1.13. 


We end this section by examining the symmetric Gelfand lemma (see Proposi- 
tion 1.4.8) in the present context. 


Proposition 2.1.21 (G x H, B) is a symmetric Gelfand pair if and only if for 
any g E€ G there exist kı, kx € K and h, € H such that 


g | =kihigh{'ko. 
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Proof The proof is the same of that of Proposition 2.1.12: just replace g7! = 


high with g7! = kyhygkohp, t with kih, and t~! with hy 'ko. 


2.2 Gelfand—Tsetlin bases 


2.2.1 Branching graphs and Gelfand-Tsetlin bases 
Let G be a group. A chain 


Gi = {le} < G2 < ++ < Gn-1 S Gnr S+ (2.11) 


of subgroups of G is said to be multiplicity-free if G,_, is a multiplicity-free 
subgroup of G, for all n > 2. Note that, by Remark 2.1.11.(b), if (2.11) is 
multiplicity-free, then G2 is necessarily Abelian. 

The branching graph of a multiplicity-free chain (2.11) is the oriented graph 
whose vertex set is Gi |] Go] ---L] Gri LI G |] --- and whose edge set is 


{(p,o): pe Go E€ Ga s.t. o < Res" p,n = 2 3r 


We shall write o — o if (p, o) is an edge of the branching graph. 

From Theorem 2.1.10 we have that (2.11) is multiplicity-free if and only if 
the algebra of G,_1-conjugacy invariant functions on G, is commutative. Let 
(e, Vp) € G. If (2.11) is multiplicity free then 


Gn = 
Resg" Vp = B Vo 
ocena: 
pro 
is an orthogonal (by multiplicity freeness) decomposition. Iterating this decom- 
position we obtain that if o € G,_ then the decomposition 


Reso”! V= QB Vo 
0€G,_: 
oO 
is again orthogonal. 

Continuing this way, after n — 1 steps (the last one corresponding to restrict- 
ing from G, to G1), we get sums of one-dimensional trivial representations. To 
formalize this, denote by 7 (p) the set of all paths T in the branching graph of 
the form: 


T = (P = Pn > Pn-1 > Pn-2 > +++ > Ma > pi) (2.12) 
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where pg € G; fork = 1,2,...,n — 1. Then we can write 
w= @ w= CO OBO Veer = OU 213) 
fn—1€G yi: fn—1€Gn—1: Pn-2€ Gna: eT (p) 
P—> Pn-1 P—>Pn-1  Pn-1— Pn-2 


In the last term of (2.13) each space V,, is one dimensional. We thus choose, 
for each T € T(p), a vector vr in the corresponding space V,, with ||ur|| = 1 
(note that vr is defined up to a scalar factor of modulus one). Thus, (2.13) may 
be rewritten in the form 


V= Q <or>, (2.14) 


TeT(p) 


that is, {ur : T € T(p)} is an orthonormal basis of V,. It is called a Gelfand- 
Tsetlin basis of V, with respect to the multiplicity-free chain (2.11). Note that if 
de Gis 1 < k <n -— 1, then the multiplicity of 6 in Res" p equals the number 
of paths from p to @ in the branching graph. Moreover, the procedure in (2.13) 
gives an effective way to decompose the Vg-isotypic component in Res?" p 
into orthogonal G;-irreducible sub-representations (each isomorphic to Vg). 
Indeed, with each path from p to 0 one associates a unique component Vg of 
V,; moreover, for distinct paths, the corresponding components are mutually 
orthogonal. 

For j = 1, 2,..., we denote by 7;() the set of all paths S in the branching 
graph of the form: 


S = (P = On > On-1 > On-2 > +++ > Oj41 > Gj) (2.15) 


where og € G: fork = j, j+1,...,n — 1. In particular, 71(0) = T (p). For 
T € T (p) of the form 2.12 we denote by T; € 7;(p) the path 


T; = (P = Pn > Pn-1 > Pn-2 > +++ > Pj41 > Pj). (2.16) 


We call 7; the jth truncation of T. 
For 1 < j < n and S € T;(p) we set 


Vs= @ Va (2.17) 


TET(p): 
Tj=S 


Note that if we set 


ps = [Resg, pllvs (2.18) 
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then (ps, Vs) is Gj;-irreducible and, in fact ps ~ pj. Also, Vr = Cvr, for all 
T € T(p). Finally, we have 


v= @ Vs (2.19) 
SeTj(p) 
and (2.13) becomes 
v= @ vr= @ Cor. (2.20) 
TeT(p) TeT(p) 


Let j € {1,2,...,n} and let S € T;(p) and T € T(p). Then S = T; if and 
only if vr € Vs. 


2.2.2 Gelfand-Tsetlin algebras 


Let H be a subgroup of G. For f € L(H) we denote by fẸ € L(G) the function 
defined by 
G fe) agen 
IOE (2.21) 
als 0 otherwise. 
Note that if H < K < G then (f£)¢ = fE, (fi * ADS = (AE * (AG 


and (a) fi + a2 f2)% = a (f) + af) for all f, fi, fp € L(A) and ay, 
a2 € C. 


Moreover, 
(fn) =>, EOD = Y) h=) f hResg oh) = Res p)(f) 
geG heH heH 


(2.22) 
for all o € G and f €e L(A). This way, we regard L(H) as a subalgebra of 
L(G). By abuse of notation, unless otherwise needed, we shall still denote by 
f its extension fg. 


Definition 2.2.1 We denote by Z(n) the center of the group algebra L(G,), 
that is, the subalgebra of central functions on G,,. The Gelfand-Tsetlin alge- 
bra GZ(n) associated with the multiplicity-free chain (2.11) is the algebra 
generated by the subalgebras 


Z(1), Z(2),..., Z(n) 
of L(G,). 


Theorem 2.2.2 The Gelfand-Tsetlin algebra GZ(n) is a maximal Abelian 
subalgebra of L(G,). Moreover, it coincides with the subalgebra of functions 
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f € L(G,,) whose Fourier transforms p(f), p € G; are diagonalized by the 
Gelfand-Tsetlin basis of V,. In formulas: 


GZ(n)={f € L(G): p(f)vr € Cvr, for all p € G, and T € T(p)}. 
(2.23) 


Proof First of all we have that G Z(n) is commutative and it is spanned by the 
products 


fi® fixek fa 
where fy € Z(k) for all k = 1,2,...,n. Indeed, if f; € Z(i) and f; € Z(j), 
with i < j, then fix fj = fj * fi as fi, € L(G;) C L(G;) and f; is in the 
center of L(G ;). 
Denote by A the right-hand side of (2.23). From the multiplicativity property 


of the Fourier transform (cf. (1.38)) it immediately follows that A is an algebra. 
For f; € Z(j), p € Gn and T € T (p), set S = T;. Then 


Por =X fi(g)e(g)ur 


geG 


(because f; € L(G;)) = 5 f)(g)[Resg, pl(g)ur 
8EGj 


(because vr € Vs and by (2.18)) = > fips wr 


gEGj 


= ps(fj)ur 
(by Lemma 1.3.13) = avr, 


(2.24) 


where a = as, ¢, € C. This shows that Z(j) S A so that GZ(n) C A. 

To end the proof it suffices to show that A C GZ(n). Let p € G, and 
let T € T (p), say T = (p = Pn > Pn-1 > ++: > pı). By virtue of Theorem 
1.5.11 we can choose f; € L(G;), j = 1,2,...,n, such that 


o(f;) = f ne = pj 


0 otherwise 
for allo € Gj. Arguing as in (2.24), we have that the function 
Fr := fix faxx fa 
satisfies 
p(Fr)vs = for oe (2.25) 


0 otherwise 


for all S € T(p). 
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It follows that {Fy :T € T(p),p € Gn} is a basis for A, and therefore 
AC GZ(n). 

In view of Example 1.2.12, A is a maximal Abelian subalgebra of L(G,,) 
because (Theorem 1.5.11) 


L(Gn) = GD Hom(V,, Vo) = BB Ma,.a,(©). 


PEGn PEGn 


Corollary 2.2.3 Every element vr, T € T(p), in the Gelfand-Tsetlin basis 
of V, (see (2.14)) is a common eigenvector for all operators p(f) with f € 
GZ(n). In particular, it is uniquely determined, up to a scalar factor, by the 
corresponding eigenvalues. 


Proof The last statement follows immediately from the existence of the func- 
tions Fr in GZ(n) such that (2.25) holds. 


Denote by 7e, : Vp — L(G) the intertwining operator associated with the 
vector ur, as in Theorem 1.5.4. Using Exercise 1.5.18, prove the following 
alternative characterization of GZ(n). 


Exercise 2.2.4 The Gelfand—Tsetlin algebra G Z(n) is isomorphic to the alge- 
bra of all convolution operators Uy, f € L(G), such that for all p € G, 
and T € T (p), To (Vp) is an eigenspace of Yp (where Yso = ġ x f for all 
ġ € L(G)). 


Now suppose that fi, fo,..., f, belong to GZ(n), and denote by X; the 
convolution operator associated with f;: X;6 = @* fi for all @ € L(G) and 
i=1,2,...,n. Clearly, for all p € Ge. T € T(p) and 1 <i < n, there exists 
@p,T i € C such that p(f;)vp = ap,r,iv7, where vh is the GZ-vector associated 
with the path T € T(p). From Exercise 2.2.4 and Exercise 1.5.18.(2), we 
deduce that this is equivalent to the following condition: a, 7; is the eigenvalue 
of X; relative to Zp, (Vp). 

When the map 


(0,T) +> (Qp,7,1, @p,7,25 +++ &p,T,n) 


with p € G, and T € T(p) is injective (this means that the values (ap,7,;)/_, 
uniquely determine p and T), we say that fi, fo,..., fn separate the vectors 
of the GZ-bases {v} : p € Ga, T € T(p)}, or that they separate the subspaces 
in the decomposition into irreducibles 


LG= Q TeV). 


peGn.TET(p) 
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Exercise 2.2.5 Prove that if the functions fi, fo,..., fa E€ GZ(n) separate the 
vectors of the GZ-bases then the set {61,, fi, f2, ---, fn} generates GZ(n) as 
an algebra. 


Hint: for p € G, and T € 7 (p), we define F,,r as the convolution of all 
functions of the form: 


Fi — Ao,5,i 516 


i 
Qp,T,i — Qo,S,i 


forall o € Ga: S € T (o) such that (o, S) 4 (p, T)andall 1 < i < n such that 
Q@o,S,i F Apri. Show that F, 7 is as in (2.25). 


Remark 2.2.6 In general, we must add 5,, to fi, fo,..., fa in order to get a 
generating set. For instance, we may have a pair (p, T) such that a, 7; = 0, 
fori = 1,2,...,m, and in this case no polynomial in fi, fo,..., fn (without 
6,,) could give a function with the properties of F, 7. 


We end this section by showing that the Gelfand—Tsetlin algebra G Z(n) of a 
multiplicity-free chain (2.11) contains the algebra of G,,_ ;-conjugacy invariant 
functions on G,. 


Proposition 2.2.7 Let Gi < G2 < --- < Gn-1 < Gn be a multiplicity-free 
chain of groups. Then GZ(n) 2 C(Gn, Gn-1). 


Proof First note that f € C(G,, Ga—1) if and only if f * 6, = ôn * f for all 
h € G,_1. This implies that if o € G,, then 


P(A) PCF) = Pn * f) = pf * dn) = P(fI CA), 
that is, 
p(fye Homg,_,(Res¢"_,p. Rese”). 


n 


Since Res," _, p is multiplicity-free, 


P(f)Ve E Vo (2.26) 


for all f € C(Gn, Gy—) and o € Gai, with V, < Vp. 

Observe now that if f € C(G,, Gn-1), then f € C(Gn, Gx) for all k = n — 
2,n — 3, ..., 1. Therefore, iterating the above argument, the relation (2.26), 
when o € Gi , implies that every vector vr of the Gelfand-Tsetlin basis is 
an eigenvector of p(f). This shows C(G,,, Gn_1) C A (the right-hand side of 
(2.23)) and by the previous theorem this completes the proof. 
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2.2.3 Gelfand-Tsetlin bases for permutation representations 


Let G be a finite group, K < G a subgroup and set X = G/K. Denote by tx 
the trivial representation of K, so that Ind@ tx is the permutation representation 
of G on L(X). 

We say that a subgroup H with K < H < G is multiplicity -free for the 
pair (G, K) if for every irreducible representation 6 € A contained in Ind? LK, 
the induced representation Ind& 0 is multiplicity-free. By Frobenius reciprocity 
(Theorem 1.6.11), this condition on @ is equivalent to the following: for every 
o € G, the multiplicity of 0 in Res o is < 1 (and it suffices to check this 
condition for those ø € G that contain non-trivial K -invariant vectors). 

For H = K we have that K is multiplicity-free for (G, K) if and only if the 
latter is a Gelfand pair; for K = {1g}, H is multiplicity-free for (G, {1g}) if 
and only if H is a multiplicity-free subgroup of G. 

A multiplicity-free chain for the pair (G, K) is a chain of subgroups 


G = Hm = An-1 >- > Ao => H =K (2.27) 


such that H; is a multiplicity-free subgroup for the pair (Hj+1,K), j = 
1,2,...,m — 1. In particular (H2, K) is a Gelfand pair. 

Denote by Hj the subset of H; formed by those irreducible representations 
containing non-trivial K -invariant vectors (with Hı = {tx}). The Bratteli dia- 
gram associated with the chain (2.27) is the oriented graph whose vertex set is 
the disjoint union [ |’, H; and whose edge set is 

m—1 
LIO, 0) € Hj x Hj: 0 < Reso). 
j=1 
We also write o — 0 to indicate that (o, 0) is an edge. For every p € Hm (this 


means that p € G and it is contained in Ind&u x) let 7 (p) be the set of all paths 
of the form 


= (P = Pm > Pm—1 > Pm-1 > Pm-2* > p > pi = {tx}). 


By transitivity of induction, we may consider the following chain: 
Ind& KiK = Ind; i _ Indy; A wT. Vee Ind Pex. (2.28) 


Ateach stage, the induction of a single irreducible representation is multiplicity- 
free. Then, for p € Hm and T € T,, we can construct the following sequence 
of spaces: V,,,7 = C is the space of tx; Vp,,,,r is the subspace of Indy" Vo}. 
that corresponds to p;, j = 1,2,,...,m— 1. We set Vr := V,,, 7. Clearly, if 
Tı, T2 € T(p) and T; Æ D, then Vr, is orthogonal to Vr, (at some stage of 
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(2.28), they come from inequivalent orthogonal representations) and 


Ð vr (2.29) 


TeT(p) 


is the orthogonal decomposition of the p-isotypic component of L(X) (with 
X =G/K). 
On the other hand we have the reciprocal chain: 


G — An A Hm 
Res; Vp = Resp, Res;,, tee Resp”, Vis 


where V, is the space of p (here we think of V, as an abstract space, it is not 
contained in a homogeneous space). 
Again, if T € T(p), we can construct a chain of subspaces of V, 


Vin = V, 2 Vin-1 2 Vin—2 2-2 Vo 2 Vi (2.30) 


by requiring that V; is the subspace of Resi" Vist corresponding to pj, 
j=m-—1,m-—2,...,1. Then we can choose a unitary vector wr € V; 
(which is one-dimensional) and this is clearly a K-invariant vector in V,. 
Moreover the set {wr : T € T(p)} is an orthogonal basis for ve (the sub- 
space of K -invariant vectors in V,). It is called the Gelfand-Tsetlin basis (or 
adapted basis) for ve associated with the multiplicity-free chain (2.27). The 
associated decomposition of L(X) (see Corollary 1.4.14) is the Gelfand-Tsetlin 
decomposition of L(X). 

Clearly, the Gelfand—Tsetlin basis is strictly connected with the decompo- 
sition (2.30); to obtain the connection we need a preliminary lemma. For the 
moment, suppose that G > H > K. Set X = G/K and identify Z = H/K 
with a subset of X; this way, if x9 € X is a point stabilized by K then xo € Z 
and K is also the stabilizer of xo in H. Suppose that S is a system of represen- 
tatives for H in G, so that G = [[,., sH (and therefore X = [ [eş sZ). Note 
also that L(X) = Ind& L(Z ), by transitivity of induction. 

Let (o, V) be an irreducible representation of G and W an H-invariant, 
irreducible subspace of V. Denote by (0, W) the irreducible H -representation 
ResGo restricted to the space W. If wo € W is K-invariant, then, by means 
of (1.24), we can form two distinct intertwining operators: Sw, : W —> L(Z) 
(H-invariant) and Tw, : V —> L(X) (G-invariant). In other words, 


dg 


(Sw) w)hxo) = Z| 


(w, 0(h)wo)w 
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forall h € H and w € W and 


ANE T aeiy 


forall g € Gandv e V. 

By Lemma 1.6.2, IndẸ Sa, (W) is a well-defined subspace of L(X) = 
Ind& L(Z ). Namely, if A is the permutation representation of G on L(X), then 
we have L(X) = [[,-5 A(s)L(Z) and 


seS 


ndg Su (W) = QB A) Su, (W). (2.31) 


ses 


Lemma 2.2.8 The operator Ta, intertwines V with the subspace Ind&S,,,( W). 
In particular, Ta, (V) is contained in IndẸ Su (W). 


Proof Denote by Pw : V —> W the orthogonal projection onto W. Suppose 
that x € X and x = shxo, with s € S and h € H. By (1.24), for any v € V we 
have 


| do 
(Zw V(X) = (Zn. v)(shxo) = Ty © O0 wo) y 
(a (s™' v, A(h)wo)v 
(Pwo (s™')v, 0(h)wo)w 


do 
X 
do 
X 
Z 


ds E 
= | g (Sul Pwots ol} xo) 


Z|do = 
(x = shxo) =a {A(s) [Su(Pwo(s '\v)]} (x), 
6 


that is, Zasu € A(s)Sw (W). By (2.31), this shows that Tav € Ind Su, (W). 


Lemma 2.2.8 may be summarized by the following diagram (where the sym- 
bol <> means inclusion); the content of the Lemma is precisely the inclusion 
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To (V) => IndẸ Sw, (W): 
V —= T,,,(V)—= Ind Suy (W)—> L(X) 


| | Indĝ | Ind, 
Sug 


wo € WXC Ww Sw (W)—> L(Z). 


Returning to the multiplicity-free chain (2.27), we have: 


Theorem 2.2.9 For T € T(p) let Sr be the intertwining operator associated 
with the K -invariant vector wr. Then Sr(V,) = Vr, where Vris as in (2.29). 


Proof This may be proved by a repeated application of Lemma 2.2.8. Let 
Vin 2 Vm-1 2 +++ D V, be as in (2.30). Denote by SP : V; > L(H;/K) the 
intertwining operator associated with wr (which is a K-invariant vector in 
all subspaces in (2.30)), j = 1,2,...,m. Then Lemma 2.2.8 ensures that 
ae tv; 41) C Ind oe ). But this i is precisely the oun of Vp aT- 
Certainly, at the first step we have S£ D V, = V,,,r and therefore SY y = Vo;.T 
for j = 2,3,...,m. The case j = m is exactly what we had to prove. 


3 
The Okounkov—Vershik approach 


This chapter is based on the papers by Okounkov and Vershik [99, 100] and 
Vershik [120]. For a nice short presentation we refer to [104]. We have also 
benefited greatly from the book by Kleshchev [73]. Our exposition is just a 
slightly more detailed treatement of the orginal sources, though we have also 
added a new derivation of Pieri’s rule (Corollary 3.5.14) and Young’s rule 
(Section 3.7.2 and Section 3.7.3). 


3.1 The Young poset 


In this section, we introduce some basic algebraic and combinatorial tools 
necessary for the representation theory of the symmetric group. 


3.1.1 Partitions and conjugacy classes in G, 


Let G,, be the symmetric group of degree n, that is, the group of all permutations 
of the set {1,2,..., n}. 

We recall some basic facts on 6, and its conjugacy classes (see the books 
by Herstein [59], Hungerford [61] and Lang [76]). 

A permutation y € S, is called a cycle of length t, and we denote it by 
y = (a1, a2, ..., ar), with 1 < a; Aa; <nforl<i¥j <t,if 


y(aı) = a2, yla) = 43,..., Y (a1) = a, yla) =a; 
and 
yb) =b ifb € {1,2,..., n} \ {đ1, a2,- , a}. 
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Two cycles y = (a1, d2,...,@) and 0 = (bj, bo,..., by) with {a),a2,..., 
at} N {b1, bo, ..., by} = Ø are said to be disjoint. It is clear that two disjoint 
cycles y and 0 commute: y0 = Oy. 


Remark 3.1.1 Another useful notation for the cycle (a1, a2, ..., ap) is 


(aj > a > +++ > a4 > a1). 
It will be widely used in Section 3.2.2. 


A transposition is a cycle of length 2. 
Every x € G, may be written as a product of disjoint cycles: 


t= (a1, 42, .-., Ay, (D1, b2, ees Dy) + (C4, C2, Srey Cin) 


where the numbers a1, d2,..., aw, b1, b2, ..., Dus, <--> C1, C2,-+-5 Cy, form 
a permutation of 1,2,...,. We may suppose that yı > p2 > -> up > O 
(and clearly u + u2 +-+- + uk =n). 

Given a permutation m € G,,anelementi € {1,2,...,2}suchthatz(i) = i 
is called a fixed point for x. Note that if i is a fixed point for zr, then in the 
cycle decomposition of x, i appears in a cycle of length one. 

If o is another permutation in G,, then 


ono f= (o (a1), o (a), ..., o (au, (0 (b1), o (b2), ..., 7(By,)) 
«(o (c1), (C2), .--,0(Cy,)). (3.1) 


We think of permutations as bijective functions 2,0: {1,2,...,n}— 
{1,2,...,n}, so that the o2o~!-image of a is ono '(a). 

From (3.1) it follows that two elements x, x’ € ©, are conjugate if and only 
if they have the same cycle structure, that is, if and only if 


Stopes, Xb, bas -o3 Dha) Cine Chp) 
with h = k and à; = u; for all i = 1,2,..., k. 


Definition 3.1.2 Let n be a positive integer. A partition of n is a sequence 
à = (ài, A2,...,An) Of positive integers such that A; >A. > --- > Àn and 
Ay +à2 +--+ Àp = n. We then write à F n. 


From the above discussion we have: 


Proposition 3.1.3 The conjugacy classes of G, may be parameterized by the 
partitions ofn: if à F n, then the conjugacy class associated with à consists of 
all permutations n € ©, whose cycle decomposition is of the form 


r= (a1, a2, <- A), )(b1, b2, -e baa) t te (C1, C2, T Chg 
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3.1.2 Young frames 


Leta = (Aj, A2, ..., An) be a partition of n. The Young frame associated with À, 
also called the Young frame of shape i, is the array formed by n boxes with A left- 
justified rows, the ith row containing exactly A; boxes for alli = 1,2,...,h. 
In particular, such a Young frame has exactly 4; columns. 

For example, the Young frame associated with the partition A = (4, 3, 1) F 8 
is shown in Figure 3.1. 


Figure 3.1 


The rows and the columns are numbered from top to bottom and from left 
to right, like the rows and the columns of a matrix, respectively. This way, we 
have a system of coordinates for the boxes as in Figure 3.2. 


(1,1) | (1,2) | (1,3) | (1,4) 


(2,1) | (2,2) | (2,3) 


(3,1) 


Figure 3.2 


In the Young frame associated with the partition A = (A;, A2,...,An) F 7, 
the box of coordinates (i, j) is said to be removable if in the positions (i + 1, j) 
and (i, j + 1) there is no box; equivalently, either i < h and j =A; > Aj41, or 
i = h and j = àn. This means that, removing such a box, the corresponding 
reduced frame is still a Young frame, associated with a partition X F n — 1. 

Similarly, we say that the position (i, j) is addable if à; = j — 1 < Aj_; or 
i = h + 1 and j = 1. This means that if we add a box in position (i, j), then 
we obtain a Young frame associated with a partition of n + 1 (see Figure 3.3). 


3.1.3 Young tableaux 


Let | n bea partition ofn. A (bijective) Young tableau of shape å is a bijection 
between the boxes of the Young frame of shape à and the set {1,2,..., n}. It 
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Figure 3.3 The X denote the removable boxes, the « the addable boxes. 


is represented by filling the above boxes with the numbers 1, 2,...,7, each 
number in exactly one box. For instance, in Figure 3.4 we present a Young 
tableau of shape (4, 3, 1). 


3151/2] 6 
4/8) 1 

7 

Figure 3.4 


A Young tableau is standard if the numbers filled into the boxes are increas- 
ing both along the rows (from left to right) and along the columns (from top 
to bottom). The Young tableau in Figure 3.4 is not standard, while the one in 
Figure 3.5 is. 


1/}/2/5)7 
3 | 4 | 6 

8 

Figure 3.5 


We observe that in a standard Young tableau, the number 1 is always in 
position (1, 1), while n is always in a removable box. 


3.1 The Young poset 83 


For any partition à F n, we denote by Tab() the set of all standard tableaux 
of shape à. Finally we set 


Tab(n) = U Tab(A). 
AEn 


3.1.4 Coxeter generators 


A distinguished set of generators for the symmetric group G, consists of the 
adjacent transpositions 


s=@it) i=1,2,...,n-1. (3.2) 


These are also called the Coxeter generators of G,,; the fact that they generate 
G, will be proved in Proposition 3.1.4. 

Let T be a Young tableau of shape à and take x € G,,. Then, we denote by 
xT the tableau obtained by replacing i with x (i) for alli = 1,2,...,. Asan 
example, if 7 = (316784)(25) € Gg, then, denoting by T the Young tableau in 
Figure 3.4, we have that x T is the (standard) Young tableau in Figure 3.5. 

If T is standard, we say that an adjacent transposition s; is admissible for T 
if s;T is still standard. It is easy to see that s; is admissible for T if and only if 
i andi + 1 belong neither to the same row, nor to the same column of T. 

Given z € Gy, an inversion for x is a pair (i, j) with i, j € {1,2,...,n} 
such that i < j and (i) > 2(j). We denote by Z(z) the set of all inversions 
in x and by 


t) = |T )| 


the number of inversions of z. 
The Coxeter length of x is the smallest integer k such that x can be written 


as a product of k Coxeter generators, that is, 7 = Si Si -+- Si- 


Proposition 3.1.4 The Coxeter length of m € G, equals €(z). 


Proof We first observe that for any x € ©, one has 


idi a)—-1 if (j,i +1) € D(x) Ba 
i Qr)+1 if (i,i +1) gor). 


For, if k € {1,2,..., n} and k Æ i, i + 1, then there are three possibilities: 


e z(k) < min{z(i), ti + 1)} =: i 
e z(k) > max{z(i), z(i + 1)} =: i4 
e i <m(k) <i4. 
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Therefore each of the pairs (k, i), (k, i + 1), (i, k), and (i + 1, k) is an inversion 
for x if and only if it is an inversion for 7 s;. On the other hand, it is obvious 
that (i, i + 1) € Z(x) if and only if (i, i + 1) ¢ Z(ts;). 

This shows that the Coxeter length is bounded from below by £(7 ). Indeed, 
, 18 a minimal representation of x as a product of Coxeter 
elements, then by (3.3) 


if m = Si, Si, 00+ Si 


(r) = L(Si, Si a ‘Si, JE 1 < L(Si, Si ee Si, + 1 < are < k. 


We now show that x can always be expressed as the product of £(7 ) adjacent 
transpositions. 
Let jn € {1, 2, ..., n} be such that x (jn) = n. Set 


Ty = WS), Sj,41°°* Snl 
so that z,,(n) = n. We have that 
C(t) = E(t) — (n — jn). (3.4) 


Indeed, by (3.3), €(tnSn—1) = L(a) + 1. For the same reason, (71, 5,—15,—-2) = 
L(y Sn—1) + 1 = (T) + 2. Continuing this way, one finally gets (3.4). 

Now observe that denoting by £ the number of inversions relative to ©% 
(acting on {1, 2,..., k}) we have that @,,(0) = €;(o) for all o € G, such that: 
o(i)=ifori=k+1,k+2,...,n. 

By induction, we have that z, can be expressed as a product of €,_)(7,) 
adjacent transpositions and by (3.4) we are done. 


For A = (Aq, Ao, ..-, Ax) F n we denote by T* the standard tableau of shape 
A, shown in Figure 3.6, 


Apt 1+2 0 E vee [Ay +A2 


Figure 3.6 


where Ap_| = Ay HAd + ees HART +l. 
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If T € Tab(A) we denote by zr € G, the unique permutation such that 
ier =T. 


Theorem 3.1.5 LetT € Tab(A) and set £ = (zr). Then there exists a sequence 
of € admissible transpositions which transforms T into TA. 


Proof Let j denote the number in the rightmost box of the last row of T. If 
j = n, then, as this box is removable, we can consider the standard tableau T’ 
of shape A’ = (Ay, Az, ..., Ax — 1) (n — 1) obtained by removing that box. 
Then applying induction to T’ one finds a sequence of l’ = (7r) admissible 
transformations which transform T’ into T*. It is clear that the same sequence 
transforms T into T^ and that Z’ = £. Suppose now that j Æ n. Clearly, sj is 
admissible for T. Similarly, sj+ı is admissible for s;T,..., s,_; is admissible 
for Sn—2 +++ 8j418;T. Now, Sn—1Sn—2 +++ sj T contains n in the rightmost box of 
the last row of T and one reduces to the previous case. 


Corollary 3.1.6 Let T, S € Tab(A). Then S may be obtained from T by apply- 
ing a sequence of admissible adjacent transpositions. 


Remark 3.1.7 In the proof of the above theorem, we have obtained a stan- 
dard procedure to decompose zr as a product of (77) admissible adjacent 
transpositions. We shall use it in what follows. 


3.1.5 The content of a tableau 


Let T be a Young tableau of shape à = (Aj, A2,...,A%) n. We denote 
byi: {1,2,...,a} > {1,2,...,k}and j : {1,2,..., n} — {1,2,...,A;} the 
functions defined by setting i(t) and j(t) to be the row and the column of T 
containing t, respectively. For instance, for the tableau in Figure 3.4 we have 
i(6) = | and j(6) = 4, while for the tableau in Figure 3.5 we have i(6) = 2 
and j(6) = 3. 

The content of T is the vector in Z” given by 


C(T) = GC) = 10), 2) — 12), ..., J) — i(n). (3.5) 


For instance, for the tableau T in Figure 3.4, C(T) = (1, 2, 0, —1, 1, 3, —2, 
0) while, for the tableau T’ in Figure 3.5, C(T’) = (0, 1, —1, 0, 2, 1,3, —2). 
Note that, in both examples, the components of the respective contents are the 
same, modulo an exchange of positions. 

In other words, given a box of the Young frame with coordinates (i, j) 
we define the quantity c(i, j) := j — i. Also, we denote by (i(k), j(k)) the 
coordinates of the box of the tableau T containing the number k. Then 
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we have 


C(T) = (eGA), jA), c2), J2), cE), J). 


For instance, the partition A = (4, 3, 1) determines the numbers c(i, j) shown 
in Figure 3.7. 


0/1/23 
= 0/1 
—2 

Figure 3.7 


The choice of a particular tableau T of shape à determines the order in 
which the numbers c(i, j) appear in the vector C(T). Note also that the Young 
frame of shape A = (Aj, Az, ..., Ax) may be divided into diagonals, numbered 


—k+1,-k+2,...,0,1,...,A, —1. 


The diagonal numbered h consists of those boxes with coordinates (i, j) such 
that c(i, j) = h. 


Definition 3.1.8 Let Cont(n) be the set of all vectors œ = (a1, a2, ..., ap) € C” 

such that 

(1) a; = 0; 

(2) {ag + 1, aq — 1} A {a1, a, ... , ag-1} Æ Ø, forall q > 1; 

(3) ifa,=a, for some p <q then {ag — 1, dg + 1} © {ap+1, 4p+2, - - - , Ag—1}- 
(3.6) 


Observe that Cont(n) C Z”. For instance, Cont(1) = {0} and 
Cont(2) = {(0, 1), (0, —D}. (3.7) 


Given a, p € Cont(n) we write a ~ B if B can be obtained from œ by 
permuting its entries, i.e. there exists 7 € ©, such that 78 = a. Clearly, ~ is 
an equivalence relation in Cont(n). Note however that given a € Cont(n) there 
are permutations m € G, such that ra ¢ Cont(n). For example, if œ = (0, 1) € 
Cont(2) (see (3.7)) and x = (1, 2) € Go, then mæ = (1, 0) ¢ Cont(2). 

We now show that conditions (2) and (3) in (3.6) have immediate stronger 
consequences. 


Proposition 3.1.9 Let a = (a), a2,..., an) E Cont(n). Then, for p,q€ 
{1,2,...,} we have the following: 
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(i) if dg > O then ag—1€ {a), a2,...,ag-1}5 if dg <0 then ag+l1le 
{a1, 2,..., Ag—-1}; 

(ii) if p < q, ap = aq anda, 4 a, for allr = p+1,p+2,...,q—1, then 
there exist unique s_,s, €{p+1,p+2,...,q—1} such that as = 


aq — landas, =a, +1. 


Proof (i) Suppose that, for instance, a, > 0. Then we can use (1) and (2) 
in (3.6) to construct a sequence ds, = dg, ds,,..., ds, = O such that so = q > 
Sy > > sk 1, with as > 0 and |as, —as,,,| = 1 for all h=0,1,..., 
k — 1. Then, as h varies, as, attains all integer values between O and aj; in 
particular it attains the value a, — 1. For a, < 0 the argument is analogous. 
(ii) The existence of s_ and s+ is guaranteed by (3) in (3.6). Their uniqueness 
follows from the fact that if there is another s” such that asy = dq — 1, say with 
s_ < sl, then, again by condition (3) in (3.6) there exists s between s_ and s” 
such that a, = (a, — 1) + 1 = aq, contradicting the assumptions. 


Theorem 3.1.10 For any T € Tab(n) we have C(T) € Cont(n) and the map 


Tab(n) — Cont(n) 
T > C(T) 


is a bijection. Moreover, if a, p € Cont(n), say a = C(T) and B = C(S), with 
T, S € Tab(n), then a ~ B if and only if T and S are tableaux of the same 
shape. 


Proof Let T be a standard tableau and let C(T) = (a), do, ..., ap) be its con- 
tent. Clearly, a; = 0 because i(1) = j(1) = 1. If q € {2,3,...,} is placed 
in position (i, j), so that a, = j —i, then we have i>1 or j > 1. In 
the first case, consider the number p in the box of coordinates (i — 1, j) 
(namely the next upper box). We then have p < q, as T is standard, and 
ap = j —it+1=a, +1. Similarly, if j > 1 we consider the number p’ in 
the box of coordinates (i, j — 1) (namely the next left box). We then have 
p’ < q,as T is standard, anda, = j — 1 — i =a, — 1. Therefore (2) in (3.6) 
is satisfied. 

Now suppose that a, = a, with p < q. This means that p and q are placed 
in the same diagonal. Thus, if (i, j) are the coordinates of the box containing 
q, then i, j > 1 and denoting by g_ and q, the numbers (in {p+ 1, p+ 
2,...,q — 1} because T is standard) placed in the boxes of coordinates (i — 
1, j) and (i, j — 1), by the same argument above, we have aq, = a, — 1 and 
dg_ = aq + 1 as in Figure 3.8. 
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jth column 


ith row —> ag— 1 aq 


Figure 3.8 


This proves that (3) in (3.6) is satisfied and therefore C(T) € Cont(n). 
We now prove that the map T +> C(T) is injective. Indeed, if C(T) = 


(a1, a2,..., an), then the diagonal h in T is filled with the numbers q € 
{1,2,..., n} such that a, = h from up-left to down-right, as in Figure 3.9. 
aq 
Ago 
aq 
Figure 3.9 

Here gq) < qa <= <Q, ly =p =" = 4g, =h and a, Fh if g¢ 

{q1,92,---,q:}. Thus, if Ti, 7 € Tab(n) have the same content, namely 


C(T,) = C(T), then they have the same diagonals and, therefore, must 
coincide. 

It remains to show that the map T +» C(T) is surjective. We prove it by 
induction on n. For n = 1 and 2 this is trivial. Suppose that the map Tab(n — 
1) > Cont(n — 1)is surjective. Leta = (a1, a2,..., an) € Cont(n). Thena’ = 
(a1, d2,..-,@,-1) E Cont(n — 1) and by the inductive hypothesis there exists 
T’ € Tab(n — 1) such that C(T') = a’. We now show that adding the lower- 
rightmost-diagonal box in the diagonal a, of T’ and placing n in this box, yields 
a tableau T € Tab(n) such that C(T) = a. 
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If an ¢ {a1, 2, .. ., an—1}, then we add a box on the first row (if a, — 1 € 
{a1, a2, ..., Gn—1}) or on the first column (if a, + 1 € {a1, a2, ..., Gn—1}). 
Ifa, € {a1, a, ..., G,—1} and p is the largest index < n — 1 such that a, = 


an, then if the coordinates of the box containing p are (i, j), we place n in the 
new box of coordinates (i + 1, j + 1). This is an addable box: indeed, (ii) in 
Proposition 3.1.9 ensures the existence (and uniqueness) of r,s € {p + 1, p+ 


2,...,n} such that a, = a, + 1 anda; = a, — 1, as Figure 3.10 shows. 
p T 
S n 
Figure 3.10 


Finally, if a = C(T) and 6B = C(S), then 6 may be obtained from a by per- 
muting its entries if and only if T and S have the same shape. Indeed the shape 
of a standard tableau is uniquely determined by the lengths of its diagonals. 


Given a € Cont(n) we say that an adjacent transposition s; is admissible for 
a if it is admissible for the (unique) T € Tab(n) such that a = C(T). This is 
equivalent to the following condition: aj; # a; + 1. From Corollary 3.1.6 we 
get: 


Corollary 3.1.11 Given a, B € C(T) we have that a © B if and only if there 
exists a sequence of admissible transpositions which transforms a into p. 


Corollary 3.1.12 The cardinality of the quotient set Cont(n)/ ~ equals p(n) = 
{A : à F n}, the number of partitions of n. 


3.1.6 The Young poset 


Denote by Y = {å : A F n,n € N} the set of all partitions. Alternatively, we 
can regard Y as the set of all Young frames. We endow Y with a structure 
of a poset (partially ordered set) by setting, for y = (M1, H2, ..., We) F n and 
à = (Aj, Ad, ..., An) F m, 


uZÀ 


ifm > n,h > kand àj; > uj forall j = 1,2,...,k. 

Equivalently, u < À if the Young frame of u is contained in the Young frame 
of à (that is, if the Young frame of u contains a box in position (i, j), so does 
the Young frame of À). 

For instance, if A = (4, 3, 1) and u = (3, 2, 1), then u < À. 
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If u < à we denote by à /u the array obtained by removing from the Young 
frame of à the boxes of the Young frames of u as in Figure 3.11. 


À H à/u 
Figure 3.11 


For u, à € Y we say that à covers u, or u is covered by À if u < A and 


UZSvz<ìÀ, ve Y= v=unov=À. 


Clearly, à covers u if and only of u < à and A/ consists of a single box. 
We write à —> n to denote that A covers p. 

The Hasse diagram of Y (which we also call the Young (branching) graph) 
is the oriented graph with vertex set Y and an arrow from à to u if and only if 
A covers u. Figure 3.12 is the bottom of the Hasse diagram of Y. 


IX X17 


Figure 3.12 The bottom of the Young (branching) graph Y 
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A path in the Young graph is a sequence p = (AM — A7) —> ... — A) 
of partitions A” + k such that A” covers A“~) for k = 2,3,...,n (so that 
a path always ends at the trivial partition A® = (1) + 1). The integer number 
£(p) = n is called the length of the path p. We denote by I1,,(Y) the set of all 
paths of length n in the Young graph and we set 


mw) = J mw. 
n=1 


With a partition AF n and a path A=AM > Ae") >... > AD we 
associate the standard tableau T of shape A obtained by placing the integer 
k € {1,2,...,n} in the box A /a@-Y, 

For instance, the standard tableau in Figure 3.5 is associated with the path 


(4,3, 1) > 4,3) > (3, 3) > (3, 2) > (2, 2) > (2, 1) > (2) > (1). 
This way, we have established a natural bijection 
TI, (Y) < Tab(n) (3.8) 
between the set of all paths in Y of length n and Tab(n) which extends to a 


bijection 


r(Y) < |_] Tab(n). (3.9) 


n=1 
By combining (3.8) with the bijection in Theorem 3.1.10 we obtain a 
bijection 
TI, (Y) < Cont(n) (3.10) 


between the set of all paths of length n in Y and the set of all contents of n. 
Finally, from Theorem 3.1.10, we deduce the following. 


Proposition 3.1.13 Let a, 6 € Cont(n). Suppose they correspond to the paths 
AM —> AOD >... AM and wp > pw") >... > u®, respectively. 
Then, a © B if and only if = w™. 


3.2 The Young—Jucys—Murphy elements and a 
Gelfand-Tsetlin basis for G,, 


In this section we prove that the chain 


6, < G2 <- < r < Gay <+ 
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is multiplicity-free (see Section 2.2) and we study the associated Gelfand- 
Tsetlin algebra. The main tool is represented by the Young—Jucys—Murphy 
elements and a related theorem of G. I. Olshanskii (Theorem 3.2.6). 


3.2.1 The Young—Jucys—Murphy elements 


Here and in the sequel, in order to simplify the notation, an element f of the 
group algebra L(G,,) will be written as the formal sum f = }-, eG, f(t). 
In other words, we identify a group element z € G, with the Dirac function 
centered at 2. Analogously, if A C G,, the characteristic function of A will be 
simply denoted by A. This way, 


A= = x. (3.11) 
TEA 


Also, the convolution of two functions fi, fo € L(G,) will be denoted by 
fı- f2 and expressed in the form 


fr h= do] YS AMA |x, 


reS, | 0,0EG,: 
gjan 


that is, as a product of formal sums. The Young—Jucys—Murphy (Y JM) elements 
in L(G,,) are defined by X; = 0 and, 


Xk = (1, k) + (2, k)+---+(k—1,k) 


for k =2,...,n. These elements were introduced, independently, by A.-A. 
A. Jucys [70] and G.E. Murphy [96]. However, they were implicitly used in 
the original papers of A. Young [127] in connection with his orthogonal and 
seminormal forms (see also [44]). 


3.2.2 Marked permutations 


Let £,k > 1. In what follows G4, Ge, G will denote the symmetric groups on 
{1,2,...,@+k}, {1,2,..., £} and {£ + 1,24 2,...,€+k}, respectively. In 
particular we have Gy, Gy < Ge+, and G; N G; = {1}. Finally, in the notation 
of Section 2.1, we set 


Z(l, k) = C(Gerx, Ge), 


that is, Z(£, k) is the algebra of all G-conjugacy invariant functions in L(Ge+,). 
In order to analyze Z(£, k), the first step consists in determining a param- 
eterization of the orbits of the Gy-conjugacy action on Ge+,%. Since Gy acts 
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on {1,2,..., £}, given m € Gy and 6 € Ge44, the cycle structure of mOr! is 
obtained by replacing 1, 2,..., £ with z (1), 7(2), ..., 7 (£) in the cycle struc- 
ture of 6 (cf. (3.1)). Therefore, the G-orbit of 6 is obtained by permuting 
in all possible ways the elements 1,2,..., Z, leaving the remaining elements 
£+1,€+2,...,€+k unchanged, in the cycle structure of 6. 

Following [99] and [100], we introduce a nice pictorial way to describe these 
orbits. 

Consider a permutation written using the notation of Remark 3.1.1: 


(a) > a2 > +++ > aj; > a1 )(b} > bp > --- > bj; > bi) 


(C1 > 09> ++ > Cn > c). (3.12) 


Note that we compute the product from right to left, that is, the cycle (cy > 
C2 > +++ —> Cp —> C)) acts first. For instance we have (1 — 2 > 1)(1 > 3 > 
D= (1 —>3—>2-> 1). 

A marked permutation of the set {a1, a, ..., ai, bi, b2, ..., bj, ..., C1, 
C2, ..., Ch} is a permutation as in (3.12) together with a labeling of all the 
arrows by nonnegative integers, called tags, with some additional empty cycles 
also labelled with tags. For instance, the permutation (3.12) may be marked as 
follows. 


uj— Hiz v 
(aSa. D a S anb S bB o 5b; b) 
w wW: Wh- w d z z 
(C1 D aS > e FS aD (F). 


It is easy to see that the conjugacy orbits of Gy on G¢+x are in natural one- 
to-one correspondence with the set of all marked permutations of {€ + 1, £ + 
2, ..., L + k} such that the sum of all tags is equal to £. 

For instance, if we take 


(+15 2455 0433 e4ne+25 0445 6423 )4) 
(3.13) 


where 1+2+3+1+v0+w = Z, then (3.13) represents the orbit made up of 
all permutations of the form 


(€+ 1x, > €4+57m Pw > £43241): 
- (+2 > x4 > x5 > x6 > 0 4+4> x7 > £42): 


- (x8 > X9 > +++ > X7 > x3): 


$ (X8+v > Xoy > t > XM 4040 > Xgiv) 


where {x1, X2,..-,X7+v4w} = {1,2,..., £}. 
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When writing a marked permutation, we shall usually omit trivial cycles of 
0 1 
the form (a —> a) and (>). 
We now give an application of this simple fact which indeed constitutes the 
core of the whole theory developed in this chapter. 


Theorem 3.2.1 Let G,_; be the symmetric group on {1,2,...,n — 1}. Then 
(Gy X Gy, n-1) is a symmetric Gelfand pair. 


Proof By virtue of Proposition 2.1.12, we have to show that every permutation 
x € ©, is G,_1-conjugate to a~!. Now, if x has the cycle decomposition 


x= (n> d= dy => a > nb} > by > --- > bj > bj)--- 


<- (0 > Co > ++ > Ch > C1) 


then zr belong to the S,,_;-conjugacy class associated with the marked permu- 


tation 
i-l i h 
(n > n>) (>). (3.14) 
It is then clear that 
a7! = (n > ai > -> a> a > n)(bı >b; > => b> b) 
(ci > Ch > > €2 > CI) 


belongs to the same class of (3.14). 


Recalling Theorem 2.1.10, we immediately have the following: 


Corollary 3.2.2 The algebra C(Gy,Gn-1) is commutative, Gy, is a 
multiplicity-free subgroup of 6, and 


Gı < 6<- < nı <6, S553 
is a multiplicity-free chain. 


Incidentally, this also proves that G, is ambivalent (see Exercise 1.5.27). 

We now present three other basic examples of marked permutations. Recall 
that Gp, ©; < Gri, are the symmetric groups on {1,2,..., €} and {£ + 1, £ + 
2,...,€+k}, respectively and that, for a subset A C Gy, (for instance an 
G6 ,-conjugacy class) we use the notation in (3.11) to denote its characteristic 
function. 
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Example 3.2.3 
(i) For j = 1,2,...,k, the YJM element X,,; may be represented in the 
form: 
e+j-1 
Xeuj = E+ i lt pt Y @+jSh>t+j) 615) 
h=e+1 
This shows, in particular, that X¢41, Xe42,..., Xek € Z(£, k). 


(ii) Any o € ©, forms a one-element orbit of Gz. The corresponding marked 
permutation is simply the cyclic representation of ø with all tags equal to 
zero (and £-many omitted trivial cycles of the form (S). In other words, 
viewing an element o € 6; as an element in the group algebra L(G;), we 
have G; C Z(£,k). 

(iii) Suppose that C, is the conjugacy class of 6; corresponding to the partition 
A = (Aj, Ao,.--,An) F £ (cf. Proposition 3.1.3). Then, it forms an Ge- 
orbit and it is represented by the marked permutation rs: (3) 
(with k omitted trivial cycles of the form (a 5 a), where a = L+ 1, £ + 
2, ..., L+ k). In other words, the center of L(G¢), that will be denoted by 
Z(£), is contained in Z(£, k), that is, Z(€) C Z(£, k). 


A recent paper on the Gelfand pair (G6, x n-—1, Õ,„1) (see Theorem 3.2.1) 
is [116]. 


3.2.3 Olshanskii’s theorem 
Our next task is to prove a converse to the preceding example, namely that 
Z(£,k) is generated by Xe+1, Xey2,.-., Xe+k, Ge and Z(£). We first need 
another definition and an elementary lemma. 
We denote by Z;,(£, k) the subspace of Z(£, k) spanned by the Gy-conjugacy 
classes made up of all permutations with at least £ + k — h fixed points (i.e. 
that move at most h elements). Then 


C1 = Zo, K) E Zi, K) S +++ S Zese-1€, k) S Zere(l, k) = Z(E, k). 
For fi, fo, fs € Z(£, k) we write 
fi- fo = fo + lower terms 


if there exists h such that f3 € Z,(¢,k)\ Zn-1ı(£, k) and fih- fhe 
Zn-1(€, k). 
We now present a particular “multiplication rule” for marked permutations. 


Lemma 3.2.4 Let i, j> 1. Let a,,az,...,a; and bi, b2,...,bj be two 
sequences of distinct elements in {L + 1, £ + 2, ..., £+ k}. Suppose that, as a 
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product in Gx, 


(a > a, > +++ > a, > a(b > bp > + -- > bj > bı) 


= (C1 > 02> +++ > Ch > C1) 


with h = |{a,, dz, ..., ai} U {by, bo, ..., bj}| < i + j (note that, ifh > 1 then, 
in the product above, none of the elements a), az, ...,ai, bi, b2,..., bj 
becomes a fixed point). Take ui, u2,..., Ui, V1, V2,..., V; =O such that 
uy +u +: +u; + vi tv t:e vj < £. Then, in Z(£, k) we have: 


Uj-1 Ui vı v2 Uj-1 vj 
(a > a > --- >a; > a(b > ba > --- > bj > bı) 


w] w2 Wh-1 Wh 
= (cj > C2 > +++ —> Ch > C1) + lower terms 
where the numbers w1, W2,..., wp are given by the following rule: 
Uy if cs = b; and bi, ¢ {a1, dz,..., a;} 
Ws = yu, tum if cs = b; and bi41 = am 
Um if Cs = Am € {by, bo, ..., bj} 


fors =1,2,...,h. 
Proof Consider a product of the form 


(a1, X1, X2, <- , Xu A2, <- - , Qis yis Y2 -oes Yu)” 
(DL, Z1, Z2- -s Zv B25 <.. Dj, F1, 125+ +65 Tv;). (3.16) 


If the numbers x1, X2, -© ©, Xup Vis Yar -+ +s Yuşə Z1» Z2 -+ +> Zv, ANAT], F2, + p Fo; 
in {1,2,..., £} are all distinct (this is possible because u; + u2 +--+ + ui + 
vı + v2 +--+ +v; < £) then (3.16) is equal to a permutation of the form 

(c1, Coe Fis kee Era C2, ens! 9 Ch, Yp Yh treg Vas 
where w1, W2,..., Wp are given by the above rule. 


Otherwise, the product in (3.16) moves less than h + w; + w2+---+ wp 
elements. 


We now give some examples of applications of this rule. 


Example 3.2.5 
(i) Fora € {€4+1,€42,...,€+k}and0 < u < £ we have 


[(a = a)|" = (a 5 a) + lower terms. 
Gi) Fora,be {€+1,€+2,...,€+k},aAband0 < u < £ we have 
w+ bas bSa=a5b 3a). 


Note that in this case we do not have lower terms in the right-hand side. 
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(iii) For aj,a2,...,q4, €{€+1,24+2,...,€+k}, all distinct, and for 
ui, U2,..., Ui > Owithu; +u.+---+u; < £, we have 


i Ui 0 0 0 
(a aya S ai > a) (a 3 a > a) (a S a > a) 


uy ud u3 Uuj-1 Ui 
= (a, > & > a3 > --- > a; > a) + lower terms. 


We are now in position to prove the following: 


Theorem 3.2.6 (G. I. Olshanskii, [101]) The centralizer algebra Z(£, k) is 
generated by the YJM elements Xe41, X42, . . . , Xe+z, the subgroup © and 
the center Z(£) of Ge. In formulas: 


Z(£, k) =< Xe41, X42, EEDA Xek, Gx, Z(£) aos 


Proof Set A =< Xe41, Xey2,.--, Xer+n, Gx, Z(L) >. We have already seen 
that A C Z(£, k). 

We prove by induction that Z,(¢,k) C A for all h = 0, 1,..., €+ k. First 
observe that Zo(€, k) = C1 is trivially contained in A. 

Now note that, for any choice ofa, j € {€+1,€4+2,...,€+k} with a F 


j, one has (a = J = a) € Gx. As a consequence, as (cf. (3.15)) 


a-l 
a>aj=X- Y ahja (3.17) 


j=e+l 


one deduces that (a 4 a) E€ Á. 
By a repeated application of Lemma 3.2.4 (see also the examples following 
it) we have that ifai, a, ..., ai, .. . , b1, b2,..., bj are distinct numbers in {£ + 
1€+2,...,€+k} and uj,u2,...,Uj,..., Uts U2,.-., Uji Mis M2,..., My 
are nonnegative integers such that 
Uy tugte buy tees buy ty +++ buy tm +m +--- +m =h<e, 
then 
(ay > ay)" + (a; > aj)" (a, > a; 3 ay): 
1 i 0 0 1 i 0 0 
+++ (a3 > a3)? - (a; > a3 > a )(ay > a)" - (ay > ag > ai)» -+> 
1 i 1 i 0 0 
»+ + (by > by) - (b; > bj)" - (bi > bj > bi) 
-+ (b3 > bs)” «(by > b3 $ bi)(bz > ba)" - (bi S ba Š bi) 


mı m; 


(Be) (3.18) 
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equals, modulo lower terms, 


uy uz Ui- 


ataS...SaSa)-- 3m o 5 b b). 619) 


Note that (3.18) belongs to A: see Example 3.2.5 and Example 3.2.3. As 
(3.19) represents the typical orbit in Z,(£, k) (but not in Z}—1(£, k)), by the 
inductive hypothesis we are done. 


Corollary 3.2.7 The Gelfand-Tsetlin algebra GZ(n) of the multiplicity-free 
chain ©, < G2 < --- < G, is generated by the YJM elements X1, X2,..., Xn. 


Proof For 2 < k < n denote by T, the set of all transpositions in 6%. Then Tẹ € 
Z(k) and since X; = Tk — Ty_1, we conclude that X1, X2,..., Xn € GZ(n). 
On the other hand, 


Z(n) = C(Gn, Gn) c C(G,, Gn-1) = Z(n = 1, 1) =< Z(n = 1), Xn > 


where the last equality follows from Theorem 3.2.6. Supposing, by induction, 
that GZ(n — 1) =< X1, Xo,..., Xn-1 > it follows that 


GZ(n) =< GZ(n — 1), Z(n) >=< X1, X2,..., Xn-1, Xn > 


completing the proof. 


Remark 3.2.8 We can use Corollary 3.2.7 to give an alternative proof that 
Z(n — 1, 1) =C(Gy, Gy_1) is commutative (see Corollary 3.2.2). Indeed, 
Z(n — 1,1) =< Z(n — 1), X, > and X, commutes with every element in 
Z(n — 1). To see this last fact observe that X, = Ta — T,_, and that T, € Z(n) 
and T,—ı € Z(n — 1). 


Exercise 3.2.9 Prove directly that X1, X2,..., X„ commute. 
Hint. By induction on n, using the identity X; T, = T,X;,k =1,2,...,n. 


3.2.4 A characterization of the YJM elements 


Regarding G,_; as the subgroup of G, which acts on {1,2,...,n — 1}, we 
define a map 


Gn ae Gn-1 


Uw tr Ty 


(3.20) 


by setting, fork = 1,2,...,n — 1, 


soa O (3.21) 
n(n) ifm(k)=n. 
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In other words, 7, is the permutation obtained by removing from the cycle 
decomposition of x the term — n —: if the cycle decomposition of x contains 
the cycle 


(a > a> +++ > ar >n > a) (3.22) 


then 7, is obtained from z by replacing in its cycle decomposition the term 
(3.22) with (aj > a > --- > an > a1). 


Lemma 3.2.10 The map (3.20) has the following properties: 
D) (le, = bey 5 

(2) on =o forallo € Gy_1; 

(3) (OnO) = 07,0 for alla € G, ando,O € Gy-}. 


Proof (1) and (2) are obvious. To prove (3), just note that, for all k = 
1,2,...,n — 1, we have 


ee o0(k) Eren n o. 
on(n) if z[0(k)] =n 


Lemma 3.2.11 Suppose that n > 4. Let ® : G, —> S,-—ı be a map satisfying 
the condition 


Por) = ox) (3.23) 


forall x € ©, and o, 0 € Gy_, (this is the analogue of condition (3) in the 
preceding lemma). Then, ® necessarily coincides with the map (3.20). 


Proof First of all, note that if o, 6 € G,_;, then ®(7) =o if and only if 
O(10~!0) = ®[le,_,7(o~'0)] equals 6. This implies that |{7 € 6, : Pr) = 
o}| is constant and equal to n for every o € „1. 
Moreover, if P(x) = le, _, then, for all o € G,_; one has (oro!) = 
o (r)a! = le, _,. This implies that 
{r e G, : P(r) = le} = {le} U {a > n > a): a=1,2,...,n— 1}. 
(3.24) 


n-1 


Indeed, the second set in the right-hand side is the unique G,_1-conjugacy 
class of G, with n — 1 elements (recall that n > 4). Since for any cycle (in G,) 
which contains n we have 


(a) > a2 > +++ Dan nN a) =(A, > a > + + > ar > A (Ah >n an) 
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we deduce that 


O(a; > a> ->ar > n>a) 


= Ọ[(a > a> --- > anr > aian > n—a)] 


(by (3.23)) = (a> a2. > +++ > an —>ai)®(lar > n>a) 
(by G.24)) = (a> a> ->ar >a) 


= (a >a >- -> ay > n> a)n- 


Finally, as in the cycle decomposition of a permutation in G, the number n 
appears at most one time, another application of (3) shows that ®(z7) = zr, for 
all r € Gy. 


The map z +> zr, extends to a map 
Pn: L(G,) => L(Sn-1) 
simply by setting 


Pa| >, foar] = D> fom. 


mEGn nE, 
Now we can give a characterization of X, in terms of the map pn. 
Proposition 3.2.12 We have 
P3 (< ls, >)NZa—-1,) =< Xn, l6, >. (3.25) 


Proof Recalling (3.24) we have that the G,_,-conjugacy orbits of {7 € 6, : 
Tn = 1o,_,} are {le,} and {(a > n —> a):a=1,2,...,n— 1}. Passing to 
the group algebra we immediately deduce (3.25). 


3.3 The spectrum of the Young—Jucys—Murphy elements 
and the branching graph of G,, 


In this section, we show that the spectrum of the YJM elements is described by 
the set Cont(7) introduced in Section 3.1.5 and prove that the branching graph 
of the multiplicity-free chain G; < G2 <--- < Gn <--- coincides with the 
Young graph. 


3.3.1 The weight of a Young basis vector 


Let p € 6n and consider the Gelfand-Tsetlin basis {vr : T € T(p)} associated 
with the multiplicity free chain 6; < G2 < --- < ©, (cf. (2.14)). 
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In this setting, {vr : T € T(p)} is also called the Young basis for V,. From 
Theorem 2.2.2 and Corollary 3.2.7 we have that every ur is an eigenvector of 
p(X ;) forall j = 1, 2,...,n. This suggests the following definition: for every 
vector vr we set 


a(T) = (a1, a,..., an) (3.26) 


where a; is the eigenvalue of p(X ;) corresponding to vy, that is, o(X;)ur = 
ajvr, j= | Ree ae: 7 

Since X1, X2,..., X, generate the Gelfand—Tsetlin algebra G Z(n), Corol- 
lary 2.2.3 ensures that vy is determined (up to a scalar factor) by the eigenvalues 
a;’s. The vector a(T) is called the weight of vr. 

Note that X j = Xj; and therefore p(X) is self-adjoint for all X; and all 
representations p of G, (see Corollary 1.5.13). 

In the following proposition we study the action of the Coxeter generators 
(cf. 3.2) on the Young basis; we show that są changes only the kth level of the 
branching graph. 


Proposition 3.3.1 For every p € 6, and T = (p = Pn > Pnr-1 > = > 
p2 —> pı) € T (p), the vector p(sp)vr is a linear combination of vectors vr 


with T' = (0 = On > On-1 > +++ > 02 > 01) € T (p) such that o; = p; for 
i £k. 
Proof Let V; denote the representation space of pj, j = 1, 2, ..., n. Note that 


V; ={oj(fur: f € L(G,}. 


Indeed, the right-hand side is a G ;-invariant subspace. 

For j > k we have są € G; and therefore p;(s,)vr € Vj. This implies that 
g; =p;forall j =k+1,k+2,...,n. 

On the other hand, if j < k then sx and G; commute. Setting W; = 
{oj(f)e(s.)ur : f € L(G;)} = p(s) V; we have that the map 


V; = W; 
pj(f)ur > p;(PPls vr 
is an isomorphism of Gj-representations. It follows that p(s;,)vr belongs 


to the pj;-isotypic component of Ress" p and therefore oj = p; for all 
j=1,2,...,k-1. 
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3.3.2 The spectrum of the YJM elements 


In what follows we set 
Spec(n) = {a(T): T € T(P), p € Gn} 


where a(7) is the weight of vr (as in (3.26)). In other words, Spec(n) is the 
spectrum of the YJM elements of 6,. 
Since this spectrum determines the elements of the Young basis, we have 


|Spec(n)| = > dimV,. (3.27) 


peGy 


In other words, Spec(n) is in natural bijection with the set of all paths 
of the branching graph of G; < 62 <--- < G,. We denote by Spec(n) 5 
at> T, this correspondence. We also denote by vą the Young basis vector 
corresponding to Ty. 

We now introduce an equivalence relation ~ on Spec(n) by setting, for 
a and $ € Spec(n), a ~ B if vy and vg belong to the same irreducible 6,- 
representation (in terms of the branching graph, this means that the corre- 
sponding paths have the same starting point). 


Remark 3.3.2 As a consequence of (3.27) and the definition of ~ we imme- 
diately have 


|Spec(n)/ ~ | = |Gnl. (3.28) 


The next task is to obtain an explicit description of Spec(n) and ~. This will 
be achieved by means of commutation relations between the YJM elements 
and the Coxeter generators of G,,. These are 


s,Xj; = Xjsi for j Ai,i+1 (3.29) 
which is obvious, and 
SiXi +1 = Xi418; (3.30) 


which is equivalent to s;X;5; + s; = Xi+1, and this is immediate. Another 
equivalent way to write (3.30) is 


SiXi41 -l= Xisi. (3.31) 


Warning. In what follows, if vg is a vector of the Young basis of an irreducible 
representation p of G,, we denote p(s;)v, and p(X;)v, simply by SiV and 
XjUq, respectively. 
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Proposition 3.3.3 Let œ = (a), d2,..., Ai, Qi+1, - - - An) E€ Spec(n). Then 
(i) a; A aj41 fori = 1,2,...,n— 1 
(li) aj41 = a; + 1 if and only if Siva = vq 


Gii) [faj+, A ai + 1 then 


Lg = 
Of = SiQ = (A1, Q2, ..., Ai—1, Gi41, Gj, Ai42, -.-An) € Spec(n), 


a ~ a and the vector associated with a' is, up to a scalar factor, 
1 
Vg! = Si Va — ————— Uy. (3.32) 
Gi41 — G 
Moreover, the space < va, Vg > is invariant for Xi, Xj+; and si, and in 
the basis {va, va}, these operators are represented by the matrices 


1 1 
0 K J mea leuma 
: and i A 
0 ai 0 4a 1 ey 


respectively. 


Proof Clearly, from the definitions of œ and vg, we have X;V« = djVq and 
Xi41Vq = Gj4+1Vq- Moreover, from (3.30) and (3.31) it follows that the space 
< Va, SiVg > is invariant for X; and X;+, (and, clearly, it is invariant for 5s; ). 

Note now that if s;vg = Avy, then s? = | implies that à? = 1, that is, 
à = +1. Moreover, from (3.30) we have 


Aj Si Va + Va = Ai+1Si Va, 


and therefore 5;U¢ = +0, if and only if aj4; = a; + 1. This proves (ii). 

Suppose now that a;+; Æ a; + 1. Then dim < vg, SiV >= 2 and the restric- 
tions of s;, X; and X;+1 to < Ug, S;Vq > are represented, with respect to the 
basis {vq, Si Va}, by the matrices 


0 1 di —1 di+1 1 
(e apela a mt Co a 


respectively. Indeed, from (3.30) and (3.31) we deduce that X;S; Vy = — Va + 


Gj418jVq and Xj418;Vq = Va + 4iSi Va. 
But a matrix of the form 
a +1 
0 b 


is diagonalizable if and only if a 4 b and, if this is the case, the eigenvalues 


are a with eigenvector (1, 0) and b with eigenvector (+1/(b — a), 1). Apply- 
1 
G41 -G 


ing this elementary fact to our context, we get that v’ := s;Ug — Vy 
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is an eigenvector of X; and X;+ı with eigenvalues aj;,, and aj, respec- 
tively. Moreover, (3.29) implies that X;v' = ajv’ for j #i,i+ 1; there- 
fore a! := (a1, dz, .. . , Gi-1, G41, Qi, Gi42, +--+, An) E€ Spec(n) and v’ = vy isa 
vector of the Young basis. To end the proof, it suffices to check the formula 
representing s; in the basis {vq, Ug}. We leave this elementary task to the 
reader. 


3.3.3 Spec(n) = Cont(n) 


Let a = (a1, d2,...,a,) E Spec(n). Ifa;+1 Æ a; + 1, so that (a1, a2, ..., Gia, 
dj,.--,4n) E Spec(n), we say that s; is an admissible transposition for a (cf. 
Corollary 3.1.11). 

The Coxeter generators 51, 52,..., S,—1 Satisfy the following relations (the 


Coxeter relations): 


(i) 5;8; = S;S; if |i — j 1 

: j j | IF (3.33) 
(ii) SiSi+1Si = S741 578741 fori = 2; PETE IE 1 

whose proof is immediate. 

Lemma 3.3.4 Let «œ = (a1, @,..., an) E€ C”. If ai =4j4. = ai} —1 for 


some i € {1,2,...,n — 2}, then œ ¢ Spec(n). 


Proof Suppose, by contradiction, that œ € Spec(n) and that a; = aj42 = 
ai+ı — 1. Then by (ii) in Proposition 3.3.3 we have 


Sig = Vy and == Sj4 1 Vg = — Vey. 


By the Coxeter relation (ii) in (3.33) we have vg = Si+1SiSi+1Væ = SiS1+1Si Va 
= —Vg, which is impossible. 


Lemma 3.3.5 
(i) For every (a1, æ, ..., an) E Spec(n) we have a; = 0 
Gi) If a@=(ay,a,...,4,) € Spec(n), then a! = (ay, @2,..., an1) € 
Spec(n — 1) 


(iii) Spec(2) = {(0, 1), (0, —1)}. 


Proof (i) This is obvious as X; = 0. 

(ii) This follows from the fact that X1, X2,..., Xn-1 € L(Gy_1) and 
X jVq = 4jVg forall j = 1,2,...,n—1. 

(iii) The irreducible representations of 6, are ı and e (cf. Example 1.2.4). 
The branching graph of G; < Gz is just as shown in Figure 3.13 
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N re 


40 


Figure 3.13 


where tg is the trivial representation of G,. Now, X2 = (1 —> 2 > 1) and if 
v € V, then Xjv = v, while if w € V, then Xw = —w. 


Lemma 3.3.6 
(i) For every n > 1 we have Spec(n) C Cont(n) 
Gi) Ifa € Spec(n), p € Cont(n) and a ~ B, then B € Spec(n) anda ~ B. 


Proof (i) We show it by induction on n. For n = 1 this is trivial, while for 
n = 2 this follows from (iii) in Lemma 3.3.5 and (3.7). 

Suppose that Spec(n — 1) C Cont(n — 1). Let œ = (a1, a2...,an)€ 
Spec(n). 

By virtue of (i) in Lemma 3.3.5 we have a; = 0 and this corresponds to 
condition (1) in the definition of Cont(n) in (3.6). 

By (ii) in Lemma 3.3.5, we only need to check that conditions (2) and (3) 
in (3.6) are satisfied just for q = n. 

Suppose by contradiction that 


{ay — 1, d, + 1} {ay, a2, ...an—1} = Ø. (3.34) 


By Proposition. 3.3.3.(iii), the transposition (n — 1 —> n > n — 1) is admis- 
sible for a, that is, (a1, æ ...,an—2, An, An—1) E Spec(n). It follows that 
(a, d2...,An—2, Ar) E€ Spec(n — 1) = Cont(n — 1). From (3.34) we deduce 
that {a, — 1, an + 1} M {a1, a, . . . an—-2} = Ø which contradicts (2) in (3.6) for 
Cont(n — 1). 

Again by contradiction, suppose that œ does not satisfy condition (3) in (3.6) 
for q =n, that is, ap = a, = a for some p < n and, for instance, 


a — l ¢ {ap41; 4p42; +++, An—-1}- 
We can also suppose that p is maximal, that is, alsoa ¢ {ap+1, Ap42,..-, An—-1}. 
Since (a1, a2, ...,an—1) € Cont(n — 1) (by the inductive hypothesis), 
the number a+ 1 may appear in {dp41,4p42,...,@,—1} at most once 
(by the maximality of p). Suppose a + 1 ¢ {ap41, 4p42,..-,n—1}. Then 
(Ap, Ap+1; ---, an) = (a, *,...,*, a), where every * represents a number dif- 


ferent from a, a + 1 and a — 1. In this case, by a sequence of n — p — 1 
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admissible transpositions we get 
a~a'’:=(...,a,a,...) € Spec(n) 


which contradicts (i) in Proposition 3.3.3. 

Similarly, if a +1 € {dp41, @p42,---,Gn—1}, then (dp, Gp41,-.-,4n) = 
(a,*,...,*, @+1,*,...,*, a), where again every * represents a number dif- 
ferent from a,a + 1 anda — 1. Now, by a sequence of admissible transpositions 
we get 


a ~ga :=(...,d,a+1,a...) € Spec(n) 


which is impossible by Lemma 3.3.4. Therefore, also (3) in (3.6) is satisfied 
and this ends the proof of (i). 

(i) This is an immediate consequence of (i), Corollary 3.1.11 and Proposi- 
tion 3.3.3.(iii). 


Theorem 3.3.7 We have Spec(n) = Cont(n). Moreover, the equivalence rela- 
tions ~ and X coincide. Finally the Young graph Y is isomorphic to the branch- 
ing graph of the multiplicity-free chain G, < ©2 < --- < Gy < Gay < +- 


Proof First of all note that 
|Cont(n)/ ~ | = |Spec(n)/ ~ |. (3.35) 


Indeed, by Corollary 3.1.12 we have that |Cont(n)/ ~ | equals the number of 
partitions of n which (cf. Proposition 3.1.3) equals the number of conjugacy 
classes of G,,. The latter, by Corollary 1.3.16, equals the number of irreducible 
inequivalent representations of G,, and, by (3.28), the equality in (3.35) follows. 

Now, from Lemma 3.3.6 it follows that an equivalence class in Cont(n)/ ~ 
either is disjoint from Spec(7) or it is contained in one equivalence class in 
Spec(n)/ ~. In other words, the partition of Spec(n) induced by ~ is finer 
than the partition of Spec(n) induced by ~. Collecting all previous inequalities 
together with (3.35), we have 


|Spec()/ ~ | < |Spec(n)/ ~ | < |Cont(n)/ ~ | = |Spec(n)/ ~ |, 


which proves the first two statements of the theorem. 

Note that this also gives a natural bijective correspondence between the 
set of all paths in the branching graph (parameterized by Spec()) and the 
set of all paths in Y parameterized by Cont(n), see (3.10). This yields a 
bijective correspondence between the vertices of these graphs (by Proposi- 
tion 3.1.13 and the definition of ~). This correspondence is clearly a graph 
isomorphism. 
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From the above theorem, we also get a natural correspondence between 6, 
and the nth level of the branching graph Y, that is, the set of all partitions of n. 


Definition 3.3.8 Given a partition à F n, we denote by S* the irreducible 
representation of G, spanned by the vectors {va}, with œ € Spec(n) = Cont(n) 
corresponding to the standard tableau of shape À. 


Proposition 3.3.9 dimS* = |Tab(A)|, that is, the dimension of S* is equal to 
the number of standard )-tableaux. 


As an immediate consequence of Theorem 3.3.7 we then have: 


Corollary 3.3.10 LetO < k < n, à F n, and u F k. Then the multiplicity my, 
of S” in Resa" S* is equal to zero if u £ à and it equals the number of paths 
in Y from 2 to u, otherwise. In any case, My, < (n — k)! and this estimate is 
sharp. 


Proof We clearly have 


Gn ga __ Skyı Sin, Gn gh 
Resg'S = Ress; Rese. Ress S 


n-1 


where at each step of the consecutive restrictions the decomposition is 
multiplicity-free and according to the branching graph Y. 

This way, the multiplicity of S” in Ress" S* is equal to the number of paths 
in Y that start at À and end at jz. It is also equal to the number of ways in which 
we can obtain the diagram of à from the diagram of u by adding successively 
n — k addable boxes to the diagram of u (therefore at each step we have a 
diagram of a partition). In particular, this multiplicity is bounded above by 
(n — k)!; this estimate is sharp when the boxes can be added to different rows 
and columns: see Figure 3.14. 


Corollary 3.3.11 (Branching rule) For every à F n we have 
Reso S= Q s* (3.36) 


pen—1: 
A> 
that is, the sum runs over all partitions u + n — 1 that may be obtained from x 
by removing one box. Moreover, for every ut n — 1, 


ndg s“ = Gs. (3.37) 


àÀFn: 
A> EL 


Proof (3.36) isa particular case of Corollary 3.3.10. Finally, (3.37) is equivalent 
to (3.36) by Frobenius reciprocity (Theorem 1.6.11). 
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Figure 3.14 The (12 — 9)! = 6 paths from (4, 3, 3, 2) F 12 to (3,3,2,1) F 9 


In the following we give a characterization of the map à +> S° (that asso- 
ciates with each partition of n an irreducible representation of G,,) by means 
of the branching rule. 


Corollary 3.3.12 For all n > 1, let (V*)j+n be a family of representations of 
G, such that 


(i) VO ~ S® (the trivial and unique representation of 1); 
(ii) V® and VL! are the trivial and the alternating representations of ©2, 
respectively; 
(iii) Inde" V4 = Darn: V+ for every wt n — l andn > 2. 


Then, V* is irreducible and isomorphic to S*, for every à F n, andn > 1. 


Proof It is an easy inductive argument. Just note that à | n is uniquely deter- 
mined by the set {u F n — 1 : à > u}. 


Remark 3.3.13 It is worth examining the case k = n — 2 of Corollary 3.3.10 
as it illustrates, in this particular case, the statement of Proposition 3.3.3. 
Letà F n and u F n — 2. If u £ à then S is not contained in Resg” „S°. 


If u < A, the multiplicity of S” in Rese", S* is at most 2. We have two cases. 
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(1) There is only one partition v F n — 1 such that u < v < à. This means 
that in Y between m and A there is a chain as in Figure 3.15(a). 


A 


H 
Figure 3.15(a) 


Clearly, in this case, the boxes of the skew diagram à/u are on the same 
row or on the same column. In other words, if 


aA =A AD = y o AD I po ae >...519 (38.38) 


is any path containing A > v —> n, then it corresponds to æ = (a1, a2, .. . , dn) 
€ Spec(n) with a, = an-ı + | (more precisely, a, = an—1ı + 1 if the boxes of 
A/ are on the same row, an = an—1 — 1 if they are on the same column). In 
particular, Sn—1 Ve = Va (cf. Proposition 3.3.3). This agrees with Proposition 
3.3.1: S,-1 only affects the (n — 1)st level of the branching graph and v is the 
only partition between u and 2. 

(2) There are two partitions v, n F n — 1 such that u < v, n < A. Now the 
boxes of à/u are on different rows and columns (as in Figure 3.11) and the 
branching graph from A to u is a square as in Figure 3.15(b). 


A 


H 
Figure 3.15(b) 


110 The Okounkov—Vershik approach 


Moreover, if œ € Spec(n) corresponds to a path A>v—>u->--- as 
in (3.38), then a, Æ an-ı + 1 and a’ = (a1, @2, . . . , An—2, Gn, Gn_1) E€ Spec(n) 
corresponds to the path à > n > u —> ---. Now, the action of s,_; on vg and 
Vg’ is given by (iii) in Proposition 3.3.3 (see also the Young formula in the next 
section) and Proposition 3.3.1 is confirmed also in this case. 


3.4 The irreducible representations of G,, 


In this section, we prove some classical formulae for the matrix coefficients 
and the characters of the irreducible representations of G,. 


3.4.1 Young’s seminormal form 


Recall the standard tableau T+, defined in Figure 3.6, and Remark 3.1.7. Also 
recall that the chain G; < G2 <--- < G, determines a decomposition of 
every irreducible representation of G, into one-dimensional subspaces and that 
the GZ-basis is obtained by choosing a non-trivial vector in each of these sub- 
spaces. If such vectors are normalized, we say that it is an orthonormal basis, 
otherwise we shall refer to it as an orthogonal basis. Note that, in both cases, the 
vectors are defined up to a scalar factor (of modulus one if they are normalized). 

Theorem 3.3.7 ensures that we may parameterize the vectors of the GZ-basis 
with the standard tableaux: for T € Tab(A) we denote by vr the corresponding 
vector in the GZ-basis. 


Proposition 3.4.1 It is possible to choose the scalar factors of the vectors 
{ur : T € Tab(n)} in such a way that, for every T € Tab(n), one has 


nr Ups = vr + > YRUR; 
ReTab(A): 
(tr) <l(t7) 
where yr € C (actually, in Corollary 3.4.3, we will show that yr € Q) and rr 
is as in Theorem 3.1.5. 


Proof We prove the statement by induction on ¢(z7). At each stage, we choose 
the scalar factor for all T with (777) = £. If €(7) = 1, that is, zr is an admis- 
sible transposition for T+, this follows from Proposition 3.3.3; in particular, we 
can use (3.32) to choose the scalar factor of vr (that corresponds to va in that 
formula). 

Suppose now that wr = Si Si +--+ 5Sj,_,8; is the standard decomposition of 
xr into the product of admissible transpositions (cf. Remark 3.1.7); we have 
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set £ = £(xr) and j = ię for simplicity of notation. Then zr = zr, sj, where 
Tı = s;T isa standard tableau. Clearly, (tr) = (ar) — 1. 
Therefore, by the inductive hypothesis, we may suppose that 


mpun =v t+ X yp vp. (3.39) 
ReTab(A): 
l(tr)<l(tr, ) 
Since T = s;T\, the formula (3.32) in Proposition 3.3.3 ensures that we can 
choose the scalar factor of vr so that 
1 
Sju = vr + ———?y, (3.40) 
aj+1 — aj 
where (a1, a2, ..., Gn) = C(T)) is the content of T; (see (3.5)). 
The formula in the statement follows from (3.39) and (3.40), keeping in 
mind again Proposition 3.3.3 for the computation of sjug for R € Tab(A) with 
L(tr) < Llr). 


Theorem 3.4.2 (Young’s seminormal form) Choose the vectors of the GZ- 
basis of ©, according to Proposition 3.4.1. If T € Tab(A) and C(T) = 


(a, a2, ..., an) is its content, then the adjacent transposition sj acts on vr 
as follows 
(i) ifaj 154j T 1 then sjur = EVT 


(ii) ifaj4ı A aj +1, setting T' = s;T, then 


1 . 
yppa 1G Ur T Ur lic. ius (3.41) 
aaa UT + {1 = Crees ied if €(17) < (tr). 
Proof (i) It is an immediate consequence of (ii) in Proposition 3.3.3. 
(ii) These formulas again follow from Proposition 3.3.3. We only have to 
check that, with respect to the choice made in Proposition 3.4.1, s;ur has 
exactly that expression. 


Suppose that €(7r7) > (7r). We have 


Uy = Ts; (3.42) 
and 
Tp Vr = vr + > VRUR. (3.43) 
ReTab(A): 


lr) <l(rr) 
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From (3.42) and (3.43) we deduce 


Ty Vra = vr + 5 YRUR 
R'eTab(à): 
(tp )<kl(a7') 
= S;|UT + Sj > VRUR 
ReTab(A): 
L(t) <U(tr) 

and therefore (3.32) holds exactly in that form (the coefficient of vy in s; vz is 1). 
The case €(z7’) < €(zr) is analogous (starting from xr = mrs; and taking 

a = C(T’) when we apply Proposition 3.3.3). 


Corollary 3.4.3 In the orthogonal bases of Proposition 3.4.1 (and Theorem 
3.4.2) the matrix coefficients of the irreducible representations of ©, are ratio- 
nal numbers. In particular, the coefficients yr in Proposition 3.4.1 are rational 


numbers. 


3.4.2 Young’s orthogonal form 


Note that one can normalize the basis {vr : T € Tab(A)} of S* by taking 


UT 


(3.44) 


Wr = 
llvr Il s> 

where the norm || - ||s. is associated with an arbitrary invariant scalar product 
that makes S* a unitary representation of G,. 

Let T be a standard tableau and let C(T) = (a1, a2, ..., an) be its content. 
Fori, j € {1,2,..., n}, the axial distance from j toi in T is the integer a; — aj. 
It has a clear geometrical meaning. Suppose that we move from j to i, each 
step to the left or downwards being counted +1, while each step to the right or 
upwards being counted —1. Then the resulting integer is exactly a; — a; and it 
is independent of the chosen path (Figure 3.16(a)(b)). 


i 


Figure 3.16(a) The axial distance is aj — a; = 5. 


i 


j 
Figure 3.16(b) The axial distance is a; — a; = 2. 
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Theorem 3.4.4 (Young’s orthogonal form) Given the orthonormal basis 
{wr : T € Tab(n)} (cf. (3.44)) we have 


1 1 
sjwr = JUT +4 1— -5 Ws;T 


r2 
where, for C(T) = (ai, a, ..., an), the quantity r = aj4, — a; is the axial 
distance from j + | to j. 
In particular, if aj4, = aj + 1 we have r = +1 and sjwr = tur. 


Proof Set T' = s;T and suppose €(zr') > £(7r). Then, from (ii) in Theorem 
3.4.2 it follows that 


1 
2 2 
lur |" = ||sjur — 7 orl 


1 1 1 
= |lur ||? — = (sjvr, vr) — (vr, sjur) + 5 livr Il? 
r r 


F 
1 
=(1-— 2 
( =) llvr || 


where the second equality follows from the fact that s; is unitary and the third 
one from the fact that sjur = tur + vr and vr L vr. 
Then, in the orthonormal basis iiet +r’ ___} the first line of (3.41) 


1 
becomes ye eal 


1 
SjWr = -wr + 1- =; Wr. 
r r 


In the case (7r) < €(zr) the proof is similar. 


The following is the Young orthogonal form: 


1 1 
SjWT = -wr + 1-3 WsT 
1 / 1 
SjWs, T =—7Ws;T + l— zwr 
where, if C(T) = (a1, a2, . . . , Gn), we posed, as before, r = aj+ı — aj. In other 


words, in the basis {wr, Ws, Th, the linear operator s; is represented by the 
orthogonal matrix 
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Example 3.4.5 Let à = (n) F n be the trivial partition. Then there exists only 
one standard A-tableau T, namely that in Figure 3.17. 


1/2 n 
Figure 3.17 
The corresponding content is C(T) = (0,1, ..., — 1) and, clearly, sjwr = 
wr for j = 1,2,...,n — 1 (we have aj, = a; + 1). It follows that S® is the 


trivial representation of G,. 


Example 3.4.6 Let à = (1,1,..., 1) En. Then, again, there exists only one 
standard A-tableau T, namely that in Figure 3.18. 


1 
2 
n 
Figure 3.18 
The corresponding content is C(T)= (0,—1,...,—n + 1) and, clearly, 
sjwr = —wr for j= 1,2,...,n— 1 (now aj4; =a; — 1) and therefore 
S111 is the alternating representation of G,. 


Example 3.4.7 Consider the representation S"~':!. The standard (n — 1, 1)- 
tableaux are of the form shown in Figure 3.19. 


112 j-1j41 n 


j 


Figure 3.19 T; € Tab(n — 1, 1), j = 2,3,..., n. 
The corresponding content is 
C(T) = (0, 1,..., j= 2,—1, j= 1, j,- n — 1), (3.45) 


where — 1 is in jth position. Denoting by w; the normalized Young basis vector 
corresponding to T}, then the Young orthogonal form becomes 


1 1 


1 | 1 
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and 
skw; =wj, fork Aj—1,j. (3.48) 
Moreover, the branching rule yields 
Rees = SOD ea, (3.49) 


In particular, S"~':! coincides with the subspace V, in Example 1.4.5, 
namely the space of mean zero functions on L(X), where X = G,/G,_| = 
{1, 2, ..., n}. Indeed, $§”—'! is non-trivial and, by (3.49), it contains non-trivial 
G,,_-invariant vectors. These facts determine Vj: the latter is the unique non- 
trivial irreducible representation in L(X). 

Now we want to express explicitly the vectors w; as functions on X. Set 


a3 1 j-1 
wj = —— 1j- - 
1 ViG-D” j 
where ô; is the Dirac function at j and 1; = ô} + ô2 +--+ ô;, for j = 
2, E i 
It is easy to see (exercise) that {w jij =2,3,...,n}is an orthonormal basis 
for V,. 


We now show that the action of an adjacent transposition satisfies (3.46), 
(3.47) and (3.48). Indeed, 


in ee 1 1 /j- 3 
TU; WW = ; 
j” J~ won j d 
j— ls 
j on 
ie ls 
Fao! 7 


= sjW;. 


5; (3.50) 


Similarly one proves (3.47), while (3.48) is obvious. 
Exercise 3.4.8 Show that w; in (3.50) corresponds to the path 


(n—1,1I) > (1-2,D)>--- 3G, D> G-LD- G-)- VG -2) 
>.--->(2)> (1) 


in the Young diagram by examining the action of G, > G,- >- > G2 > 
6). This again identifies Ù; with wj. 
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Exercise 3.4.9 Let Ù; be as in (3.50). Show, by direct computation, that 


(Gi—1)w; fori < j 
Xiwj = -Ùj fori = j 


G@-20; fori>j 


(so that a(7;)=(0,1,2,...,7-2,-l,j—1,j,...,n — 2) € Spec(n), 
compare with (3.45)). 


3.4.3 The Murnaghan-Nakayama rule for a cycle 


Let à, u F n. We denote by xi the value of the character of S* evaluated at 
a permutation z belonging to the conjugacy class of type u (i.e. m has cycle 
structure u). In Section 3.5.5 we shall give a recursive formula for x r Now we 
limit ourselves to a particular case that will be used to prove the formula in the 
general case. 

The diagram of A is a hook if à = (n — k, 1‘) =(n—k,1,1,..., 1) (with 
k-many 1’s) for some 0 < k < n — 1. See Figure 3.20. The integer k is called 
the height of the hook. We shall also call the partition à a hook. 


Figure 3.20 The hook of height 3 corresponding to A = (7, 1, 1, 1) F 10. 
Note that a diagram is a hook if and only if it does not contain the box of 
coordinates (2, 2). We now give a formula for x 7 when u = (n). 
Theorem 3.4.10 For à + n we have 


CDt ifà=(n-—k,1*) 
Xa = S (3.51) 
0 if à is not a hook. 


Proof First note that 
X2X3--- Xn = sum of all n cycles of Gy. (3.52) 


This may be easily proved by induction, using the identity: 


(0) > yp > +++ > Qk- > A > Qik > K+1—> a) 


= (a) > a2 > +? D> 1 OO > k +1 > aq) 
(3.53) 
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fora), Q@2,..., Œg, k + 1 distinct. Indeed, for n = 2 (3.52) is trivial. Now, if we 
fix ann — 1 cycle, say, (œ > a@2 > +++ > Qy_2 > Qn-1 > Q1) € G,_; and 
we multiply it by X,, then the product splits as the sum ya > a> 

> An—2 > An—1 —> a1)(j, n). For each summand we can express the prod- 
uct as (a > a > --- > al > j > œi )(j, n) (where a}, o5,..., 015, j 
is a permutation of 1, @2,...,@,—-1) which, by virtue of (3.53), becomes 
(a, > ab > --- > œl > j — n> a) and this is an n cycle. It is clear 


that all n cycles appear (exactly one time) in the global sum. 

Moreover, note that if A is not a hook, T € Tab(A), j is the number in the box 
(2, 2) of the diagram of A, and C(T) = (a1, a2, .. . , an), then a; = O (Figure 
3.21). 


0} 1 
—1; 0 
Figure 3.21 


Consequently, X ;wr = Owr = 0 and 
X7X3---X,wr =0 forall T € Tab(A). (3.54) 
If à is a hook, say à= (n— k, 1‘), we clearly have C(T*)= 
(0, 1,2,...,n — k — 1, —1, —2, ...,—k), so that, more generally, for T € 


Tab(à), C(T) = (0, ao, a3, .. . , an) with {a2, a3, ..., an} = {1,2,... n — k — 
1, —1, -2,..., —k} (Figure 3.22). 


Figure 3.22 
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Therefore, for T € Tab(A), recalling the definition of a(T) € Spec(n) (see 
(3.26)) and Theorem 3.3.7, we have 


XX3- - X wr = aaz: -anwr = (-1) k(n — k — 1)!wr (3.55) 


Note also that, from Proposition 3.3.9 we get 


ooti n— l1 
dimS* = 3 (3.56) 
k 
Indeed, a standard tableau of shape A is determined by the k numbers placed in 
the boxes (2, 1), (3, 1),...,(k + 1, 1). 
Finally, since (n — 1)! is the number of all n cycles in G,, from (3.52) and 
Lemma 1.3.13 we get, for any A F n 


m=! 


X2X3 AR Xn w = imga X” 


(3.57) 

for any w € S*. Recall that, in our notation, X2X3--- X„w is the Fourier 

transform of X2 X3- - - X, at the representation S* applied to w. 
Then, (3.51) follows from (3.54), (3.55), (3.56) and (3.57). 


3.4.4 The Young seminormal units 


In this section, we give an expression, in terms of the YJM elements, of the 
primitive idempotents in L(G,,) associated with the Gelfand-Tsetlin bases for 
the irreducible representations (see Proposition 1.5.17). 

For each T € Tab(n), the primitive idempotent in L(G,,) associated with the 
Gelfand—Tsetlin vector wr is the normalized matrix coefficient 


d, 
er(1) = z TUT Wr) s (3.58) 


for all x € G, where à is the shape of T and d} = dimS*. We recall that, 
following the notation in this chapter, 2 wr indicates the action of m € G, on 
the vector wr of the representation S*. Moreover, if S € Tab(n) we denote 
by erws =o, S, é7(z)aws the action of the Fourier transform of er on ws 
and by eres the convolution of er and es. We can now state (see Proposition 
1.5.17) the main properties of the basis {er : T € Tab(n)} of the Gelfand- 
Tsetlin algebra G Z(n): 


(i) eres = ôr, ser 
Gi) erws = ôr,swr 


for all T, S € Tab(n). 
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Property (ii) clearly characterizes er among all the elements of the group 
algebra L(G,,). The elements er, T € Tab(n), are also called Young seminormal 
units. 

In [96, 97], Murphy gave a remarkable expression of er in terms of the YJM 
elements. This is also nicely exposed in Garsia’s lecture notes [44]. 

However, our approach is quite different from those sources, because we 
have already established the basic properties of the Gelfand—Tsetlin bases, from 
which such an expression quite easily follows. 

We introduce some notation (from [44]). For T € Tab(7), we denote by T 
the tableau in Tab(n — 1) obtained by removing from T the box containing n. 
Moreover, we denote by ar(j) the jth component in C(T), that is, C(T) = 
(ar(1), ar(2), ..., ar()). With this notation, the spectral analysis of the YJM 
elements may be summarized by the formula Xzxwr = ar(k)wr for all T € 
Tab(n), k = 1,2,...,n (see (3.26) and Theorem 3.3.7). 


Theorem 3.4.11 We have the following recursive expression for er, T € 
Tab(n) 


Xa- 
er = e7- e aN (3.59) 


(SeTab(n): ar(n) = as(n) 


S=T,SAT 
and er = 1 for the unique T € Tab(1). 


Proof We show that indeed, denoting by èr the group algebra element (recur- 
sively defined) on the right-hand side of (3.59), then rws = 67,sws for all 
S € Tab(n). By the characterizing property (ii) above, we deduce that èr = er. 

The proof is by induction on n. Suppose that S 4 T. This means that either 
S and T have different shapes, or that they have the same shape but a different 
placement of the numbers 1, 2,..., — 1. In both cases, we have: 


erws = erwy =0. (3.60) 


Indeed, the first equality follows from the fact that èF € L(G,_1), and therefore, 
to get the action of @7 on ws we have to restrict to G,_; the irreducible 
representation containing ws (thus obtaining the vector wy). Moreover, the 
second equality follows from the inductive hypothesis. 

On the other hand, if S = T but S Æ T, then X,ws = ds(n)ws, so that 
erws = 0, because the factor X, — as(n) appears in èr (the second factor in 
the right-hand side of (3.59)). 


120 The Okounkov—Vershik approach 


Xn—-as(n) 


ar(n)—as(n) Wp = Wr for 


Finally, we have X„wr = ar(n)wr and therefore 
all S € Tab(n) such that S = T and S Æ T, so that 


z i z Xn =) as(n) ü 

TWT S= ET: I] Me ape NT 
SeTab(n): ar(n) — as(n) 
S=T,SAT 


= e@pwr 
= UT. 


Note that the third equality may be derived by restricting to G,,_;, along the 
lines of the first equality in (3.60). 


On the other hand, the Fourier inversion formula in Proposition 1.5.17 
immediately yields the following expression of X% in terms of the Young 
seminormal units: 


Proposition 3.4.12 Fork = 1,2,...,n we have 
X= > ar(ker. 
T €Tab(n) 


Exercise 3.4.13 (1) Let T be the unique standard tableau of shape (n) (see 
Example 3.4.5). Show that 


1 n 
er = -iet 
j=! 


Prove also that er = 4 D re, x in two ways: (i) by means of the representa- 
tion theory of G, and (ii) as an algebraic identity in G,. 

Hint. If x € G,,, then there exists a unique o € G,_, and j € {1,2,..., n — 
1} such that x = o (j > n > j). 

(2) Let T be the unique standard tableau of shape (1”) (see Example 3.4.6). 
Show that 


1 n 
er=— | Ja - x». 
b 


As in (1), give two proofs of the fact that er = 4 2 reS, elmi. 
(3) Let T; be the standard tableau of Example 3.4.7. Show that 


pay 4 
er, = 4 eo- [] X&+ 
` Lisl 


n\(n —2 Bar 
i=j+1 
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Exercise 3.4.14 Set Sà := L(G, )er (the set of all convolutions fer, with 
f € L(G,)). Show that L(G,) = @,_, Prerio) S} is an orthogonal decom- 
position of the left regular representation of 6, into irreducible representations 
and that SÀ is an eigenspace of the operator f +> fX, (right convolution by 
Xx), with corresponding eigenvalue equal to ar (k). 


Hint: look at Exercise 1.5.18 and Exercise 2.2.4. 


3.5 Skew representations and the 
Murnhagan-Nakayama rule 


In this section, we define the skew representations of the symmetric group. 
Then, we prove the Murnhagan—Nakayama rule which enables us to recursively 
compute the characters of 6,. 


3.5.1 Skew shapes 


LetO < k <n. LetaA = (Ay, à2, ..., à) F nand u = (U1, M2, ..., Us) F (n — 
k) with s <r and u < à (recall that the latter means that u; < A; for all 
j =1,2,...,5). Then, the skew shape à /u is obtained by removing from the 
shape of à all the boxes belonging to u. For instance, if A = (8, 4,3) and 
u = (3, 2), then A/ is shown in Figure 3.23. 


Figure 3.23 The skew shape (8, 4, 3)/(3, 2). 


We also denote by |A/j4| = k the number of boxes of the skew shape 1/1. 

Let 1 < i < s — 1. If u; < Aj41 we say that the rows i andi + 1 of A/ are 
connected. On the contrary, if u; > Ai+1 we say that they are disconnected: see 
Figures 3.24(a)(b). 


li Ài 


i+ Ni+1 


Figure 3.24(a) u; < A;41: the rows i andi + 1 are connected. 
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Hi Ài 


Hi+1 Ai+1 
Figure 3.24(b) mi > Aj41: the rows i andi + 1 are disconnected. 

We say that à /u is connected if all pairs of consecutive rows in À /u are con- 
nected. Otherwise, we shay that à /u is disconnected . If all pairs of consecutive 
rows are disconnected we say that A/j is totally disconnected (in Macdonald 
[83], a totally disconnected skew diagram is called a horizontal m-strip). This 
last condition is equivalent to having: s < r < s + 1 and 


Ay È by È Ad È M2 È -+ È Ms È Às È Ms È Ast. 


Example 3.5.1 
(i) Let à = (8, 4, 3) and u = (3, 2), then A/ is connected (see Figure 3.23). 
(ii) Let A = (8, 3, 3) and u = (3, 2), then à /u is disconnected (Figure 3.25): 


Figure 3.25 (8,3,3)/(3,2) is disconnected. 


(iii) Let A = (8, 3, 1) and u = (3, 2), then à /u is totally disconnected (Figure 
3.26): 


Figure 3.26 (8,3,1)/(3,2) is totally disconnected. 


Note that if the diagonals of à are numbered by the quantity (jth coordinate 
— ith coordinate) (see Section 3.1.5), then A/j is connected if and only if the 
numbers of the diagonals of à /u form a segment in Z. 

A standard tableau of shape 4/1 is a bijective filling of the boxes of 1/1 
with 1, 2,..., k such that the numbers are in increasing order from left to right 
along the rows, and from up to down along the columns. 
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If T is a standard tableau of shape A/, the content of T is (as in (3.5)) 
C(T) = G0) — i0), 72) — i, ..., jk) — i(k), 


where (i(t), j(t)) are the (i, j)-coordinates of the box containing t = 
1,2,...,k. For instance, the tableau T in Figure 3.27 is standard 


1/4/5|9|10 
213 
6|7|8 


Figure 3.27 A standard tableau of shape (8,4,3)/(3,2). 


and its content is 
C(T) = (3, 1, 2, 4, 5, —2, —1, 0, 6, 7). 


Denote by Tab(A/,1) the set of all standard tableaux of shape A/w. If A = 
1 > AG-D _, ... = AM — 1. = u is a path from A to u in the Young 
poset Y, then we may construct a standard tableau T € Tab(A/jz) by placing 
the number j in the box 1Y/AYU-), j =k,k—1,...,2. This way, we get a 
bijection 


{Path in Y from A to u} > Tab(à/ u) (3.61) 


that generalizes (3.8). 

Let T e Tab(A/j). An adjacent transposition s; is admissible for T if s; T 
is still standard. The following theorem is a straightforward generalization of 
Theorem 3.1.5 and its corollary. 


Theorem 3.5.2 Let T, R € Tab(A/w), a € Gx and suppose that nT = R. 
Then R may be obtained from T by a sequence of (x) admissible trans- 
positions. 


Proof Consider the box that contains the number k in R and let j denote 
the corresponding number in T. Then s, is admissible for s,_,s,_2---s;T, 
h=j,j+1,...,k—1 and k is placed in the same box of sy_;sp_-2--- 
sjT and R. Continuing this way, with k —1,k —2,...,2, one proves the 
theorem. 


3.5.2 Skew representations of the symmetric group 


Let 1 < k <n and denote by ©,- and G; the groups of all permutations of 
{1,2,...,n — k} and {n — k + 1,n — k + 2, ..., n}, respectively. Viewed as 
subgroups of G,,, they commute: if o € G,_, and a € Gz, then orx = mo. 
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LetA F nandwbrn—k. 

Recall that S” is contained in Rese , S* if and only if there exists a path in 
Y from å to u, and this is in turn equivalent to À > p. 

There is a natural representation of ©, on Home, _,(S“, S*): for ® € 
Home,,_,(S", S>) and mw € G,, then m ® is well defined. Indeed, x acts on 
S` (recall that we have identified 2 with the Fourier transform 4(5,) = A(z). 
Moreover, 7 ® € Homey,,_,(S", S>), because r commutes with G,,_;. This rep- 
resentation is called the skew representation of Gx associated with A/w. It is 
denoted by $*/#. 

Note that dimS*/“ = |Tab(A/j)|. Indeed, dimS*/“ equals the number of 
paths in Y from A to u and this, in turn, equals |Tab(A/;2)| (see (3.61)). 

For the moment, we assume that the tableaux in Tab(A/,z) are filled (in a 
standard way) with the numbers n —k+1,n—k+2,...,n.Let R € Tab(w) 
(filled with 1,2,...,n — k) and T € Tab(A/j). We can define a standard 
tableau R U T simply by filling the boxes of à according to R (for the numbers 
1,2,...,n—k)andtoT (forn -—k+1,n—k+2,...,n). 

For instance, if R is as shown in Figure 3.28(a), 


12/4 
3/9 


Figure 3.28(a) 


and T is as shown in Figure 3.28(b), 


~ 
© 


11/13 


6/8 
10/12/14 


Figure 3.28(b) 


then R uU T is equal to the tableau shown in Figure 3.28(c) 


j=% 


2/4) 7/9 (11/13 
5/|6|8 
10/12/14 


Figure 3.28(c) 


w 


For every T € Tab(A/,2) we define a linear operator 


r : S. > S 
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by setting 
®rwr = Wrur 


where wp (resp. WRyr) is the vector of Young’s orthogonal form (see Theorem 
3.4.4) associated with R (resp. R u T). 


Theorem 3.5.3 The set {r : T € Tab(A/j2)} is a basis for S*/_ Moreover, 
for T € Tab(A/) and j =n—-—k+1,n—k+2,...,n—1, we have 


1 
-z PsjT 


1 
SDr bra 1-5 


where, for C(T) = (Gn—k+15 Gn—k42, +++, An), r = Aj41 — a; is the axial dis- 
tance from j +1 to j inT. 


Proof This is an immediate consequence of Theorem 3.4.4 and of the following 
obvious identities. For R € Tab(w) and T € Tab(A/j2) then 


sj(RUT)=(s;R)UT for j =1,2,...,.2—k—-1, (3.62) 


s(RUT)=RU(s;T) forj=n—k+1,n—k+2,...,n—1. (3.63) 


Suppose that C(R u T) = (a1, a, ..., an). Then, from (3.62) and Theorem 
3.4.4 we get, for j = 1,2,...,n— k— 1, 


sjDrwrR = SjWRUT 


1 1 
= Z WRUT ae 72 Ws; RUT 


= PrsjwR 


where r = aj+ı — aj is the axial distance from j + 1 to j in R (and therefore, 
also in R u T). This shows that ®r € S*/”, Moreover, Pz, S> L @7,S*/ if 
T, # T, and since dimS*/# = |Tab(A /j2)|, then {r : T € Tab(A/j2)} is a basis 
for S4/#, 

Finally, for j =n —k+1,n—k+2,...,n—1, from (3.63) we get 


sjPrwrR = Sj WROT 


1 1 
—wrur + 4/1 — -3 WRUGJT) 
r r 
1 1 
-Pr 4) 1 Oar | WR 
r r 
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where r = aj41 — a; is the axial distance from j + | to j in T (and therefore, 
alsoin RUT). 


Let ¢ be a nonnegative integer and denote by ©; the symmetric group acting 
on the segment {t +1,t +2,...,t +k}. Then we can construct S*/“ just 
using the explicit formulas in Theorem 3.5.3. We shall use these formulas in a 
slightly different notation: we say that in S*/“ there exists an orthonormal basis 
{wr : T € Tab(A/p)} (T filled witht + 1,f+2,...,¢+4), called the Young 
orthogonal basis, such that, for j =t+1,¢+2,...,t+k— 1, we have 


1 


1 
Sj WT = —-wWwr + 1— -z WsjT (3.64) 
r r 


where r is the axial distance from j + 1 to j in T. 


Remark 3.5.4 The representation S*/” depends only on the shape of the 
skew tableau 4/2 and it is invariant with respect to translations. This means 
that if t > 0, AY = (A, +t, à2+t,..., àr +t) and w = (uy +t, u2 + 


t... hs +t, t,t, ..., t), then S/P & ge, 
—— 
r—s 
Similarly, if A@=(ay,02,...,0;,41,A2,...,A,) and p= 
(01, 02,...,Q%, Hi, f42,.-.,Ms), With a) >a,>--->a;>A1,_ then, 


again, SHO & Sale, 
Moreover, if 4/j is connected, A; > u; andr > s, then we say that À and 
y give the minimal realization of à / u. 


3.5.3 Basic properties of the skew representations and Pieri’s rule 


In this section, we collect some basic properties of the skew representations 
that will be used to prove the Murnaghan—Nakayama formula and the Young 
rule (Section 3.7). 

We start by introducing a notion which is a slight generalization of that of a 
partition. 

Let k be a positive integer. A sequence b = (bj, b2, ..., be) of positive 
integers is an €-parts composition of k if bj + b2 +---+ be =k (therefore, 
a partition is a composition with the property that bı > b2 > --- > be). Let t 
be a nonnegative integer and denote by 6; the symmetric group acting on the 
segment {t+ 1,¢+2,...,¢+k}. The Young subgroup associated with b is 
given by 


6G, = Gp, xX Gp, X +++ X Gy, 
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where Gy, acts on {t + bı +by+---+bj-1+1,t+b, +b. +---+bj-1+ 
2,...,¢ Abort brt etb 


Proposition 3.5.5 Let b = (bi, bz, ..., be) be a composition of k. Then 
Reset S*/# = QB (oe SPO paw oe) 


where the sum runs over all sequences AO = uaa. K AED KAO = 
à such that |AP/AU-?| = bj, for j = 1,2,..., £ 


Proof A closer look at the proof of Theorem 3.5.3 reveals that 


Rees = Q (s a e). (3.65) 
pen—k: 
UÀ 
It suffices to note the following fact: if T € Tab(A), then the boxes occupied 
by the numbers 1, 2, ..., n — k in T form the diagram of a partition u ofn — k. 
The present proposition is an obvious generalization of (3.65). 


In general, S*/“ is not irreducible. However, the following holds. 
Proposition 3.5.6 For every T € Tab(A/j), wr is acyclic vector in S*/", 


Proof Fix T € Tab(A/j2) and let V be the linear span < mwr : a € Gx >. For 
every R € Tab(A/,), let zr € G; denote the permutation such that nRT = R. 
We shall prove, by induction on ¢(7rR), that wr is in V. If €(R) = 1, the 
statement follows from (3.64). If (zpr) > 1, let R € Tab(A/j2) be such that 
L(rR,) = (tr) — l and rr = 8; 7p, for some adjacent transposition s; (recall 
Theorem 3.5.2). Therefore R = s; R1, and if the proposition holds true for Rj, 
that is, wr, € V, then, applying again (3.64), we get wr E V. 


Let now A = (Aq, Ao, ..., Ar) Rn and u = (M1, U2, ..., Us) Fn — k with 
uzà. 


Proposition 3.5.7 Suppose that the rows h and h + | are disconnected in à /u 
and denote by 0 /v and n/t the skew diagrams formed with the rows 1,2,...,h 
andh+1,h+2,...,r ofà/u, respectively. Suppose that |0 /v| = m (so that 
|n/t| = k — m). Then 

Si" = Ind@t (5°! ma s”). 


mX Gk-m 


Proof Consider the subspace W of S*/“ spanned by all the wr, with T € 
Tab(à/u), such that: the boxes in @/v contain the numbers 1, 2,...,m, and 
those in 7/t contain the numbers m + 1,m+2,...,k. Clearly, W = Sse” X 
S"/™ as a Gm X Gym representation (apply the Young orthogonal form). Let 
S be a system of representatives for the cosets of Gm x Gx_—m in Gz. We must 
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show that S*/“ = @,<¢57 W (with direct sum). First of all, S*/” is spanned by 
the subspaces z W because every Young basis vector is cyclic (by Proposition 
3.5.6). 

On the other hand, we have 


k 
dimS*/# = |Tab(A/2)| = ( ) aims? - dims” = |S|dimW. 
m 
Indeed, to form a standard A/j tableau T we must choose an m-subset A in 


{1,2,...,} and then form a @/v tableau with the numbers in A and an 7/t 
tableau with numbers in A‘ (@/v and n/t are disconnected). 


Corollary 3.5.8 Suppose that 4/~ is totally disconnected and that 
bı, b2, ..., by are the length of the (non-trivial) rows of à / u. Then 


SE = ndg (SO? A SO K -a S) 


where b = (bi, by, ...., b), that is, S*/" is isomorphic to the permutation rep- 
resentation of S; over ©; /Gy. 


Example 3.5.9 Take A = (k, 1) and u = (1). Let w; be the Young basis vector 
associated with the standard tableau 


1} 2]...)...%-ap+i...]...]) & 


Figure 3.29 


for j = 1,2, ..., k (Figure 3.29). Then the Young formula gives 


1 1 
wj = ——w;+,/1—-—~u; 3.66 
i= fae a gee vee 
1 | 1 
eee ae (3.67) 


SiWj = Wj, fori A j —1, j. (3.68) 


and 


On the other hand, by Corollary 3.5.8 we have that S*/“ is isomorphic to 
the permutation module L(X), where X = G;/(Gx_; x G1) = {1,2,..., k}. 
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Indeed, an explicit formula for w1, w2,..., wg as vectors in L(X) is given by 


JEFI 
w; = 1, 
ass! it aaa 


where 1; = 6; + 62 +---+). 


Exercise 3.5.10 Prove that w), wo,..., wx is an orthonormal system in L(X) 
and that (3.66), (3.67) and (3.68) are satisfied. 


Exercise 3.5.11 (a) Let Gx; act on Y = {0,1,...,k}. For j =1,2,...,k, 
set 


1-—Vk+1 1 


u; =ô; + ôo, 
pS ERE ET REL 
where 1, = ôi +6.+---+d,. Prove that u1, u2,..., ug iS an orthonormal 


basis in SŁ! C L(Y) (see Example 3.4.7) and that the map 
L(X) > 5; > uj € Resi! S% 


is a unitary isomorphism of G,-representations. 

(b) Use (a) and Example 3.4.7 to give another solution of Exercise 3.5.10 
(note also that S“)/ = Home, (S®, S+!) = Reset! SED), 

(c) Show that fork > i > j, the vector w; is not an eigenvector of the YJM 
operator X;. 


Proposition 3.5.12 The multiplicity of the trivial representation S® in S*/" is 
equal to 1 if X/ is totally disconnected, O otherwise. 


Proof If 4./ is totally disconnected, then S*/“ is a permutation module (with 
respect to a transitive action) and therefore it contains S“ with multiplicity 
one. 

Suppose now that à /u is not totally disconnected, that is, there are two con- 
nected rows. Then, there exists a standard A/j-tableau T with two consecutive 
numbers £ and £ + 1 one the same column. This is clear if A/j has only two 
rows (Figure 3.30): 


ttl e+ t42 
£ |£+2 -1 +1 +r 


1 £-1) £+1| £43 L+2t 


Figure 3.30 
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and this trick may be easily adapted to the general case. Then sewr = —wry and 
therefore S*/“ cannot contain the trivial representation. See Corollary 1.1.11 


and Proposition 3.5.6. 


The following corollary is a generalization of the branching rule. 


Corollary 3.5.13 Let 4. n and u F n — k be two partitions. Then the multi- 
plicity of S* X S® in Rese’ xe, S? is equal to 1 if u < à and X/ is totally 
disconnected, and 0 otherwise. 


Proof This is an immediate consequence of Proposition 3.5.5 (more precisely 
of (3.65)) and Proposition 3.5.12. 


Applying the Frobenius reciprocity (cf. Theorem 1.6.11) we immediately 
get the following. 


Corollary 3.5.14 (Pieri’s rule) For u | n — k we have 
Inde” xe, (S“ R S™) = =@ s 


where the sum runs over all partitions à - n such that u < à and à /u is totally 
disconnected. 


3.5.4 Skew hooks 


Let à = (Aj, à2,..., àp) F n and u F n — k be two partitions. We say that À / u 
is a skew hook if the corresponding diagram is connected and does not have 
two boxes on the same diagonal. This is equivalent to the following condition: 
the content of à /u is a segment of integers of length |à / u|. Moreover, if A and 
u form a minimal realization of à /u (see Remark 3.5.4), then A; = wj—1 + 1 
fot] =2,3,...,7r 

The height of a skew hook à /u, denoted by (à /u}, is equal to the number 
of rows — 1; if A and u are minimal, it is equal to r — 1 and à; =k -r +1 = 
k — (à/u). 


Figure 3.31 The skew hook (6, 4, 2, 2, 2)/(3, 1, 1, 1). 


In the example in Figure 3.31, one has ((6, 4, 2, 2, 2)/(3, 1, 1, 1)) = 
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Theorem 3.5.15 Suppose that à /u is connected and that y + k is the hook of 
height h, that is, y = (k — h, 1"). Then, the multiplicity of SY in S*/" is equal 
to 1 if X/ is a skew hook of height h, 0 in all other cases. 


Proof We split the proof into three steps. 


Step 1 First suppose that À / u is not a skew hook. Then it contains a subdiagram 


of the form CO. Moreover, there exists Tọ € Tab(A/j1) such that contains 
four consecutive numbers, say t, t + 1, t + 2, t + 3. Indeed, if we divide à /u 
as in Figure 3.32, 


A, 


A2 


Figure 3.32 


we can certainly take t = (number of boxes in A) + 1. 

Let V be the subspace spanned by all tableaux wr with T € Tab(à/u) that 
have t,t+ 1,t+2,t+3 in and coincide with Tọ in A; and A2, and let 
G; be the symmetric group on {t,t + 1, t + 2, t + 3}. Then, from the Young 
orthogonal form we deduce that V is G4-invariant and isomorphic to $>? (note 


also that G4 is conjugate to the symmetric group on {1, 2, 3, 4}). 

Since (2, 2) is not contained in y (this is a hook), then S>? is not contained in 
Rese! SY and therefore, by Frobenius reciprocity (Theorem 1.6.11), we deduce 
that S” is not contained in Inde" sez, 

Arguing as in Proposition 3.5.7 (that is, using Proposition 3.5.6; see also 
Exercise 1.6.3) we can construct a surjective intertwining map 


Inde’ s? = CBs?” + sve 


meS 
(where S is a system of representatives for the G4 cosets in Gx. Clearly, in the 


present case, the map above fails to be injective). 
In particular, S*/“ also cannot contain S”. 
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Step 2 Suppose now that A/j is a skew hook with (A/j) 4 h. Assume also 
that A and u yield a minimal realization of à /u. Then (A/u) =r — 1 and à; + 
r—1=k and we have h >r — 1 (if (A/p) < h), or à < k — h (if (à /u) > 
h). In both cases, y % A and therefore Rese" S* does not contain S”; since 
Sr/h < Rese" S? (see (3.65)), then S*/“ does not contain S” either. 


Step 3 Finally, suppose that 2/ is a hook with (A/j) = h and that à and u 
yield a minimal realization of à / u. In this case, à /y has shape u (Figure 3.33): 


Figure 3.33 


Therefore, S’/” & S” as G,,—x-representations. Then, an application of (3.65) 
ensures that the multiplicity of S” KS“ = S” X S^ in Rese: 5 S* is equal 
to 1. 

Therefore, we end the proof if we show that the multiplicity of S” in S*/“ 
is equal to the multiplicity of S” X S” in Resa’ ee. S*. But this is, again, a 
consequence of (3.65) and the following observation: if 0 F k and 0 < A, then 
à/0 is a skew hook if and only if 0 = u (since A, are minimal, every skew 
hook of the form 4/6 is contained in A/j). Therefore, from Step 1, if S*/? 


contains S”, then 0 = u. 


3.5.5 The Murnaghan—Nakayama rule 
Let A/ be a skew shape with |A/jz| = k. 


Theorem 3.5.16 The character of S>” on a cycle of length k is given by the 
following rule: 


af (12 k) ( ye ifà/u i kew hook 
x a ah — SAS 
0 


otherwise. 
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Proof First of all, suppose that à /u is not connected. Then, from Proposition 
3.5.7 we know that 


sv" = Inde 


O/v r 
en /v g gal ) 


for suitable m, 0, v, n and T. 

But a cycle of length k is not conjugate to any element in G,, x Gk-m, 
and therefore Frobenius character formula for an induced representation (cf. 
Theorem 1.6.7) ensures that x*/“(12---k) = 0. 

Now suppose that 4/j is connected but is not a skew hook. Then no irre- 
ducible representation of the form S”, with y H} k a hook, is contained in 
Sie (cf. Theorem 3.5.15) and therefore, by Theorem 3.4.10, we again have 
x> (12 ---k)=0. 

Finally, suppose that A/jz is a skew hook and set h = (A/j). Again, from 
Theorem 3.5.15 we deduce that S*~"" is the unique irreducible representation 
of G, associated with a hook contained in S*/“, and its multiplicity is equal to 
1. Another application of Theorem 3.4.10 ends the proof. 


Theorem 3.5.17 (The Murnaghan-—Nakayama rule) Leto | k. Then 
i 
7 


where, if o = (01, 02,...,0¢), the sum runs over all sequences S = 
AO =u AP k. ~ VEY < AO = 1) such that |AP/AI-Y| = o; and 
AP /A97D is a skew hook, j = 1,2, ..., £, and (S) := Eia AMA), 


Proof Set 6, = Ga X Go, X= X Go where Go, acts on 
fo, +---+oj1+1,...,0,+-->+o;}. Set w=(1,2,...,0,)(o + 
l,o; +2,..., 01 +02): (01 +--+ 01 +1,...,0, +--- +0). Note 
that it belongs to G, and has cycle type øo. Then, from Proposition 3.5.5 we 
get 


£ 
OG- 
x) = YT] A VLSI 


S j=l 


where the sum runs over all sequences A® = u < AW <- < A®D KAO = 
à such that |A/AYV~P| = øj, for j = 1,2,..., £, and an application of Theo- 
rem 3.5.16 ends the proof. 


Remark 3.5.18 In Theorem 3.5.17, the condition o] > 02 > +--+ > og is not 
necessary. Indeed, let b = (b1, b2, ..., be) be a composition of k. A rim hook 
tableau of shape à /u and content b is a skew tableau T (of shape à /u), filled 


134 The Okounkov—Vershik approach 
with the numbers 1, 2,..., £ (with repetitions) (see Figure 3.34) in such a way 
that 
(i) b; is the number of j’sin T, j = 1,2,..., £; 
(ii) the numbers are weakly increasing along the rows and the columns; 


(iii) for j = 1,2,..., £ the boxes occupied by j form a skew hook T}. 


The height (T) of T is the sum of the heights of the T;’s: 


j=l 
1/1/38|3 4/4 
1|1/2/315]|5 

2|2|2|2|5]|5 


Figure 3.34 A rim hook tableau T of shape (8,7, 6)/(2,1) and content 
(4, 5,3,2, 4) with (T) =1+1+1+0+1=4. 


Then the Murghanan—Nakayama rule may be also expressed in the following 
way: if x is a permutation of cycle type (b1, b2, ..., be) then 


Gr) = j ena 
T 
where the sum is over all rim hook tableaux of shape A/j and content 
(b1, b2, ..., be). 


Example 3.5.19 Take à = (5, 4, 3) and u = Ø and suppose that m € Gj has 
cycle type (1, 2, 3, 6). There are only two rim hook tableaux of shape à and 
content (1, 2, 3, 6), namely those in Figure 3.35. 


1/3/3|4/4 1|2|2|4|4 
Ty = |2|3|44 Th = |3|3|4]|4 
2/4|4 3/4]4 


Figure 3.35 The two rim hook tableaux of shape (5, 4, 3) and content (1, 2, 3, 6). 


Since (Tı) = 4 and (T>) = 3, we have x*(7) = (-1)* + (—1} =1-1= 
0. 


3.6 The Frobenius—Young correspondence 135 


3.6 The Frobenius—Young correspondence 


In this section, we introduce a class of permutation representations of ©, 
naturally parameterized by the partitions of n. Our exposition is inspired by the 
monographs by James and Kerber [66], Macdonald [83] and Sternberg [1 15]. 
In particular, Sections 3.6.2 and 3.6.3 are based on Vershik’s paper [120]. 


3.6.1 The dominance and the lexicographic orders for partitions 


Definition 3.6.1 Let à = (Aj, à2, ..., àn) and u = (H1, H2, ..., Hk) be two 
partitions of n. 
We say that u dominates à and we write 


Adp 


ifk < hand 


j j 

Soa < So ui 

i=l i=l 
for j =1,2,...,k. 


For instance one has (5, 3, 1) © (4, 3, 2). The relation < is a partial order 
and the partitions (1, 1,..., 1) and (7) are the minimal and maximal elements, 
respectively. The order is not total: for instance, the partitions à = (3, 3) and 
u = (4, 1, 1) are not comparable. 

We say that u is obtained from à by a single-box up-move if there exist 
positive integers i and j with i < j such that jg = A, for all £ Ai, j and 
Hi =A; + land å; = uj — 1. Clearly, if is obtained from å by a single-box 
up-move, then A < u. 


Proposition 3.6.2 Let à and u be two partitions of n. Then u © À if and only 
if there exists a chain 


Maagia...a,s <15 


where ìà? = A, à$ = w and i'*! is obtained from i! by a single-box up-move, 
i=0,1,...,s—1L. 


Proof The “if” part is obvious. Suppose A = (Aj, Az, ..., àn) is dominated by 
Lh = (hi; Hzer We) AA and set wu; =O for j=k+1,k+2,...,h. Lets 
be the smallest positive integer such that )~)_, A; < }7}_, Mi, denote by t the 
smallest positive integer such that u, < A; and by v the largest integer such 
that A, = A,;. Then we have 
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(P1) Mi = À], U2 = ha, ... , Hs—1 =As-1 and [Ls > Às; 
(P2) uiz à; i=s+1,s+2,...,t—l; 
(P3) Ai => p> ui i=t+1,t +2... 


It particular, from (P1) it follows that t > s. Moreover, from (P1), (P2) and 
(P3) it follows that the the quantity )°;_, ui — }-;—; å; is positive for z = s 
and z = v — 1, not decreasing fors < z < t — 1, decreasing fort < z < v — 1. 
Then we have 


(P4) ie wi > DLA fors<z<v-l. 
Define a partition A | n by setting 
i= (At, A25... Às—1, As F Aspin AgI Av T 1, àv+1s -++ Àn). 


Note that à is a partition because (P1) implies that Aṣ—-1 > A, + 1 while 
Ay > Av+i implies A, — 1 > Ay41. Moreover, i is obtained from À by a single- 
box up-move. 

Now, (P4) implies that 1 < u. Thus, setting A! = À, à? =A! and so on, 
then, after a finite number of steps, we eventually obtain A* = u. 


For instance, if A = (4, 4, 4) and u = (8, 3, 1) we obtain the following chain 
of partitions: 


(4, 4, 4) < (5, 4, 3) < (6, 3, 3) < (7, 3, 2) a (8, 3, 1). 


Let A = (Aj, Az, ..., Ax) F n. Note that in the diagram of à there are t := 
A, columns and the jth column contains exactly A; = |{i : A; > j}| boxes. 
The conjugate partition à’ of À is defined by A’ = (Aj, A4,..., à$). Clearly its 
associated Young diagram is obtained by transposing (that is, reflecting with 
respect to the main diagonal) the Young diagram of à (Figure 3.36). 


YA N Ài Ag Àk 
Ài nN 
Àz ae hy 
À; 
Àk 
à = (Ay, À2,..., Àk) A = (A, Ah, e AL) 
Figure 3.36 


Note that (A'Y = à so that à; = |{i : à; > j}|. The following proposition 
connects the partial order < with the conjugation. 
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Proposition 3.6.3 We have à < u if and only if w IX. 


Proof In view of Proposition 3.6.2 it suffices to prove this fact when u is 


obtained from à by a single-box up-move. But this is obvious. 


Suppose now that A n and y F n — 1. We recall (see Section 3.1.6) that 
A covers y if the Young frame of y can be obtained by removing a single box 
from the Young frame of À. 


Lemma 3.6.4 Let A. = (Aj, A2,...,An) and u = (M1, W2, .-., Uk) be two par- 
titions of n. Then the following two conditions are equivalent: 


(ajAdpu 
(b) For every p covered by u there exists y covered by i with y < p. 


Proof We first show the implication (a)=(b). Suppose that à < u and that p 
is obtained from u by removing a single box from row i. Let j > 1 be the 
largest integer such that A; = A;. Note that if j > i then uı > A, (because 
Hi > Hi+ı and A; = Az =--- = Aj41). Therefore, defining £ as the smallest 
positive integer such thatA; + à2 + +- + Àe = ui + u2 +--+- + Le, then, nec- 
essarily, £ > j: otherwise, we would have jue41 < He < Ae = àge41 and there- 
fore yı + U2 +: + Mey, < Ay + À2 +- +Acq1, contradicting à < u. This 
shows that removing a box from the jth row of à one gets a partition y satisfying 
y < p (if j < i this is obvious). 

Now assume that à and u satisfy condition (b). Let j be the largest positive 
integer such that 4; = uj, so that the rightmost box in the jth row of u is 
removable (it is the highest removable box). Let p be the partition obtained 
by removing that box. Then there exists a partition y F n—1 covered by À 
such that y < p. Suppose that y is obtained by removing a box from the 
ith row. If j <i we immediately conclude that also à < u. Suppose that 
j>i. Since pı = p =+: = pja = Hi Pitot: +pi ayt 
tee + yj-1 and wy È Yi-1 =S Ài-1 È Ài > Yi = Vin È +- = Yj-1, then 


Pit pot-:-+tpe>VMtywt---+yv £=i,i+1,...,j-1 


and this shows that also in this case we have A < u. 


Now suppose that A = (A1, A2,..., Ax) and u = (H1, H2, ..., Hs) are par- 
titions of n. We write à < y if there exists an index j € {1,2,..., min{k, s}} 
such that A; = u; fori = 1,2,..., j — landà; < uj. This is a total order on 
the set of all partitions on n, that is, it is an order relation and we always have 
à < u, à = u or à > p; it is called the lexicographic order. Moreover, it is 
a refinement of the dominance order (cf. Definition 3.6.1), as is shown in the 
following proposition. 
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Proposition 3.6.5 If à < u then à < n. 


Proof Suppose that à Æ m and let j be the largest index such that à; = u; for 
i = 1,2,..., j — 1. Ifà < u then necessarily 4; < mj. 


À H 


Figure 3.37 à, u F 10 with à < wanda A u 


Let M = (M(A, /4)), u-n be a matrix indexed by the partitions of n. We say 
that M is upper unitriangular with respect to © if M(A, à) = 1 for allà F n 
and M(A, u) = 0 unless à © u. 


Lemma 3.6.6 Let M = (M(A, W) u-n be an integer valued matrix upper uni- 
triangular with respect to ©. Then M is invertible and its inverse is still integer 
valued and upper unitriangular. 


Proof By Proposition 3.6.5, M is also upper unitriangular with respect to > 
which is a total order. Therefore, the statement follows from Cramer’s rule. 


3.6.2 The Young modules 


Let m be a positive integer. Given two h-parts compositions of m, a = 


(a1, a2,..., ap) and b = (bı, b2,..., bn), we say that b is obtained from 
a by a permutation if there exists m € G, such that (bı, b2,..., bn) = 
(Ax(1), Ax(2), - - +, An(h)); if this is the case, we then write b = xa. 

In particular, there is a unique partition à = (Aj, A2,...,A,) F n that may 
be obtained from a by a permutation; we say that A is the partition associated 
with a. 

For instance, if a = (5,7, 2, 3, 4) then A = (7,5, 4, 3, 2). 

Let a =(a),q@,...,a,) be a composition of n. A composition of 


{1, 2, ..., n} of type a is an ordered sequence A = (A1, A2, ..., An) of subsets 
of {1,2,...,m} such that |A;| =a; for j = 1,2...,h and A; N Aj = Ø for 
i Æ j. Note that these facts imply that A; |] A2][---[L] An = {1, 2,..., n}, in 
other words, (A1, A2, ..., An) is an ordered partition of {1, 2, ...,}. More- 
over, Ap is always determined by Aj, Az,..., An—1. 
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Denote by Qa the set of all compositions of {1,2,...,} of type a. 
The symmetric group G, acts on Qa in the natural way: if o € G, and 
A= (Aj, A2,..., An) E Qa then oA = (o Aj, 0 A2,..., 0 An). This action 
is transitive. Moreover, if we fix A = (Aj, A2,..., An) E€ Qa then the sta- 
bilizer of A is isomorphic to the Young subgroup Gz, x Ga, X ++- X Ga, (see 
Section 3.5.3). Indeed, it consists of all o € G, such that oA; = A; for all 
i=1,2,...,h,sothato = 0102- -+ on with o; € ©, the symmetric group on 
Aj,i = 1,2, ..., h. Then we can write 


Qa = Gn/(Ga, X Ga, X +++ X Ga,). 


Note that if the composition b is obtained from a by a permutation, then 
Qa = Qp as homogeneous spaces, so that Q, = Q, where A is the partition 
associated with a. 

The Young module of type a is the G,-permutation module L(Q,). It is 
usually denoted by M“. 

Again, if b and À are as above, then M¢ = M? = M+, so that we might limit 
ourselves to partitions. Note also that when A = (n — k, k) has two parts, then 
M"-*-« is exactly the permutation module introduced in Example 1.4.10. 

In terms of induced representations we can write 


a GS, 
M = Inds" x6 XX Gap Sa X Say XX San 


a 


and obviously 


la x Oax xa, ~ lOa B ln @ +++ @ ls, - 


Suppose that A = (à1, à2,..., An) is a partition of n and y is a partition 
of n — 1 covered by à (see Section 3.1.6). Then there exists 1 < j < k such 
that y; = A; — l and y, =A, for t # j. We define C(A, y) as the number of 
1 <i < h such that A; = Aj. 


Lemma 3.6.7 


Ress’ M= @ ca, ym”. (3.69) 


yFn-1: 
yzì 


Proof This is an application of (1.64). Set Q; = {(B1, B2, ..., Bh) E Quine 
B;}. Then Hi- Q; = Q, is the decomposition of Q, into G,_1-orbits. More- 
over, if Aj) > Aj = Aii = +++ = Àj > Aj4i and y H n—1 is obtained from 
à by removing a box from the jth row, then Q; = Qi S- = Qj = Q, as 
G,„-ı-homogeneous spaces. Therefore, (3.69) holds. 


For a partition A n, denote by e, the alternating representation of the 
Young subgroup G, = G,, x Gy, x +- x G,,. This means that if o € ©, 
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then e,(0) = 1 if o is even, while ¢,(0) = —1 if ø is odd. We may also 
write €, = Rese"é6,, or £, ~ £6, 8 &6,, @:+:@ &e,,, where e6,, is the 
alternating representation of G. Also set M> := Inds" £}. Similarly, we denote 


by , the trivial representation of G,, so that M rZ Inde’ ly. 
Proposition 3.6.8 For every à F n we have 

dimHome, (M* , M*) = 1, 
where i’ is the conjugate partition of i. 


Proof We apply Mackey’s intertwining number theorem (Theorem 1.6.15). Let 
T be a system of representatives for the cosets G,/\G,/G, and, for all t € T, 
set G; = t©,t~! N Gy. Then we have: 


dimHomey, (Ind§" ex, ndgn) = > dimHomg, (£G, tG,). 
teT 


Indeed, Res,” € = £G, and (t! gt) = | for all g € G. But £g, and ig, are 
clearly irreducible (they are one-dimensional) and they are also inequivalent if 
G; is nontrivial. Therefore we are left to show that there exists exactly one trivial 
G,. Suppose that G,, is the stabilizer of (B1, B2, ..., By,) € Qw. First note that 
(Aj, A2, ..., An), (Aj, AS, .--, AL) E Q, belong to the same Gx -orbit if and 
only if 


|AN Bj| =|A,NBj| Vi, 7. (3.70) 


Moreover, the stabilizer of (A1, Ao,..., An) in Gy is the group of all per- 
mutations x € Gx such that 2(A; N Bj) = A; N B; for all i, j; in particular it 
is trivial if and only if 


IA, Bl=1 Vij. (3.71) 


Indeed, if |A; N Bj| > 2 then there exists oø € Gy nontrivial such that 
o(A; N B;) = A; N B; while |A; A B;| < 1 for alli, j gives (3.71). From the 
conditions (3.70) and (3.71) it follows that there exists just one orbit of Gx 
on Q, such that the stabilizer of an element is trivial, namely the set of all 
(Aj, A2, ..., An) satisfying (3.71). This shows that there exists exactly one 
trivial G;. 


3.6.3 The Frobenius—Young correspondence 


Theorem 3.6.9 Let à, u be two partitions of n. Then S“ is contained in M> if 
and only if à < u. 
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Proof First we prove, by induction on n, the “only if” part. Suppose that S” 
is contained in MÀ and that the “only if” part is true for n — 1. By (3.69) and 
the branching rule, we can say that for every p covered by u there exists y 
covered by à such that S° < MY and therefore, by the inductive hypothesis, 
y < p. Then Lemma 3.6.4 ensures that à < u. Note also that we can take 
n = 3 as the basis of induction, since M>! = §® @ S>! (see Example 1.4.5) 
and ML! = S® @ 2871 @ Sh, 

In particular (see Example 1.4.10) we know that M"~"* decomposes, 
without multiplicity, into the sum of k + 1 irreducible representations. Since 
(n — k, k) <3 wif and only if u = (n — j, j) with O < j < k, we conclude that 


k 
M-k = GD sehi (3.72) 
=0 


(see also Exercise 1.4.11). Now we observe that 
Sè < Mò VAEn. (3.73) 


Indeed, consider the tableau T* (presented in Figure 3.6) and the associated 
Young basis vector wr. From the Young formula (Theorem 3.4.4) it follows 
that wr. is G,-invariant (if G, stabilizes the rows of T). Then, by Theorem 
1.4.12, it follows that S* is contained in M*. 

Then, to get the reverse implication, it suffices to prove the following claim. 


Claim à < y if and only if there exists an invariant subspace V, „ in M* such 
that M* = M” @ Vyp- 


Note that, by virtue of Proposition 3.6.2, we can limit ourselves to prove the 
claim in the case jz is obtained from A by a single-box up-move, that is, when 
there existi < j such that u = (Aj, A2,...,Aj-1, Ài + 1,...,4; —1,..., An). 
Set m =A, +Ag+-+++Aj-1 + Ai Heej tj He + An =n— 
(Ài + 4;)and v = (A), A2, <.<, Ài—1, Ai41, veta AG, AJER ..., An), sO that v F 
m. We have 

M = Ind" [S42 Q S% Q.Q s] 
= Inde! xe, x6, LS, 8 S™ @ S%] 
vx Gy, X6; 


(by Proposition 1.6.6) = Indg" „e, ,, [M’ @ M>] 


(by (3.72)) = Inde’, xa, [m e [mtam] ® se] 


(by Proposition 1.6.6) = M“ @ Inde" ,. Si, [mM @ s™] 


and the claim follows. 
This ends the proof of the theorem. 
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Recalling (see Example 3.4.6) that S$!!! coincides with the alternating 
representation of G,, we have: 


Lemma 3.6.10 For every partition à F n, we have 
Sa P g shh, (3.74) 


Proof For every T € Tab(A), let T’ be the transposed tableau. Then T’ € 
Tab(A’) and 


Tab(à) > Tab(2’) 
T > T 


is clearly a bijection. Moreover, if C(T) = (aj, a2,..., an) then C(T') = 
(—aı, —a2,..., —d,), and the lemma follows from the Young orthogonal form 
(Theorem 3.4.4), considering the base (—1) wyr in S*™, where srr is as in 
Proposition 3.4.1. 


Theorem 3.6.11 Denote by K (u, à) the multiplicity of S“ in M*. Then 


=0 ifju 
K(u,à)} =1 ifA=p (3.75) 
>21 ifau 


so that 
M*= QB K(u, XA) St = $ an K(u, a)S" 
Adu Aap 
and all the indicated multiplicities are positive. 
Moreover, we also have 
M* = Q Keu, NS. 
uI 
Proof The cases à A u and à < n in (3.75) follow from Theorem 3.6.9. Note 
that from Corollary 1.6.10 we get 
M* = Indg"Resg' Shh! = Sh! @ M>., (3.76) 


Denote by w* and W~ the characters of M* and M*’, respectively. From 
(3.76), Lemma 3.6.10 and Proposition 1.3.4.(vii), we get 


~, 


(xt, Y>) = (xt, http 
= (xt! pees Lye ys 
(by (3.74)) = (xt, y) 
= K(w',2), 
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that is, the multiplicity of S“ in M* is equal to K(y’, a’). In particular, S” 
is contained in M* if and only if 4’ < u’, and this is equivalent to u < à 
(Proposition 3.6.3). 

This implies that S* is the unique common irreducible representation 
between M> and M”’. Since dimHome, (M*, M>) = 1 (Proposition 3.6.8), 
we conclude that the multiplicity of S is one in both spaces and this ends the 
proof. 


Corollary 3.6.12 (Frobenius—Young correspondence) For every AH n, S* 
may be characterized as the unique irreducible representation which is common 
to both M* and M* 


The coefficients K (u, à) are called the Kostka numbers. We shall prove a 
combinatorial expression for these numbers in Section 3.7 (see, in particular, 
Corollary 3.7.11). Now we give and interesting linear relation connecting the 
Kostka numbers for G,, with those for G,,_1. 


Theorem 3.6.13 (Vershik’s relations for the Kostka numbers) For any à F 
n and p F n—1, we have 


X Km n= Yo Ca, yK, y). 
pen: yEn-1: 
HZP yxs 


Proof From Lemma 3.6.7 and Theorem 3.6.11 we get 


Res?! M* = Ð ca, ym” 


n-1 


p 


Ca, y) Ko, ys’ 


yFn-—1: pHÃn—1: 
yzi pÈy 


p 


X CA, Kep, y) | S. 
p-n—1 | yFn-1: 


pÈy, 
Ary 
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Moreover, another application of Theorem 3.6.11 together with the branch- 
ing rule yields 
Rese" M° = Ku, A)Rese"_S* 


pen: 
uber 


Therefore we get 


pen: yEn-1 
BA, pby 
=p hEy 


The formula in the statement keeps into account the fact that K (u, 4) = 0 when 
MEd. 


3.6.4 Radon transforms between Young’s modules 


The results of this section will be used only in Section 6.2. 

Let a = (a1, a, ..., ap) and b = (bh, b2, ..., bg) be two compositions of n. 
We want to describe the orbits of G, on Qa x Qp. 

For A € Q, and B € Q, denote by C(A, B) the composition of {1, 2,..., n} 
whose elements are the non-empty A; N B;’s ordered lexicographically (i.e. 
G,j)<(W, j)ifi <i’,ori =i' and j < j’). We call C(A, B) the intersection 
of A and B; be aware that, however, C(A, B) Æ C(B, A), in general. We also 
denote by c the corresponding type of C(A, B). The following fact is obvious: 


Lemma 3.6.14 Let A € Qa and B € Q, and C(A, B) € Qe and consider the 
actions of Õn on Qa X Q, and on Qe. Then o € ©, fixes (A, B) € Qa X Qs if 
and only if it fixes C(A, B). In other words 64 N Gg = Gca,B). 


We replace the notion of intersection of two partitions with the following 
notion: denote by Ma, the set of all matrices (m; j) € Mnxx(N) (with non- 
negative integer entries) such that aa mi j = b; forall j = 1,2,...,k and 
Ds mi j = ai for all i = 1,2,...,h. We may also say that the column sums 
(resp. the row sums) of the matrix (m;, j) equal the b;’s (resp. a;’s). 

With A € Qa and B € Qs, we associate the matrix m = m(A, B) € Map 
by setting m;; = |A; N B;| forall j =1,2,...,k andi = 1,2,...,h. We then 
have: 
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Lemma 3.6.15 (A, B) and (A', B’) € Qa x Qp belong to the same G,,-orbit if 
and only ifm(A, B) = m(A’, B’). In particular the set of Gy, orbits on Qa X Qp 
is in one-to-one correspondence with Map. 


Proof The “only if” part is obvious (|A; N B;| = |o (A; N B;)| = |o Ai; No B;| 
for allo € G,,). Conversely, suppose that m(A, B) = m(A’, B’). Then the inter- 
section compositions C(A, B) and C(A’, B’) are of the same type, say c. As G, 
acts transitively on Qe, there exists o € G, such that o (C(A, B)) = C(A’, B’) 
and thus o (A, B) = (A’, B’) (compare with (3.70)). 


From Exercise 1.4.3 and Lemma 3.6.15 we deduce: 
Corollary 3.6.16 
dimHome, (M“, M’) = |Ma sl. 


With each mo E€ Wa,b, we associate the Radon transform Rm, : M“ > M a 
(see Section 1.4.1) defined by setting 


Rn f(B= $ fA) 
AEQg: 
m(A, B)=mo 
for all f € M° and B E€ Qp. 


Exercise 3.6.17 Show that {Rm : m E€ IN, »} is a basis for Home, (M°, MP’). 


3.7 The Young rule 


In this section, we give the rule for decomposing the Young modules into 
irreducible representations. In particular, we construct a multiplicity-free chain 
and study the associated Gelfand-Tsetlin decomposition along the lines of 
Section 2.2.3. We construct a poset that generalizes the Young poset leading to 
the GZ-basis for L(G,,) = MO”. 


3.7.1 Semistandard Young tableaux 


Let u = (u1, H2, .--, Ue) anda = (a), ad, ..., ap) be a partition and a compo- 
sition of n, respectively. A semistandard tableau of shape u and weight a is a 
filling of the Young frame of u with the numbers 1, 2, ..., h in such a way that 


(i) i occupies a; boxes, i = 1, 2,...,h; 
(ii) the numbers are strictly increasing down the columns and weakly increasing 
along the rows. 
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For example, the tableau in Figure 3.38 is semistandard of shape u = 
(6, 4, 2, 2, 1) and weight a = (4, 3, 3, 1, 2, 2) 


1/1/22 
3|4 


DOJTI ho] rR 
DH} Ot Co] re 


Figure 3.38 


We denote by STab(u, a) the set of all semistandard tableaux of shape jz and 
weight a. Now we give two elementary results on semistandard tableaux that 
may be obtained as a consequence of representation theoretic results, but whose 
elementary proof deserves consideration. 


Lemma 3.7.1 If the composition b is obtained from a by a permutation then 
|STab(, a)| = |STab(, b)|. 


Proof We may suppose that b is obtained from a by an adjacent transposition 
si, that is, 


b = (a1, 2, ..., Gi-1, Gi414j, Gi42,...,4n) (and a; Æ aj+1). 
We now construct an explicit bijection 


STab(u, a) > STab(w, b) 
T =e S. 


We say that a box containing i in a tableau T € STab(,1, a) is i-good if the box 
below does not contain i + 1; we say that a box containing i + 1 is i-good if 
the box above does not contain i. We replace each i inside an i-good box by 
i+ 1 and each i + 1 in an i-good box by i, respecting the following rule: if a 
row of T contains œ i-good boxes containing i and $ i-good boxes containing 
(i + 1), then we change only the last (œ — 6)-many i’s if æ > $, and only the 
first 8B —a (i + 1)’sif $ > a (if æ = f we do not change anything in that row; 
note also that the i-good boxes containing i and the i-good boxes containing 
i + 1 occupy a set of consecutive boxes in the row). 

This way, we obtain a tableau S € STab(u, b) and the map T +> S is the 
desired bijection (the inverse map is defined in the same way). 


Example 3.7.2 In Figure 3.39, the algorithm presented in the proof of Lemma 
3.7.1 is used to transform a semistandard tableau of shape (7, 3, 5) and weight 
(5, 3, 4, 2) into one with the same shape and weight (5, 4, 3, 2) (so that i = 2). 
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1lılılılıl2 1J1]1]/1]1]3 

212131313 m 212121213 

3144 31414 
Figure 3.39 


Lemma 3.7.3 STab(u,a) is nonempty if and only if a <3 u. Moreover, 
|STab(u, 4)| = 1. 


Proof By virtue of the preceding lemma, we may suppose that a = A is a 
partition. Suppose that T is a semistandard tableau of shape u and weight 
à. Then all the numbers 1, 2,..., j must be placed in the first j rows of 
T: otherwise the columns could not be strictly increasing. Thus yii Ài < 
yi Hi, j = 1,2, ... , k. In other words, if |STab(u, A)| > 0 then à < u. Itis 
also clear that STab(u, u) only contains the (unique) tableau T with all the j’s 
in the jth row , for j = 1,2, ... K 

Now we prove the reverse implication, by induction on n. Suppose 
that à < u. We say that a box of coordinates (i, u;) is removable for 
the pair (p, A) if, setting A = (Hy, W2, ---, Mi-1, Mi — 1, Hitis ---» Hk) and 
À = (Aq, À2, -.., Àh—1, àn — 1), A is still a partition (that is, 4; > mi+1) and 
we still have À < Ñ (that is, 34, uj > Xha àj fort =i, i +l, ...,k— 1). 
Clearly, in a tableau T € STab(y, à) if the row i contains the number h then 
the box (i, mi) is removable for (u, à). 

Let (i, ui) be the highest removable box for the pair (u, à) and let j 
and À as above. By the inductive hypothesis, we may construct a semistan- 
dard tableau T of shape ji and weight ù. Moreover, T does not contain h 
in a row higher than the one containing the box (i, ;) (for the choice of 
(i, 4;)). Then if we add to T a box with h in position (i, u;i), we get a tableau 
T €e STab(y, à). 


Example 3.7.4 The tableau in Figure 3.40 of shape u = (8, 5, 4, 3, 3, 2) and 
weight (7, 4, 3, 3, 2, 2, 2, 1, 1) has been constructed by a repeated application 
of the algorithm used in the last part of the preceding proof. 


1/11/19 
2/8 
7 


NT) B] Co} boy re 


DH) OU BR] CW] bo] FR 
DD) OU BR] CW] bo| Fr 


Figure 3.40 
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Remark 3.7.5 The “ingenuous” algorithm: from the first to the last row, in each 


row, from the left to the right, place 1,1,...,1,2,2,...,2,...,h,h,...,h 
—_— ~ eS 

Ay ho Àh 
does not produce a semistandard tableau (if A; = A2 = --- = Àp = 1 then it 


clearly produces a standard tableau). The tableau in Figure 3.41 (a) of shape 
u = (8, 5, 5) and weight A = (6, 6, 6) is constructed using this algorithm and 
it is not semistandard: 


1|1/1/1/1|1|2|2 
2/2/1213 
3/3|3|3|3 


Figure 3.41 (a) 


bo 


Our algorithm produces the semistandard tableau shown in Figure 3.41(b). 


= 


1|1/1/1/1|2|3 
21222 
33|3|33 


Figure 3.41 (b) 


bo 


3.7.2 The reduced Young poset 


Now we give an alternative description of the semistandard tableaux. Fix a 
composition a = (41, d2,...,a,) of n. We define a poset Y, that we call the 
reduced Young poset associated with a. It is formed by all partitions v F 
(aj +a +---+a;) such that v È (a1, a2, ..., ai), fori = 1,2,...,h. Fora 
fixed i, they form the i-th level of the poset. Given @ and v we say that v is 
totally contained in 0, and we write v € 0, when 


e 0 belongs to an higher level then v, that is, v F (a4; + a2 +---+a;) and 
OF (a; +a +---+a;), withi < j; 

e there exists a sequence v = v® < v® <... < vU) = 6 of partitions in Y, 
such that v belongs to the level i + ¢ and v+» /v® is totally disconnected, 
ae jil 


If j =i+ 1 we write 0 => v so that the above conditions may be written in 
the form vU~) = vU) =... > pO = py, Clearly, 9 > v if and only 
if 0 covers v in Y, (in particular, if 6 = v then 0/v is totally disconnected). 
In other words, we have taken the levels aj, a; + a2, ..., a1 td. +---+ay 
of the Young poset Y, eliminated those partitions that do not satisfy 
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v © (aj, a2,...,a;) and replaced the order < with the more restrictive con- 
dition €. Note also that the last level is always formed just by the trivial 
partition (a1). 


Example 3.7.6 Figure 3.42 is the Hasse diagram of the poset Y @,2,2). 


PKL 
N 


Figure 3.42 The Hasse diagram of Y(2 7). 


/ 


EE 


A path in Y4 is a sequence v™® = y"~) = ... > v®, where vY belongs 
to the level j, so that v“) = (a;). With each path in Y, we can associate a 
semistandard tableau of weight a. We can place h in the boxes of v™® /v@—), 
h — 1 in the boxes of v“~))/v“- and so on. For instance, the semistandard 
tableau in Figure 3.40 (cf. Example 3.7.4) is associated with the path shown in 
Figure 3.43. 


Figure 3.43 


Define 


STab(a) = | | STab(y, a). 


pen 
ua 
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Then as in (3.9) we can say that the map described above is a bijection 
{paths in Y,} — STab(a) 
that restricted to the paths starting at u yields a bijection 
{paths in Y, starting at u} > STab(w, a). 


Remark 3.7.7 Suppose that u + n and there exists a chain v® < v® <... < 
v = u such that v) F (ay + a) +--+ + a;) and vY+)/v is totally dis- 
connected, j = 1, 2,..., h. Then, by the procedure described above, we can 
construct a semistandard Young tableau of shape u and weight a, so that, by 
virtue of Lemma 3.7.3, we can deduce that u © a and v') © (a1, a2,..., aj), 
for j = 1,2,...,4— 1. This means that, in the definition of Y,, we may replace 
the condition vY) © (a1, a2,..., aj) with the existence, for every v € Y4 such 
that v F (a; + a2 +--+ + aj), of a path v > vI~) > --- > v = (aj). 


3.7.3 The Young rule 


In this section, we give the general rule to decompose the permutation module 
M°’ for a composition a = (a1, a2, ..., ap) of n. We will use the results in 
Section 2.2.3 and Section 3.5. 


Theorem 3.7.8 
(i) The chain 


6, Z Ogi task tai x Gar 


Žž Gay +art--+an2 x Gay x Sa, 


IV 


IV 


Ga, X Ga, X +++ X Ga, 


is multiplicity-free for the pair (Sn, Ga, X Ga, X +++ X Ga,). 
(ii) The associated Bratteli diagram coincides with Y , (if every partition p is 
replaced with the corresponding irreducible representation S”). 


Proof (i) is a consequence of Corollary 3.5.13. If u F n that corollary ensures 
that 


ay tag+--+ap_1 x Ga, 


Rese" Sus | Ds’ x sen ew (3.77) 
where the sum is over all v F a; + a2 +--+ + ay_; Such that u/v is totally dis- 
connected and W contains all the sub-representations of the form S” X S?, 
with 0 F an, 0 Æ (an). On the other hand, a representation S” X S? of 
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Gay+a+--+a,_; X Ga, contains nontrivial (Gg, x Ga, X +--+ X Ga, )-invariant 
vectors only if it is of the form S” XS“: it suffices to consider its restriction 
to Ga, X Ga, X +--+ X Ga,- Therefore (3.77) ensures that Ga,4a,4---+a,_; X Ga, 
is multiplicity—free for the pair (G,, Gy, x Ga, X -++ X Gy,). Iterating this 
argument, one ends the proof. 

(ii) For what we have just proved, S” contains a nontrivial (Gy, x Ga, 
x ++» x G,,)-invariant vector if and only if there exists a chain v = (a1) < 
v® <...<v = u such that v? F aj +az+:-- +a; and vITY/yY is 
totally disconnected, j = 1,2, ...,h — 1 (for the “only if” part, just note that 
if w is a nontrivial (Gz, x Ga, X -++ X a, )-invariant vector then the projection 
on some S” X S$“) in (3.77) must be nontrivial and that one can iterate this 
procedure). In particular, we must have u © a and v © (a1, a2, ..., aj), 
for all j = 1,2,...,h — 1 (see also Remark 3.7.7). Then it is clear that the 
corresponding Bratteli diagram is exactly Y4. 


In Section 3.7.4 we shall give another proof of (i) in the last theorem, along 
the lines of Corollary 3.2.2. 

We can now construct a Gelfand—Tsetlin basis for the (Gg, x Ga, x + X 
G,,)-invariant vectors in S” following the procedure in Section 2.2.3. Take 
T e STab(u, a) and let 


u= v => pO) =... v > yp = (ay) 
be the associated path in Y,. Thus we have a chain of sub-representations 
(h-1 


Se > SY RS) 
= g"? g Sr) g ge 


IY 


sa x S@) K... X Saw 


IY 


corresponding to (2.30) and this determines, up to a multiplicative constant of 
modulus one, a unitary K -invariant vector in S” that we denote by wr. Then 
we have: 


Proposition 3.7.9 The set {wr : T € STab(w, a)} is an orthonormal basis for 
the (Sa, X Ga, X ++ X Ga, -invariant vectors in S”. 


Now we apply Theorem 2.2.9. Denote by Sr : S” —> M* the intertwining 
operator associated with wr. Moreover, for every T € STab(u, a) with associ- 
ated path u = v® > --- => v® > v™ = (a), we can use the procedure that 
led to (2.29). We take the subspace S”? & S@) X- -- BS) into 


ay tay X Say XX Gay, 


Inds x Gy) XX Gay, (se? KSK... K s] 


a 
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and iterating we take the subspace S””"” & S42) X... K S@ into 


Ga +az++a jy] X Saja XX Ga, 


Ind [s R SODA... g] 3.78) 


Ga tagt+aj X Saj4) Kr KX Ga, 


We denote by S} the subspace isomorphic to S” inside M° obtained in the 
finale stage of this procedure. 


Theorem 3.7.10 (Orthogonal Young decomposition) 


D s 


T €STab(,a) 


is an orthogonal decomposition of the S” -isotypic component in M°. Moreover, 
Sr intertwines S” with Sr 


Corollary 3.7.11 (Young’s rule) The multiplicity K (u, a) of S” in the permu- 
tation module M° is equal to the number of semistandard tableaux of shape u 
and weight a. In formulae 


K(u, a) = |STab(u, a)l. 


Exercise 3.7.12 Use Corollary 3.7.11 to derive Vershik’s relations in Theorem 
3.6.13, 


Corollary 3.7.13 The integer valued matrix (K (n, V)) v-n i$ Upper unitrian- 
gular, with respect to the partial order <, so that it is invertible and its inverse 
(H(n, v))a ven i$ integer valued and upper unitriangular. 


Proof This follows from Lemma 3.7.3 (alternatively, from Theorem 3.6.11) 
and Lemma 3.6.6. 


Denote, as before, by w” the character of M”. 


Corollary 3.7.14 For any à F- n we have 


y= > H(v, A)’. 


vhn: 
voà 


Proof In terms of characters, the Young rule is just Y” = Xan: K (A, v)x*. 
ABy 


For instance, yall =. pri _ y™ and xed = yr bl = yn? _ 


yr bl + wv, 
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3.7.4 A Greenhalgebra with the symmetric group 


In this section, which is based on A. S. Greenhalgh’s thesis [53] and on Section 
9.8 of our monograph [20], we prove that if V is an irreducible representation 
of G, and W is an irreducible representation of G,_,, then the multiplicity 
of W @ S in Rese" xe, V is < 1. This will be achieved without using the 
representation theory of G,, but simply generalizing the arguments that led 
to Corollary 3.2.2. Here, the algebras of conjugacy invariant functions will be 
replaced by suitable Greenhalgebras (see Section 2.1.3). 

Let ©, be the set of all injective functions 0 : {1,2,...,k} > {1,2,...,n}. 
Then ©, may be also viewed as the set of all ordered sequences of k distinct 
elements in {1,2,...,} via the identifying map 0 +> (@(1), 6(2),..., 0(k)). 
The group G,, naturally acts on ©,: (79)(j) = z (0(j)) for alla € Gy, 0 € Ox 
and j € {1,2,...,}. Note that the action is transitive. Denote by 0o € ©, the 
map such that 6(j) = j for all j € {1,2,...,k}. Then the stabilizer of 6o in 
G, is the subgroup G,- that fixes each j € {1,2,...,k} and permutes the 
remaining elements k + 1,k+2,...,n. In other words, ©, = Gy/Gy_, as 
homogeneous spaces. 

Let now G, be the subgroup of G,, that fixes each j € {k +1,k+2,...,n} 
and permutes {1, 2, ..., k}. The group G, x (n-z x Gx) acts on ©; in the 
following way: for 0 € ©x, 7 € Gy, a E€ n-z and B € Gx, then 


r, ap OIG) = xT], forall j = 1,2,...,k. 


That is, we compose the maps zr, 6 and B7!: 


-1 
11,2) ov oy KY > 11D vn ES, 2 on eS 1, 2h Hh. 


In other words, if (0(1), 0(2),..., 0(k)) = (i1, io, ..., ix) then the (z, wB)- 
image of (i1, i2,..., ix) is Gr (ig-101)), H(ig-1a2y), - - - , T (ig-1&))): x Changes the 
value and 6 permutes the coordinates. 

From still another point of view, we can say that the groups G,, G,_, and 
G; act on ©, (the group G,_, trivially) and their actions commute, so that their 
Cartesian product acts on ©, too. 


Lemma 3.7.15 The stabilizer of 0) in Gy x (n-p x Gx) is the subgroup 
B = {(no,0) = (on, 0) : N) E€ Gn-k, 0 € Gn-k X Gy}. 


In particular, Ox = [Gy x (n-k X Gx))/B. 
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Proof We have, for m € Gn, œ € Gy_, and B € Gy, 
(sr, 0B)9 = A <> TIOTI = j for all j = 1,2,...,k 
s pT!) = x7! (j) for all j = 1,2,...,k 
S m = py with y € Gy_x 
© (1, aß) = (By, aß) = (Bala™'y), ap) 
= (aBn, ap) with n = œ7!y € Gng. 


In the terminology of Section 2.1.3, we can say that the algebra of bi-B- 
invariant functions on ©, x (G,_~ X Gx) is isomorphic to the Greenhalgebra 
G(Gn, n-k X k, n-p), that is, the algebra of all functions on G,, that are 
(Gy_~ X Gx)-conjugacy invariant and bi-G,,_,-invariant. The main task of this 
section is to prove that these algebras are commutative. 

To this end, we introduce a parameterization of the orbits of G, x (n-k X 
6+) on ©; x Ox. For any ordered pair (0, 7) € ©% x ©, we construct an 
oriented graph G(0, v0) as follows. The vertex set is V = {0(1), 0(2),..., 
O(k)} U {#(1), 0(2),..., O(k)} and the edge set is E = {(6(1), ¥(1)), (0 (2), 
B(2)), ..., (A(kK), B(K))}. 

Figure 3.44 is an example with n = 15 andk = 8. 


(0(1), 0(2), ..., 0(8)) = (1,7, 11, 6, 3, 14, 9, 10) 
(0 (1), 3(2), ..., F(8)) = (3, 13, 9, 6, 14, 10, 15, 1) 


1 3 7 11 9 O 
6 
10 14 13 15 


Figure 3.44 


Note that every vertex of G(@, 7+) has degree < 2. More precisely, 


e if 0(j) = (j) then the vertex 0(/) has a loop and it is not connected to any 
other vertex; 

e ifi Æ j in{1,2,...,k} are such that 0(i) = 3(/) then 6() has degree two: 
it is the terminal vertex of the edge (6(j), #(j)) and the initial vertex of the 
edge (A(i), P(i)); 
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o ifv € {0(1), 0(2),..., Ok) A{8 (1), (2), ..., H(k)} then v has degree 1 and 
itis an initial vertex when v € {0(1), 0(2), ..., 0(k)} and it is a terminal edge 
when v € {?(1), 9(2),..., O(k)}. 


Lemma 3.7.16 Two ordered pairs (6,1), (0', 0’) € Ox x ©; belong to the 
same orbit of Gn x (Sn-k X Gx) ifand only if the two oriented graphs G(0, 3) 
and G(0', 9’) are isomorphic. 


Proof If there exists (m,y) € Gy x (Sn-x X Gx) such that (x, y)(6, 0) = 
(0', 0’) then, for all j = 1,2,...,k, 
O'G) = OYTO, VO) = rT, 
and the map ¢ : G(0, 0) > G(0', 9”) given by 
o(v) = zn(v) v e{0(1),0(2),..., 0K} U {9 (1), 9(2),..., O), 


is an isomorphism. Indeed, y permutes the edges, x permutes the vertices, but 
neither changes the structure of the graph. 
Now suppose that @ : G(6, 0) > G(6’, 3’) is an isomorphism. We can take 
y € n-k X Gx such that 
POY") PO) = OD), OG) j=1,2,...,k. 


Setting, for all j = 1,2,...,k, 
roy GU S= PG, xy!) = VG) 


(if 0(v—!(j)) = 2 (yT! (j)) then we have a loop at 6(y~!(j)) but also at 6’(j) = 
v'(j), because ¢ is an isomorphism) and extending z to a permutation of the 
whole set {1, 2, ..., n}, we have (x, y)(@, 0) = (0', 8’). 


Corollary 3.7.17 (Gy, x (n-z x Gx), B) is a symmetric Gelfand pair. 


Proof The graphs G(0, 3) and G(v, 0) are always isomorphic. 


Corollary 3.7.18 The Greenhalgebra G(Gn, Sn- X Gx, n-k) is commuta- 
tive. 


Recalling that S “-k) denotes the trivial representation of G,_,, we have: 


Corollary 3.7.19 For any irreducible representation V of G, and any irre- 
ducible representation W of Sx, we have: 

(i) the multiplicity of W R S®-® in Res&' xe, V is < 1; 

(ii) the multiplicity of V in Inds" .¢,_,[W KS?) is <1. 
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Symmetric functions 


4.1 Symmetric polynomials 


In this section, we investigate the fundamentals of the theory of symmetric 
polynomials, which are homogeneous polynomials invariant under permuta- 
tions of the variables. The basic reference is Macdonalds’ monograph [83] 
(see also [84]). Other important references are: Stanley’s book [113], which is 
the best reference for the combinatorial aspects, and Sagan’s [108], where the 
connections with the representation theory of the symmetric group are treated 
in great detail. We have also benefited greatly from the expositions in Fulton’s 
and Fulton and Harris monographs [42, 43] (we adopt their point of view focus- 
ing on symmetric polynomials in a finite number of variables), and Simon’s 
book [111], especially for the proof of the Frobenius character formula, that 
indeed will be given in the next subsection. We also mention the recent book 
by Procesi [103] and [46] which is a very nice historical survey, from Cauchy’s 
formula to Macdonald polynomials. For particular aspects and applications of 
symmetric functions, we also refer to the books by Lascoux [77], Manivel [85] 
and Bressoud [12]. 


4.1.1 More notation and results on partitions 


In this section, we collect some notation and results on partitions that 
will be frequently used in this chapter. Let n be a positive integer and 
à = (Aj, A2,..., Ax) En be a partition. We represent it also in the follow- 
ing way: A = (1%, 2”,...,n""), where u; is the number of i € {1,2,..., k} 
such that A; = j. Clearly, lu; + 2u2 +---+ nu, = n. We omit the terms of the 
form i“ with u; = 0 and simply write i when u; = 1. For instance, the partition 
A = (7, 5, 5, 5, 3,3, 1) of 29 may be represented in the form A = (1, 32,53, 7). 
We give an elementary application of this notation. 
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Proposition 4.1.1 For à = (1",2”,...,n"")" n, denote by C, the corre- 
sponding conjugacy class of G, and by z, the cardinality of the centralizer of 
an element x € C,. Then we have: 


zy = uy 12” - - uy, In (4.1) 


and 


! 
IG] = (4.2) 


Uy! 1 tug!2"2 - - -up 'n" 


Proof Consider the action of G, on C, by conjugation: 7 > oro™!, for 
x € C, and o € G,. The stabilizer of x is its centralizer: Z, ={o € G,: 
ono! = sr}. From Proposition 3.1.3, it follows that o € Z, if and only if (a) 
for j = 1,2,...,n,o permutes among themselves the cycles of length j and/or 
(b) o cyclically permutes each cycle of x . But for each j, (a) may be performed 
in u j! different ways while, for each cycle of lenght j of x , (b) may be performed 
in j different ways. Therefore we get z} := |Z, | = u,!1"'u2!2”---u,!n'"" and 


C, = IGnl — n! 
a Zr uy!1"1u2!2"2+--u, Inu * 


In particular, the orthogonality relations for the characters of G,, may be written 
in the form 


1 Moy 
XO a it = buw (4.3) 
Abn z 
For a partition A = (ài, à2,..., àk), with àg > 0, we set |À] = à + 
Ag+---+A,x and denote by €(A)=k its length. For instance, if A= 
(6, 4, 4, 3, 3,3, 2,1, 1), we have |A| = 27 and €(A) = 9. If à’ is the conju- 
gate partition, then (A’) = A; and €(A) = A). Moreover, |A| =n is just an 


equivalent way to write AF n and if A=(1"',2”,...,n") then €(A) = 
uy +u2+---+u,. We also denote by m;,(A) the number of parts of à that 
are equal to k, that is, if A= (1",2”,...,n'"), then m,(A) = ux for all 
k=1,2,...,n. 


4.1.2 Monomial symmetric polynomials 


Let X; be the set of all monomials of degree r in the variables x1, x2, ..., Xn 
and W” the space of all linear combinations with complex coefficients of the 
elements of X}. In other words, Wy is the space of all homogeneous poly- 
nomials of degree r in the indeterminates x1, x2,...,%X,. We can define a 


Un 


“x 
n(n)’ 
forz € G, and x;'x,?---x" € X! . The corresponding permutation represen- 


tation on W, is given by: (m p)(x1, x2, ..-,Xn) = P(Xn1), Xa (2), - - -> Xna(n)), for 


natural action of G, on 4; by setting m (x]' x3? +> xp") = X00) °° 
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all x € G, and p € W}. We want to identify the orbits of G, on 7 and 
consequently, the decomposition of W; into transitive permutation represen- 
tations (that turn out to be Young modules). We need the following partic- 
ular notation: if A = 1", 2”7,...,""), we denote by u(A) the composition 
(Ui, Ui,,...,Ui,,n — C(A)), where uj,, Ui,,..., Ui 
U1, U2, ..., Un: 


, are the nonzero integers in 


Proposition 4.1.2 The decomposition of Wọ as a direct sum of transitive per- 
mutation representations is given by: 


ga u(A) 
wee @ wo, 
Abr:f(A)<n 


where M"™ is the Young module associated with u(A). 


Proof Let à Fr, €(A) < n and u(A) = (ui , Ui, ..., Ui,, n — E(A)), as above. 
In the notation of Section 3.6.2, consider the map 


®,: Qua — ar 


n 


(Ar, Azs «>+, Ar AD > Mia (Trea, 2) 


vy 


Clearly, ®, commutes with the action of G, and it is injective. Moreover, 
Xa = hirren Pr(Quay) is the decomposition of X; into G,,-orbits. Indeed, 


n n rE Ne Aei : F $ P 
®, (Qua) is the set of all monomials x4' x7? +- EP with {j1, j2, ---, jeo)} an 
£(à)-subset of {1,2,..., n}, and therefore it is precisely the orbit containing 
re eee Bite Since M“™ = L(Quo)), the proposition follows. 


The vector space of all homogeneous symmetric polynomials of degree 
r in the variables x1, x2, ..., Xn, denoted by A‘, is just the trivial isotypic 
component in W}, that is the set of all p e W} such that mp = p for all 
x € G,. From Proposition 4.1.2, we can get easily a basis for A). For A = 
(A, A2,---, Ax) F r, with €() = k < n, the monomial symmetric polynomial 
associated with A is given by: 


m(x) = 5 CAE EEEE H 


lk 


i dase stk 
where the sum is over all distinct k-subsets {i,, i2,...,i,} of {1,2,..., n}. In 
other words, m, is the sum of all monomials with exponents Aj, Az,..., Ax. 


Here and in the sequel, we write p(x) to denote p(x1, x2,..., Xn), if the vari- 
ables x1, x2, . . . , Xn are fixed. 
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Corollary 4.1.3 The set {m, : à F r, €(A) < n} is a basis for A}. 


Note that if p = J` abr: am, € A}, then a, (with A = (Aq, A2,..-, ARE 


n? 


e(A)<n 
; r p 
r) is the coefficient of EAE +x," in p. 


Example 4.1.4 For instance, W} = M"-!!, while W? = M”)! @ M”->?; 
the monomial symmetric polynomials in A? are: mo) =x? +x? +--+ 
A = Xj = xi x3 te. 433 
x, and mi1 = Dieta xixj. We also have mg) = x] + x5 +: + xj, 
n 2 aN 

M21) = Vieja jal x;xj and mai. = Deets xXixjXk. Moreover, W; = 


Mil a) M7211 a) M33 


Exercise 4.1.5 Show that, for n > 4, W4 = M"! @ MM"! @ M31 @ 
M"? © M"~*4, while W3 = 5M! ® M® ifr is even, Wj = 4M!" ifr 
is odd. 


4.1.3 Elementary, complete and power sums 
symmetric polynomials 
In this section, we introduce three other families of symmetric polynomials. 


We set eg = 1 and, for j = 1,2,...,n, 


€j(%1, X2,..-,%n) = X Xi, Xing + + Xij 


1<ij<-+-<ij<n 


In other words, e;(x) is the sum of all square-free (monic) monomials of 


degree j. The functions e1, €2,..., €n are usually introduced to express the 
cofficients of a polynomial when we know its roots: if P(z) = (z — a1)(z — 
ao)++-(Z—@,), then P(z) =z" —e;(a),..., a,)z"~! + eo(ay,..., An)” 
+---+(—-1)"e,(Q1,..., On); see [76]. For every A = (Aj, A2,..., Ap Fr, 


with £(A’) = A, < n, we set 


€n(X) = er (X)ea,(X) > +» en, (x). 


Then e,(x) is the elementary symmetric polynomial associated with A. 

We set ho = 1 and, for j = 1,2,..., we denote by h;(x) the sum of all 
(monic) monomials of degree j: 

n 
hj(x) = 5 Xi Xin °° * Xij 
i1,i2,..,ij=1 

For instance, for n = 2, ho(x) = x? + x1x2 + xs and h3(x) = x? + x?x2 + 
xix? + a If AF r, the complete symmetric polynomial associated with 
à = (Aj, Ao, ..., Ax) is given by 


Ay (x) = ha, @)hr (x): +- ha, Œ). 


160 Symmetric functions 


Finally, we set po = | and pj(x) =xi +x} +--- +4 for 7 = 1,2,.... 
If Arr, the power sum symmetric polynomial associated with à = 
(Aj, Ao, ..-, Ax) is given by 


PA(X) = Pa, ©) Pag(*) +++ Pu). 


Note that the condition €(A’) < n for the existence of e, is dual to the 
condition £(à) < n for m,. Moreover, both conditions become trivial when n > 
r. On the other hand, the polynomials h, and p, are defined for all partitions of r. 

If do, a1, ..., an, --. iS a sequence of numbers (or functions), its generating 
function is the power series }°?° 9 a,t*. It may be a formal power series, or it 
may be a power series with a positive radius of convergence. We shall encounter 
convergent generating functions, whose sum is computable; but we leave to the 
reader the easy task of verifying the convergence. 

The following exercise contains some useful criteria in order to easily 
develop products and compositions of functions (see the books by Ahlfors 
[1] and Weinberger [123]). 


Exercise 4.1.6 (1) Show that if f, g : C — C are two functions which are 
analytic Ga zo with power series expansions f(z) = Eo an(z — Zo)" and 
a(z) = Do 1 bi (z-— zo)", then the power series expansion of their product 
f- gis f(zZgz) = do al ae | (z — zo)” (Cauchy product). 

(2) Suppose that f is analytic in an open set U containing zo, that g 
is analytic in an open set containing wo = f(zo) and that f(U) C W. Let 
f=} an(z — zo)" and g(w) = S755 ba(w — wo)” be the correspond- 
ing power series O Show that in the power series expansion of 
F(z) := glf(2)] = X n0 ° Ca(Zz — zo)” of the composition of g and f, the co- 
efficients c, depends only on do, a1, ..., An, bo, b1,..., bn. In particular, the 
Taylor polynomial E Cn(Z — zo)” may be obtained by replacing f with 
+, an(z — zo)” and g with E b,(w — wo)" (thus, omitting the powers of 
(z — zo) of degree > N + 1). 


Lemma 4.1.7 The sequences of symmetric polynomials eg, €, .--, €n, ho, hi, 
h2,... and pı, p2, p3, ... have the following generating functions: 


(i) Yea = 7 TG +x) =: E(t); 


a 


(ii) H (x)ti = fe a = AO; 


(iii) È pice l= L oe E= PO. 


{el 
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Proof We use the well-known formal geometric series expansions (s Æ 1): 


2 1 


= si = (4.4) 
a l-s 
and 
[0,6] 
. S 

Xosi = i (4.5) 
- l-s 

j=l 


(i) Set E,(t) = [ [j0 + xt) and e (x) = e j(X1, X2,...,%n). We also set 
ea) = Oif j > n. We proceed by induction on n. For n = 1 we have eọ(x) + 
e\(x)t = el (x) + ext = 1+ x,t = E(t). Moreover, we note that for j > 
1 one has 


ex) = er M(x) + ey P Xn. (4.6) 
Then, 


EPN = 1+ Wee) + Pa by 4.6) 


j=0 j=l 
= = 1 Le Dyr + ben DO) ti 


n—1 n—1 


=e Mat + Qe Pt ant 


j=0 j=0 
= Ena OA F Xnt) 


n—l1 
(by induction) = (Te $ wD) (1+ xt) 


i=1 


= [fa + xit) 
i=l 


= E,(t). 


Gi) Set H(t) = [Ti 7 and A (x) = hj(x1,%2,..., Xn). We also set 
J 


= Oif j < 0. We proceed by induction on n. For n = 1 we have hj(x) = 
AO (x) = xj and PEAY (x)! = WR xit = z = H(t). Now, for j > 
1 one has 

KPE = APP) + APP dan to FAY PCO + hg PCO 
(4.7) 


—1 k 
heP Ne 


Me 


> 
ll 
© 
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Then 
CO 


APP xke (by (4.7) 
0 


n 


oo 
(n) j 
Dt =D, 
j=0 j=0 k= 


= Oe aw 


(by setting £ = j —k) pa Dexyeé Yen if 


peee 3 1 1 
(by induction and (4.4)) = I 


} xit | 1 — xat 
i=1 
— I 1 
> : 1 — xit 
j=l 
= H,(t). 


(iii) Set P(t) = Do), = and p(x) = pj(x1,X2,...,Xn). We pro- 


i=l ]—x;t 
i l 
ceed by induction on n. For n= 1 we have pj(x)= pi x)= xi and 
1 = T= P : 
ar p a)ri = D i xi tly = Deo it x1 = ar = P(t). Now, 
for j > 1 one has 


px) = pty + ah (48) 
Then 
[e0] 
2 pW = dl? oe + xiri) (by (4.8)) 
[o0] 
=> p (n— wes w+ ox ti 
j=l j=l 
n—-1 i x 
(by induction and (4.5)) = (x 1 2) F I =e 
7 n xi 
E 1 — xit 
i=l 
= P,(t) 


Exercise 4.1.8 Prove that ae Pj @e= log [ [jı z7- Hint: use the Taylor 


expansion log x = ae z, See also the proof of ae 4.1.10. 


4.1 Symmetric polynomials 163 


Lemma 4.1.9 We have the following relations between the symmetric polyno- 
mials ej, hj and pj: 


min{k,n} ; 
@ E ejh j=0, fork =1,2,3,...; 
j=0 
k 
(ii) khy = Ð pjhy_j, fork =1,2,3,...; 
j=1 


j= 


k 
(iii) keg = (—1)!7! pjer—j. fork =1,2,...,n (Newton’s formulae). 
j=l 


Proof (i) Inthe notation of Lemma 4.1.7, we have E(t)H(—t) = 1. This implies 
that 
n co œo =min{k,n} 
l= (Zer) (Zuen) ->( > (ej, 
j=0 j=0 k=0 ` j=0 


(ii) We have 


n 


dH xi Z 1 
dt aaa ll 1—x;t 
j#i 


i=l 


n n 
1 


Xi 
l — xit jTi 


i=l 


= P(t)H(t). 


On the other hand, dH /dt = Y Zo khgt*!. 
(iii) We have 


On the other hand, dE/dt = X}; kext*!. 
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In the following Lemma, we express h, in terms of the p,,’s. 


Lemma 4.1.10 Forr = 1,2,..., we have: 
1 
h-(x) = >" —pxa), 
Abr = 
where z, is as in (4.1). 


Proof We have: 


n 


d Xj 
z os H) = >. i P(t), 


i=l 


and therefore 


H(t) = exo( f P(z)dr) = oD a 
k=1 


Wale) 


! 
1 u,=0 Uk 
[e0] 
=5 a'm)", 
r=0 Arr 
ifA = (1, 2%, ..., rA. 
Now suppose that y1, y2,..., Yn is another set of variables. We denote by 


h, (xy), (resp. p,(xy)), the complete (resp. power sums) polynomial constructed 
using the n? variables 


X1V1,-++5Xn V1, X1Y2,-++5Xny2; seo X1 Yn, ---XnYn.- 


Note that the power sums have the following property: p(xy) = p(x)pk(y), 
and therefore p, (xy) = pa(x) pay). 


Lemma 4.1.11 We have the following expansions for the product 


Mir 
ij=1 Tay 


r=0 Abr 


n 1 oo 1 
M 1=xy _ 2 2 z POPO); (4.9) 
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and 


Thus Tray TÈ D homo). (4.10) 
| may 


j=l r=0 Abr: 
L(A)<n 


Proof The first expansion is an immediate consequence of Lemma 4.1.10: 


r=0 Abr 
The second expansion is a consequence of the following fact: since 
0 Green =a =[] #0 = Il 3 ha, (x)Y;" 
i j=1 iy j=laj= 


for each Peis Aer So L(A) <n, the coefficient of 


yi y% ye in the product [|]; is equal to h, (x). 


Mew 


4.1.4 The fundamental theorem on symmetric polynomials 


Now we have all the necessary tools to prove the main theorem of this section. 
Actually, the term "fundamental theorem" is usually restricted to case (i) of 
such a theorem. 


Theorem 4.1.12 Each of the following sets is a basis for the space Ai: 


(i) fe, : à Fr and lX) < n}; 
(ii) {hyn : à F r and L(A’) < n}; 
Gii) {hn : AF r and €(A) < n}; 
Gv) {p, :à Fr and (A) < ny}; 
(v) {p1 : à F r and (X) < n}. 
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Proof (i) IfA = (Aq, A2,..., Ax) F r, then each monomial in e, is a product of 
the form 

(Xj, Xi oo Xin) ‘ (Xj, Xj, om Xj) m (XXn PR Xn) Š Hee ka Tap (4.11) 
where ij) < i2 <+- < ino fi < j2 <> < Jis. b <b <- < tu. We 


can fill the boxes of the diagram of shape à with the variables in the left-hand 
side of 4.11: 


(4.12) 


Let A’ = (A), A5,...,A4,) be the conjugate of à. A look at (4.12) ensures 
that in (4.11) we have a; <A), a) +a < à) 4+A4,...In other words, if 
U = (Hi, H2,---, Ue) F r, with t < n, and x}''x3?---x/"" appears in e,, then 

: Pa ; ne ae Ay 
necessarily u <A’; in particular, x,'x," +- A 


to 1. Thus, we have 


appears with coefficient equal 


ex=mx+ D> ax pumy, (4.13) 
pr: 
pan! 
&(uysn 
where axy, „ are nonnegative coefficients. Then we can use the lexigographic 
order on the partitions and Proposition 3.6.5 to conclude that in (4.13) the 
matrix that expresses the e,,’s in terms of the m,’s is triangular with 1’s down 
the diagonal. By Corollary 4.1.3, this ends the proof. 
(ii) We can write (i) in Lemma 4.1.9 in the following way: 


k-1 
er = XOD ejh j, k=1,2,...,n. (4.14) 
j=0 


Using (4.14) and induction on k, one can easily prove that each ex is a 
linear combination of polynomials h,,, with u + k (and therefore (w) < k). 
For instance, e} = hy, e2 = —h2 + h? = —ħ + hıı and e3 = h3 — 2hzhı + 
h} = h — 2h2,; + hı,1,1. Therefore, for each A = (Ay, A2,...,A2) Fr, with 
£(.') = à; < n, the elementary symmetric polynomial e} = ez, €x, ++: €}, may 
be written as a linear combination of polynomials h,,, with u H r and £(w’) < 
(à) < n. Then (ii) follows from (i) and an obvious dimension argument. 
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(iii) This will be obtained as a consequence of Lemma 4.3.4 (Corollary 
4.3.6) and, alternatively, of the Jacobi—Trudi identity (Corollary 4.3.19). 
(iv) Suppose that A = (A1, Ao, ..., Ax) and u = (M1, H2, ..-, Ht) are parti- 


tions of r, with ¢, k < n. If the monomial xf" x$” ---x/"" appears in 


pir) = Get eet ty? fee pale Gh pee pal) 


then each ju; is a sum of à ;’s, and therefore u © A. Then one can argue as in 
the proof of i. 

(v) This may be proved arguing as in the proof of (ii), starting from (ii) in 
Lemma 4.1.9 and using (ii) in the present theorem (equivalently, starting from 
(iii) in Lemma 4.1.9 and using (i)). 


4.1.5 An involutive map 


Consider the bases (i) and (ii) in Theorem 4.1.12. We can define a linear bijec- 
tion w = a: A7 > A’ by setting: w(e,) = Ay, foreach A F r with L(A’) < n. 


Proposition 4.1.13 
G) If fi € At and fo € AS, then al ( fi fo) = af (fidos (fa). 
(ii) The linear map œw is involutive: o =l. 
Gii) For each à Fr, we have: w(p,) = (-1)—™ p,, that is, each p, is an 


eigenvector of w and the corresponding eigenvalue is (—1)'-™. 


Proof (i) It suffices to note that if A = (Aj, A2,..., Ax) then 
wle) = (6), )O(Er,) + olen). 


(ii) Applying w to Lemma 4.1.9.(4), we get Eio DIA jolh) = 0, 
fork = 1,2,...,n,and therefore necessarily we have w(hy_;) = ex- j, because 
the conditions (1) in Lemma 4.1.9 determine the polynomials e; (and certainly 
(ho) = eo). We end by applying (i) in the present Lemma. 

(iii) Applying w to Lemma 4.1.9.(ii), and taking into account (ii) in the 
present lemma, we get: ke, = De o(pj)ex—j, for k = 1,2,...,n. Since 
the conditions (iii) in Lemma 4.1.9 determine the polynomials pj, we can 
conclude that: w(p;) = (—1)/~! pj. Again we can end by an application of (i) 
in the present lemma. Clearly, the roles of (ii) and (iii) in Lemma 4.1.9 may be 
interchanged. 


Remark 4.1.14 Set, as in [113], €, = (—1)"~™. Then ©, coincides with the 
sign e(r) of a permutation belonging to the conjugacy class C}: indeed, 
r—lA)=A,—1+dA.-—14+---+A, —1 = (a), if k = €() and x € C}. 
Applying the involution w in Proposition 4.1.13 to the identity in Lemma 
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4.1.10, we deduce the following expression of the elementary function e, in 
terms of the power sums symmetric polynomials: 


ee) = YS palo. (4.15) 


Abr 


4.1.6 Antisymmetric polynomials 


A polynomial p(x1, x2 ..., Xn) is antisymmetric if 


P(Xx(1)> Xx(2)) «+++ Xx(n)) = EC) P(X, X2, -- + Xn); 


for all z € G,. Suppose that à = (A1,A2,..., Ax) is a partition of r, with 
k < n. If the monomial ax}! x; --- xj, with a € C, appears in a homogeneous 


antisymmetric polynomial p of degree r, then also the following expression 


Xr Xr À 
a X eaaa e o (4.16) 


TES, 


appears in p. But if the parts of à are not distinct (that is A; = A;4; for some 
i), or if k < n — 2, then the expression (4.16) is equal to zero. Therefore p 
must be the sum of polynomials of the form (4.16), with k =n and A; > Az 
> +++ > Àn—1 > Àn = 0. We introduce the following notation: once n is fixed, ô 
denotes the following partition: 6 = (n — 1,n — 2,..., 1, 0). Then the partition 
à = (Aq, Ao, ..., An) satisfies the condition Ay > à2 >- > Àn-1 > Àn > Oif 
and and only if it is of the form 


à = u +ô := (mı +n — 1l, u2 +n —2,..., Un- + 1, Un), 


where u = (H1, U2, ---, Hn—-1, Hn) is an arbitrary n-parts partition, with possi- 
bly ui = Mi+1 = +++ = Un = O for some 1 < i < n. The following proposition 
is an obvious consequence of the discussion above. 


Proposition 4.1.15 For each wt r, with (u) < n, set 


= uı+n—l _u+n—2 Un 
5+ p(x) = ` ET)XRO) Xr l Xain) 
TEGy 
=i =i =i 
xin ges co e 
—2 —2 —2 
aom gAn ALT grann 


x xin PEN xin 
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(where 4; = 0 for j = €(u)+1,...,n). Then {azz : ur, &(u) < n} isa 
basis for the space of all homogeneous antisymmetric polynomials of degree 
n(n—1) 
ROD 4y, 

2 


For u = (0), as is a well-known determinant, called the Vandermonde deter- 
minant, or the discriminant. To make induction on n, it is useful to introduce 
the following notation: 5 =(n—2,n—3,..., 1,0), that will be used also in 
the sequel of this section. 


Lemma 4.1.16 (Vandermonde’s determinant) We have: 


n—-1 n—-1l n—1 

X1 Xz a Xn 
n—2 n—2 n—2 

X1 X2 ee Xn 

as(x)=| : : a I] (x; — xj). 
l<i<j<n 
X1 X2 Xn 
1 1 1 
Proof We make induction on n. In the determinant aș, fori = 1,2,...,n — 1, 


we can subtract from the ith row the (i + 1)th row multiplied by x,,. In such a 
way, we get: 


2 2 2 
xt (i= Xa) xy (x2—-Xn) arg xni (Xp-1—Xn) 0 

3 3 3 
xi (xı — xn) x (x2— Xn) S 5 (Xni — Xn) 0 

3(X1, X2, +++, Xn) = : 
Xi — Xp X2 — Xn toe Xn-1—%X%y 0 
1 1 1 1 
= (xı = Xn )(X2 =~ Xn) wae (Xn-1 = Xn Jaz (xı, XQ, 2065 Xn—-1) 
= I] (xj — xj), 


l<i<j<n 


where the second equality is obtained by the Laplace expansion along the last 
column (and factoring out the polynomials (x; — xn), i = 1,2,...,m — 1), and 
the third equality by the inductive hypothesis. 


We end with a result that will be used in Section 4.2. The symbol u > A 
has the meaning defined in Section 3.1. 
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Lemma 4.1.17 For every à į n — 1, we have: 


Xp XQ + Xp— (Hy + X2 + -+ Xn—1 G54 X1, X2, - -+ Xn-1) 
= So a0, rint get: (4-17) 
penis 
Proof Suppose that à = (A1, A2,..., Ax) and set Azz; = ++- =A, = 0. Then 


every u H n with u — A is obtained by adding 1 to one A; with A;_1 > Aj. 
Therefore the right-hand side of (4.17) may be written in the form 


Ay+n-1 yên 2 àj+l+n—j 
D, a2 aO U AO + ay ba=03 
{Ajay weG, 
since certainly 4,, = 0, this expression is equal to 


ae 1 Ag+n—2 Aj+l+n—j An-1+1 
2 Ss EM) Ga U Nk) Xa (n-1)" (4.18) 


jAjashy FEC 


On the other hand, the left-hand side of (4.17) may be written in the form 
pia X1X2 ++ Xp Xj * Gyzs(X1,---,Xn-1), and this is equal to (4.18) too, 
because if à j—1 = A; then x1x2 +++ X_—1 + Xj + azgi; <- -s Xn-1) = 9 


4.1.7 The algebra of symmetric functions 


In this section, we introduce the algebra of symmetric functions. Actually, 
these are not ordinary functions, but polynomials in an infinite number of 


variables x1, X2, ..., Xn, .... A monomial in those variables is just a product 
of a finite number of variables: a x TE x3 its degree is s1 + s2 +--+ + sg. A 
polynomial in the variables x1, x2,...,%,,... is a formal sum expression of 
the form 


—— Sk 
p(x) a Qil ,s1,i2,82,:-İk, aX, ae Xi, 


where the sum is over all monomials and the coefficients dj, 5, .i,,5,.... are 


sik Sk 
complex numbers. We say that p is homogeneous of degree r if only monomials 
of degree r appear in the sum. If A = (Aj, A2,..., Ax) iS a partition of r, the 


monomial symmetric function associated with A is 


Mah d 
m, = J Xj Xj, ae a 
where the sum is over all k-sets {i1, i2, . . . , iz} of natural numbers. The algebra 


of symmetric functions in the indeterminates x1, x2,..., denoted by A, is the 
vector space whose basis is the set {m, : à F r,r = 0,1, 2,...} ofall monomial 
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symmetric functions. It is an algebra under the formal product. It is also a graded 
algebra: 


[o0] 
rss, 
r=0 
where A’ is the space of all symmetric functions of degree r (whose basis 
is {m, : à F r}). The term “graded algebra” simply means that if f € A” and 
g € A‘ then f- g € A"*™. If k > 0, the complete symmetric function hg is 
the sum of all monomials of degree k, the elementary symmetric function ek 


is e=} h< p<<j Xj +*+ Xj, and the power sum symmetric function pp is 
P=} j=l Xj If à = (å1, ..., Ax) is a partition, we set, as usual, 


hy = hahaa tte Rags En = euet ean and ph = Pr, Pa't Pae 


Arguing as in the proofs of (i), (ii) and (iv) in Theorem 4.1.12, one can 
easily check that {h} : à F r}, {e} : à F r}and{p, : à F r} are all bases of A”. 
Therefore {h, : à F r,r = 0, 1,2,...}, fe, :à F r,r = 0, 1,2,...} and {p; : 
àF r,r = 0, 1,2,...} are bases of A. We can also define a map w : A —> A 
by requiring that w(e,) = w(h,), for each partition A. This is an involutive 
automorphism of A (see (i) in Proposition 4.1.13). 


Exercise 4.1.18 Verify all the statements in this section. 


For more details, we refer to the monographs by Macdonald [83], Sagan [108] 
and Stanley [113]. 


4.2 The Frobenius character formula 


This section is devoted to the first main result of this chapter, the Frobenius 
character formula. It expresses the characters of the symmetric group as coeffi- 
cients in the expansion of an antisymmetric polynomial. Our treatment is based 
on that of Simon [111], where the main ingredient is the branching rule for the 
characters of G,. We also take into account the exposition in the monographs 
by Macdonald [83] and Fulton and Harris [43]. 


4.2.1 On the characters of the Young modules 


Let A be a partition of n. We denote by y* the character of the Young module 
M*. If u is another partition of n, we denote by y? the value of w* on the 
elements in the conjugacy class associated with u. 
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Lemma 4.2.1 Let à = (Aj, A2,...,A%) and w= (1",2”,...,n') be parti- 
tions of n. Then 


N+ 


(rij) i= Ee "rik! 


where the sum runs over all collections {rij :1 < j <k, 1 <i < àj} ofnon- 
negative integers satisfying the conditions 


ey trig = Ay j=1,2,...,k 
Ses i=1,2,...,n 


(and we set r;,; =O forl < j < kandi; <i <n). 


(4.19) 


Proof Denote by C, the conjugacy class associated with u. Suppose that 
mz € Ca NG, where G, is the Young subgroup associated with A. Then 
T = 71172 -+ -Nk With xj € Gy, and if x; has cycle type (1, 2"/,..., D, 
then the integers r; j satisfy equations (4.19). Since C, N G, is a union of con- 
jugacy classes of G,, from Proposition 4.1.1 (applied to each such conjugacy 
class) it follows that 


ensi- ST] 


a. 
{rij} j= ia {gee 


Then the statement is an immediate consequence of the formula vi. = 


Se, N G,| (see Corollary 1.3.11). 


Lemma 4.2.2 For any u F n we have 


= À 
Pie ` pam. 
Arn 
ri! 
ri wi, berin? 


Ti. Vi,2 Tin 


ri2++:+:+7in =T, is equal to the coefficient of yi” y3” +-+ Yyn” in (yı + 
y2 +++++ Yn)”. It follows that 


Proof First note that the (multinomial) coefficient where ri 1 + 


PulX1, %2,---,Xn) = [ [ei + x} +-+ xy 
i=l 


n 


iri, ri! 
=> |e I] 


riali! +- Fin! 
t [j= NR 


where the sum runs over all collections {7;, j} of nonnegative integers satisfying 


iat. =r for alli = 1,2,...,7. 
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Therefore, the coefficient of ee + xe in p, is equal to the expression 
for i. in Lemma 4.2.1. Since p, is a homogeneous polynomial of degree n, 
the statement follows. 


4.2.2 Cauchy’s formula 


Proposition 4.2.3 (Cauchy’s formula) Suppose that y,, y2, ..., Yn is another 
set of variables. Then the determinant of the matrix (a jalon is given 
19j7i,f=1,2,..., 


by 
1 
act ( ) = aaO) , 
1 — xiyj Ti j-10 -— xiy) 
where d3(x) = Tic jn i — xj) is the Vandermonde determinant (see 
Lemma 4.1.16). 


l—xıyı 1—x1 y2 


Proof The proof is by induction on n. For n = 2 it is an easy computation: 
1 1 
l—x2y1 1—x2y2 


( ) 
det = 
1—x;y; 
1 1 1 1 


~ l= xy l- xy l-xyl— xy 
o A= xy — xiy) — (l — xiy — x2y2) 
A = xy — xy) — x2y1)(1 — x2 y2) 

l—x2y1 —X1 y2 +x1X2y1 y2 —(1— x1 yı —X2y2 +x1X2y1 y2) 
A = x1y)C. = xiy) — x2y1)(1 — x22) 

E —xX2y1 — X1 y2 + X1y1 — X22 

d = xiy) = x12) — x2y1)(1 — x2y2) 

= (x1 — X2)(y1 — ya) 

~ (L=xiy)d = x12) = x29) = x2y2) 
as(x)as(y) 


TT j10 — xiy) 


1 1 | 


Note that 
1 1 i— ; 
ee E (4.20) 
l= xiy; 1— xy; 1— xy; 1—xjy; 
and 
Yj yı yoy 1 (4.21) 


l= xy; l-xy  l=xy l= xy 


174 Symmetric functions 


Then we have: 


1 = 2 1 
det | —— |] Se i - 
a(i) o [e Olep 


i=2 j=l 
1 EF 1 
JI y2 Yn 
1—x2y1 1—x2y2 l—x2yn 
gi y2 PRO Yn 
l—xnyı l—xn y2 1—Xn Yn 
n n n 
1 
=en) | [e = x] [o yw] Zz 
i=2 jz2 i=2 iyı 
1 Oo 0 
1 1 
1 yı 1—x2y2 1—x2yn 
l1-x : 
jel 1Yj 
1 1 
yı 1—xny2 1—XxnYn 
as(x)as(y) 


=x) DN? 
Mij- - xy) 


where: in (x) we have subtracted the first row from each other row, we have 


used (4.20) and factored out the terms = z 


(from rows 2, 3,..., n); in (xx) we have subtracted the first column from each 
other column, we have used (4.21) and factored out the terms y; — yı and 


= me finally, in (* x *) using the Laplace expansion with respect to the first 


row, we have applied the inductive hypothesis and Lemma 4.1.16. 


(from each column) and x; — x, 


4.2.3 Frobenius character formula 


Let u be a partition of n and consider the function p,,(x)as3(x), where p, is the 
power sum symmetric polynomial associated with jz and as is the Vandermonde 
determinant. Since p,,(x)as(x) is homogeneous antisymmetric of degree n + 
wad = mat) , from Proposition 4.1.15 we deduce the existence of coefficients 


X4 such that 


Pulx)as(x) = D> Krarss(x). (4.22) 
Abn 


We want to show that the number a is precisely the value of the character x^ 
at the conjugacy class of G, corresponding to the partition jz. For this, we need 
some preliminary results. 
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Proposition 4.2.4 Let | n. Let Y” be the character of the Young module M>. 
Then there exist integer coefficients ay x, v F n, such that 


CPX, a v 
Xu = ) Ayr Vin 
ven 


forall urn. 


Proof Let m, be the monomial symmetric polynomial associated with v. Since 
m,(x)as(x) is antisymmetric, there exist coefficients a, , such that 


my(x)as(x) = D> ay aal) (4.23) 
pen 
(see Proposition 4.1.15). Moreover, a,,, is equal to the coefficient of i 
gn PAE og - x2» in the polynomial m,(x)as(x), and therefore it is an integer. 


By Lemma 4.2.2 and (4.23) we have 


Pulx)as(x) = X ymaa) = Y bs wien] ars (x). 


ven Abn Lyn 


Comparing the last equality with (4.22), the statement follows. 


Lemma 4.2.5 The functions Xn satisfy the orthogonal relations of the charac- 
ters of irreducible representations of the symmetric groups (see (4.3)): 


Proof From Cauchy’s formula (Proposition 4.2.3) and Lemma 4.1.11 we get 
(recall that € is the alternating representation of G,,): 


= 1 
X9 Pu) Puasr)a5(y) = 


Zu 
= 5 elr) : + : 


1 — xiy) 1 — Xn yan) 


| 
a 
@ 
(ana 
io, 
— 
j 
S| |= 
= 
<. 
Se 


r=0 per 


ween 


ll 
| 
M 
=a 
3 
— 
x 
mS 
Se 
ag 
ba 
s 
=< 
As 


(4.24) 


where we have used the geometric series expansion. Note also that the expo- 
nents @1,...,@, can be taken to be all distinct, otherwise the corresponding 


monomial is in the kernel of $- <6, el)r. 
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We now consider the homogenoeus component of degree n(n + 1)/2 (both 
in the variables x and y) in the first and last term of (4.24). We get the equality 


1 
Y = p, œa) Pu(y)as(y) 
Zu 


pen 


a Qn Qn 
= D D ETXE Ya) o Yro 


>> An 1,0€6, 
X; ;=n(n+1)/2 


Keeping into account (4.22) and the definition of a,,+5, this yields 


Bt pcs 
be b> zak i43(X)4y43(Y) = X angs(x)an40(y) 


A,vEn \ wen MR 


and the orthogonality relations follow. 


Lemma 4.2.6 Let à, u H n. For à 4 (1") the coefficient X satisfies the same 
branching rule of the character x? of Si: if u = (M1, W2, +++, Le-1, 1) and 
v = (M1, U2, - - -, Ur—-1) then 

DE 


OEn—-1: 
1>0 


Proof First of all, note that if à Æ (1”) then à„ = 0 and therefore (setting 
5=(n—2,n—3,...,1,0)) 


Aytn—1 .Ag+n—2 n-itl 
asla) = J CER ATU O Aaa D l0 


TEGy 

SEA Aytn—2 A2+n—-3 Ant 

= J E(T) X51) Xn) ¥e(n—1)¥ 142 °° Xn-1 
xE, 

= XX ++ Xn—14,45(%1, XQ, 2065 Xn—1). 


This implies that the polynomials {a,+5(x)|x,=0 : à F n, A A (1")} are linearly 
independent. Note also that for A = (1”) one clearly has a) +5(x)|x,=0 = 0. 
Let u and v as in the statement. On the one hand, we have, by (4.22), 


Pyu(*)a5(X)|x,=0 = >. Xrdr+6(X)lx,=0- (4.25) 
AEn 
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On the other hand, computing p,,(x)|x,=0 and as(x)|x,=0, and then applying 
(4.22) again, we get 
PulX)a5(X)|x,=0 = X1X2 ++ + Xp—105(%1, X2, -- +, Xn—1)° 
e(a H X2 +++ + Xn) Pv 1, X2,--- Xn) 
= 5 X1X2 + Xn (X1 + X2 F +++ + Xni): 


ðH}n—1 
- Xe ag 5&1, X2, <- Xn—1) 
W (4.26) 
=(x) 5 Xv X a4 6(*)Is=0 
6-n—-1 En: 
1-0 


= oe Ss Zo ara (X)| x, =0- 


En: 6En—-1: 

2401") \ ase 
where (x) follows from Lemma 4.1.17. Equating (4.25) and (4.26), and keeping 
in mind the fact that {a,45(x)|x,=0 : à F n, A Æ (1")} is a linearly independent 
set, the branching rule follows. 


Lemma 4.2.7 For each à F n, we have Xå > 0. 


Proof We first show that Lan = 1. Indeed, we have 


—2.n-3 
(x1 + x2 + +++ + Xna (x) = 5 ET) XOXO) t Xa(n—1) 
nE, 


because no monomials with two x;’s with the same power can (effectively) 
appear in an antisymmetric polynomial. Similarly, 


-1_n-3 
(xy + xg +: + Xn)°a5(Xx) = ` E(T) X51) (2)*n) -++ Xq(n—1) + P(x) 
TES, 


where P(x) is the sum of all momomials containing some x; with degree larger 
than n. 
Continuing this way, we get the expression 


Œi + 2X2 +--+ + Xn)" a5(x) = asan) + OC) (4.27) 


where, again, Q(x) is the sum of all terms containing some x; with degree 
larger than n. 

Now, pan = (x1 + x2 +++: + xn)” and (4.22) for u = (1”) becomes 

(xy +x te H nasx) = Kanas) + D> Kinaagsx). (4.28) 


AEn: 
AC") 
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Recalling that {a,45(x) : à F n} is a basis (cf. Proposition 4.1.15), and equating 
(4.28) with (4.27), it follows that ¥{j,) = 1 > 0. 

To show that Zär > 0 for all à F n we argue by induction on n. Suppose 
that n = 1. Then (4.22) reduces to 


~a 
pit) = x1 = Xx 


and therefore Z= = | (which is indeed E = | forn = 1). Using this as the 


base of the induction, and keeping into account the particular case A = (1”) one 
proves the statement using the branching rule in Lemma 4.2.6 for the inductive 
step. 


Theorem 4.2.8 (Frobenius character formula) For all partitions à, u F n 
we have X = Xi: In other words, 


puas) = $ xias) 


Aen 
forall wn. 


Proof Consider the map X* : u |> Xå as a central function defined on 6, (that 
is, X*() = X4 for all x € C,,). From Proposition 4.2.4, we deduce that X* is 
a linear combination with integer coefficients of irreducible characters: 


yA Xbox” 


pin 


with b, , € Z. From the orthogonality relations (in Lemma 4.2.5 for x*, and 
in (4.3) for x”) we = 


l= = z ZY = > byob. > a xhKe = X oro). 


pen p,8}n jean © pin 


As the b} p’s are integers, this forces ¥* = +x? for some p. Observing that 
Cary = {le,}, so that x(,, = dimp > 0, the condition X/;,, > 0 (see Lemma 
4.2.7) gives x* = x’. This shows that every ¥* is the character of an irreducible 
representation of G,,. 

We now use induction to show that ¥* = x+. First of all, let n = 2. Then, 
formula (4.22) gives, for u = (2), 

~2 ~1,1 
(xt HDE — x2) = KH OP — 23) + Xo) Tra — 4149), 

so that ¥5) = 1 and X53) = —1, and, for u = (1, 1), 


2 ae 
(x1 + x2)? = 32) = O — 28) + Xp Pe — xixa) 


so that rae = Zi =i; 
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Therefore ¥® = x and X}! = x}! are precisely the characters of 63. 
Using the branching rule in Lemma 4.2.6 and the fact that, for n > 2, each 
partition à | n is uniquely determined by the set {9 F n — 1 : à — 0}, we can 
apply induction. Finally, the case ¥“") = x“"") follows, by exclusion, once we 
have proved (by induction) that ¥* = x* for all A F n, A # (1”). 


We now introduce the following notation. 


Given a polynomial p(x1, x2, ..., Xn) and a partition A = (Aj, A2,..., Ax) 
with £(A) < n, we denote by [p(x1, x2,...,Xn)], the coefficient of the mono- 
‘ Ai aA Ài Be Pi 
mial x}'x,* -+-x,° in p(X), X2,..., Xn). Clearly, the operator p +> [p]; is lin- 


ear: if œ, B € C and p, q are polynomials then [ap + Bg], = a[p], + lal. 
The Frobenius character formula can be given the following alternative 
formulation. 


Proposition 4.2.9 Let à, u į n and set k = &(A). Then 
X = [pula may. ea (4.29) 
where 8 = (k —1,k —2,..., 1,0). 


Proof From Theorem 4.2.8 we know that Xà = [pula1, X2, -- . , Xn Jas la+, 
where 6 = (n — l1,n — 2, ..., 1,0). Setting Xk}1 = Xk42 = +++ = Xn = l we 
get 
As(X1, X2, -.., Xk, 1,..., 1) 
= ax(x1, XQ, +665 Xk)(x1X2 ae, - xp)" Ý + q(x, X2, s., Xx) 
and 
PulX1, X2, sess, > Xk, 1, erg 1) = Pul%, X2, Aes , Xk) + q(x, X2, we Xk) 


where qı and q are polynomials of lower degree. Since 


Ayt+n—1 A.+n—-2 Agtn—k _ AyAkK—1 Ao tk—-2 Àk n—k 
xy Xz Xp =x] Xz "Xk (X1X2-++ Xx) 5 


(4.29) follows immediately. 


4.2.4 Applications of Frobenius character formula 


Recall that d, denotes the dimension of the irreducible representation S*. 


Proposition 4.2.10 Let à = (A1,A2,...,A%) En and set u =à +ô, where 
ô= (k—1,k—2,...,1,0). Then 


n! 
d, = atts Hz +, Ha). (4.30) 
H1-H42-; >>> Mk- 
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Proof First of all, note that 


Pn(X1,X2, +++, Xk )As(X1, X2,- 6, Xe) = 1 H XQ +--+ + xy)": 
De E TO! 
nE: 


-5 E m 


ai'a! --- ax! 
neS, EAI 1-42 ak 
aytaz+ +a =n 


. PA ia E T amet 


E (4.31) 


From Proposition 4.2.9, it follows that d, is precisely the coefficient of 
xx? xe in Pa, X2,- +5 Xk)as (X1, X2, -.-, Xk). Therefore, if we con- 
sider the terms in (4.31) witha; = uj — a(k — j + 1)+ 1, for j = 1,2,...,k, 


we find 


; n! 
> OG =) + Digan 2k — D+ DE Ge =e + DE 
(4.32) 


where the sum runs over all x € G, such that w; — x(k — j + 1)+ 1 > 0, for 
j=1,2,...,k. Since 


1 _ Bile ~ D mj- TR J +1) 42) 
(uj; —m(K-jt+1)+1)! uj! 


(with the right-hand side equal to 0 if uj — a(k — j+ 1)+1 <0) we can 
write (4.32) in the following way: 


k 
n! 
d, = ————_ ? em)| Jujuy 1) - (uj rk- 7 +42) 
e e I] jj i 
l p Hluk — 1) 
n! 1 Hk-1 aie = 1) 
~ fal ptal es ug! : p 
l p Hilu — 1) 
n! 
FT i 
iB er ! 


where the last equality may be obtained by adding the second column to the 
third one, then —2 times the second column and 3 times the third column to 
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the fourth one and so on, until the determinant reduces to the usual Vander- 


monde. 


Now we compute the value of x, à F n, on a cycle of length m, where 
l<m<n. 


Proposition 4.2.11 Let àF n, set u =à +ô (cf Proposition 4.2.10) and 
define $(x) = Tae — ui). For 1 < m < n and p = (m, 1" ™), we have 


k 


d (u;—1)--(u;-m+1) 
a a MINI Hj 
Xp = ` (u; — m). 
O ml b'(uj) 7 
Proof Clearly, x} is equal to the coefficient of xi x3? --- xp" in (x1 + x2 


fee fb xg My aF H + aias, X2,..., Xk). Arguing as in the 
proof of Proposition 4.2.10, we can deduce that x 7 is equal to 


k 
3 (n — m)!as(Mi, U2, ..., Uj — M, ..., Uk-1, Hk) 
Hilu!» -+ (u; — m)! -+ uk-i!Hr! 


From Proposition 4.2.10, it follows that 


A — m)! | ee 
Xp _ (n m)! > Hj- 1 Mi —™m 
d, n! (uj; —m)! ;— fhi 


Ha, (uj —m), 


because |C,,| = n!/(n — m)!m (cf. Proposition 4.1.1). 


Exercise 4.2.12 Set Aj = wj(uj — 1) (uj —m + I), 


(1) Prove that, for h > 1, aa Aj(uj)! is the coefficient of We in the 
Taylor series at infinity (i.e. the expansion in descending powers of x) of the 
rational function x(x — 1)--- (x —m + 1)@(x — m)/ġ(x). 

(2) Deduce that |C, | že is equal to the coefficient of 1/x in the expansion of 
x(x — 1) (œ —m + Dp — m)/—m G(x). 
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Hint: We have Aj = limy+,,(% — uj) [x& — 1) -œ — m+ Dox — m)/ 
oa] and therefore x(x — 1)--- (x —m + 1d — m)/ġ(x) = 


Yia = + q(x), where q(x) is a polynomial in x. Then one can use 
J 


= Ay ye 


X—pj 


The formulae in Proposition 4.2.1 1 and Exercise 4.2.12 are due to Frobenius. 
A classical exposition is in Murnaghan’s monograph [95]; several particular 
cases were worked out in [62]. 

In Section 5.2 we will treat the expansion in Exercise 4.2.12 in great detail. 


Exercise 4.2.13 Prove the formula in Theorem 3.4.10 by using the Frobenius 
character formula. 


Consider the diagram of a partition A =(Aj,A2,...,Ax), and let 
A = (Ai, A5,-.-,4),) be its conjugate. The hook length of a box of coor- 
dinates (i, j) is defined as h; j := (Aj — j) + (Xj —i)+1. Clearly, à; — j 
equals the number of boxes on the same row of and on the right of (i, j), while 
nr — i equals the number of boxes on the same column of and below (i, j). 
For instance, in the diagram of à = (7,4, 3, 2) the hook length of (2, 2) is 
hog =2+2+1=5 (Figure 4.1). 


Figure 4.1 The hook length of (2, 2) equals the number of e’s. 


Theorem 4.2.14 (Hook length formula) For each à | n we have 
n! 


7 He. hij 


where the product runs over all boxes (i, j) of the diagram of x. 


d, 


Proof First note that, with the notation in Proposition 4.2.10, 41, M2,- .., Hk 
are precisely the hook lengths of the boxes in the first column (from top to bot- 
tom), and that, setting t = iM, then Lj =pj—k+t—1,forj=1,2,...,¢, 
are the hook lengths of boxes in the second column. Note also that, for 
j=tt+1,t4+2,...,k, we have uj =k-— j+ 1 and therefore Wau — 
u= liui -k+/-—D]G—t-D!s moreover, — (Mi — Di 
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(ue — 1)! = (k — t — Dk — t — 2)! - - - 1101. It follows that 


= (myi — D! (u — D! [u — DQ = 2- os — (k = t), 


i=l 
and therefore, the formula in Proposition 4.2.10 yields 


dy _ as(Mi, M2, ---, Hk) 
n! uila! +- pe! 

1 Thesi<jeHi — 4) 
Hila +++ Hk Tilil ++ fir! 


(4.33) 


Then, we can apply (4.33) and use induction on the number of columns in the 
diagram of i. 


The hook length formula was proved by Frame, Robinson, and Thrall [41]. 
The story of its discovery is narrated in Section 3.1 of Sagan’s book [108], 
where one may also find the probabilistic proof given by Greene, Nijenhuis 
and Wilf [52]. 

We end this section by deriving the Murnaghan—Nakayama formula in the 
original form obtained by Murnaghan (see [94]). We need an extension of 
the definition of the alternant a),5. For œ = (œ1, @2,...,a%) E€ ZÉ and ô = 
(k —1,k —2,..., 1,0), we set 


— æai+k—1 __æz+k—2 Qk 
a461, X2,- , Xk) = ` EU) Xa) Xa) XU) 
rE; 
k-1 k-1 k-1 

uit xt Pe Coa 

a2 +k—-2 a2+k—2 a2+k—-2 

1 

4 a5 i 


see Proposition 4.1.15. If an integer in æ + ô is negative, then we set dyi5 = 0. 
Obviously, if œ” = (a, @2,...,0j;-1,j41 — l, æj + l, aj42,..., Œk) then 


da+s = —dq'+5- (4.34) 
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Indeed, dy+5 is obtained from ag+s by switching the jth and the j + Ist rows: 


aj+k—j ajtk—j aj+k—j 
B X J x5 J a Xo J 
la+ = | ajyi+k—j—l aj41+k—j-1 aj4i+k—j-1 
2 X m A X 
1 2 k 
and 
&œj+ı+k-j—1 &j+ı+k-j-1 ajzitk—j—-1 
y J aor J ee Ee J 
Aq! +5 = ajt+k—j aj+k—j ajtk—j 
Xi Xz ae et Xk 
Using the rule (4.34), it is easy to see that dy43 = 0 Or aa+5 = a45 for 


a partition A of a; + &œ2 +---+a,. Indeed, if j is the first index such that 
Q@j41 > a; then 


e ifaj;,; =a; + 1 then clearly ag+5 = 0 because the jth row coincides with 
the (j + 1)st row; 
e ifa; > aj4; + 1 then we can use dy43 = dy'+s 


Iterating this procedure, dy.; = 0 or we get a partition A of 1 + a2 +---+ a 
such that dy+3 = +a,+3. We can also use Proposition 4.2.9 to define, fora € Zk 
with as a; =n,andu F n 


Xa = [Pu (x1, x2, 22 Xk)asla+6, (4.35) 


where [Q]y+4s now stands for the coefficient of the antisymmetric polynomials 
da+s in Q (and [Q]a4s = O if dg4s = 0). Clearly (4.34) gives 


x* = —-x* (4.36) 


so that x% = 0 or x“ = + %. The function u > Xp is a virtual character of 
G6, Alternatively, we may use the determinantal formula (Theorem 4.3.25) to 
define x“. 

We need the following notation: if mu = (M1, M2,..., pe) F n and 
p is a part of mw, that is w;=p for some i, we set u\p= 
(Ui, U2, -.-, Mi-1, Migt,---, Me). If reZ and ae Z then a tre; = 
(@1,02,...,@ EF, ..., a) (thatis,e; = (0,0,..., 1,..., 0) with 1 in position 
i). Now we can state and prove Murnaghan’s rule: 
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Theorem 4.2.15 (Murnaghan rule) Let à, u be two partitions of n. Suppose 
that r is a part of u and denote by k the length of à. Then 


k 


6 ae A-re; 
Xn = Daye 


j=l 


Proof Since py = Py\r Pr, from Proposition 4.1.15 and Proposition 4.2.9 we 
deduce 


Xi = [puas] 


= [Pur Pprasli+s 


k 
a)-1 (k-j+1)—1+ (k)—1 
= 3) o a a 
j=l wEeGy 
k 
1)-1 (k—j+1)-1 k)-1 
=, Y empag ee OO ee ee 
j=l re; 


k 
= X [Pur Qsli-re)+8 


j=l 


4.3 Schur polynomials 
4.3.1 Definition of Schur polynomials 
Theorem 4.3.1 For à F r, €(A) < n, set 


Miia Kis X2,---5 Xn) 


as(xı, X2... Xn) l 


i Asser Xn) = 


Then, each s, is a symmetric polynomial, and the set {s, : à F r, &(A) < n} is 
another basis of Aj. 


Proof First of all, note that if the polynomial p(x), x2, ..., Xn) is antisymmet- 
ric, then p(x1,%2,...Xj...,Xj,--+,X,) = 0. It follows that p(x) is divisible 
by (x; — x;) and therefore by a(x). Indeed, if ax{''x5? <- -xf ~- E 
a monomial in p(x), so that 41, 42, ..., Qn are all distinct and, say 4j < Hi, 


<.. xk" is 


‘ : u Li 
then p(x) also contains the monomial —ax/''x5” - - x -xf xh", and the 


sum of all these monomials is divisible by (x; — x;). 
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Denote by A’ the space of all antisymmetric polynomials of degree r + 
n(n — 1)/2 in the variables x1, x2, ..., Xn. From the above considerations, we 
have that the map 


an MS 
P(x 
PQA) Te 


is a linear isomorphism. Then, s, is precisely the image of a,+45 and therefore 
the statement follows from Proposition 4.1.15. 


The polynomials s, are called Schur polynomials. 
We now give another expansion for the product ia (see Lemma 
ij iŅyj 


4.1.11 and Proposition 4.2.3) in terms of Schur polynomials. 


Lemma 4.3.2 We have 


Toz = 5. > sas). 
i,j l j) 


r=0 Apr 
LA)<n 


Proof First of all, note that (using the geometric series expansion) 


1 
ae (; = —) F a Ol l= Xi Yn(i) 
-55 soppe OD 


uj j=07EG, 


and therefore if AK r, £(A)<n, the coefficient ut A i xt- ri -- xô" in 


det (T ET )i is a}+8(Y1, Y2,--+5 Yn). Since det (= a) is antisymmetric, both in 
the x’s and the y’s, it follows that it is the sum of ‘all polynomials of the form 


Ayn+3(X)aan45(y): 


Tao" a Ss Ay45(X)aa45(y). 
kJ l j) 


r=0 Abr: 
e(A)<n 


Then, the statement follows from Cauchy’s identity (Proposition 4.2.3). 


We end this subsection by evaluating a Schur polynomial for x; = x2 
-* Xn = 1. This result will be used only in Section 4.4.4. 
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Theorem 4.3.3 Suppose again that à is a partition of r of length k and that 


n > k. Then setting x; = x2 = -++-X, = 1 in the Schur polynomial s, we have: 
dy ke at 
d ee 
nd... D=—[[[[G-i+. (4.37) 
i=l j=l 
Proof First of all, note that if we set xj = x/~', j =0,1,...,2—1 in a45 


(where x/—! are the powers of a single indeterminate x), then 
ara(l, xX,- , X"71) = det[(x* t=] 


is a Vandermonde determinant whose ith row is made up of the powers 


(xti, j = 1,2,...,n, of x^”, It follows that 
ass, Xyeees w= = I] gots ~ xt, (4.38) 
l<i<j<n 


and therefore 


sees Tiger OE hited) 
SI, x,...,x" ) = rar ss 
Tic j<n(* =x") 
n Ai—Aj+j-i _ 
=]. Th<icj<n@ 1) 
j=2 izizjen I — 1) 


Now we can take the limit for x —> 1 and apply (4.30), getting (recall that 
Àk+1 =- Àn = 0): 


Phei<jenAi ~~ Àj FJ —i) 
Ihei<jenC =i) 
Thizz- jen (Ai +j—i) Tha jp (Ai She f= 4) 
_ j i j 
[hve =i) TheeczaeG —i) 
= TheictejenQi FJ =i) 


80, 1,..-,1) = lim s,(1, x, re = 


d, 
(by (4.30) = = Fi ke DNAk 2) A! 
Mier Tain G - 8 ro! 2 k 
d, É (Ai +n — i)! 
“n I] 


(n —i)! 


d k ìi 
== [0 -i+». 


* i=1 j=l 
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The polynomial c(t) = Tl pear j —i +t) is often called the content 
polynomial associated with the partition A; see [83] for more details. 
The following expression, obtained in the above proof, is also noteworthy: 


One re ee 
nl... d= [I ar (4.39) 


l<i<j<n 


4.3.2 A scalar product 


We introduce a scalar product in A? just by requiring that {s} : A F r, (A) < n} 
is an orthonormal basis. 


Lemma 4.3.4 
(i) The basis {m,: à F r, LA) < n} and the set {hy : à F r, L(A) < n} are dual 
to each other with respect to this scalar product, that is, 


(hy, My) = On 
forall à, wer, €(A), €(u) < n. 


Gi) If n >r, the basis {p, : à} r} is orthogonal with respect to the scalar 
product: 


(Pas Pu) = Zaôh,u 
forall à, u į r, where z, is as in Proposition 4.1.1. 


Proof (i) Define the coefficients a},„ and b,,, by requiring that 


hy) =Y anusu) and mx) = X broso). 
H p 


From (4.10) and Lemma 4.3.2, we get the equality 


Yo namo) = X ae). 
À 


À 


Since, on the other hand, 


Yo nomo) = >> bs abas) 5u(X)5p(Y) 
À 


Hp À 
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we get `, duba p = ôu p: Then we also have >), a. „bou = ôn and 
therefore 


(hy, mg) = X acaba Gus Sp) 
Lp 


= ` ar, ubo,u 
H 


= 530+ 


The proof of (ii) is analogous: one uses (4.9) in place of (4.10). 


Corollary 4.3.5 [fn > r, then the involution w : Aj, —> Aj, defined by w(e,) = 
h, for all à F r (see Section 4.1.5), is an isometry. 


Proof From (iii) in Proposition 4.1.13 we have that the polynomials p}, with 
à F r are eigenvectors of w with corresponding eigenvalues of modulus one. 
On the other hand, by (ii) in the previous proposition, these vectors constitute 
an orthogonal basis for A’, and this ends the proof. 


n? 


Corollary 4.3.6 The set {h, : A+ r and £(à) < n} is a basis for Af, (see The- 
orem 4.1.12(iii)). 


Exercise 4.3.7 Show that in A} we have: po) = ma) = 2hg) — h21, p21 = 
mgo) + m21 = he) and P1, 1,1 = Me) + 3m2,1 = 2h21 — hg). From these 
identities it follows that (p21, p3)) = 1 #0, (p21, piiji) =1#0 (and 
(P6), P1,1,1) = —1 Æ 0) and therefore if n < r, then the power sums do not 
yield an orthogonal basis. 


4.3.3 The characteristic map 


We introduce some notation: if m € G,, we denote by c(zr) the cycle type of 
zt (which is a partition of n). Moreover, we denote by p,(x) the function G, > 
T +> Pem) (xX), where Pez) is the power sum symmetric polynomial associated 
with c(z). We denote by C(G,,) the algebra of central functions on G,,. Also, 
for ¢ € C(G,) and à F n, we denote by @¢, the value of ¢ on z € C,. Finally, 
for 0 < r <n, we define the characteristic map ch : C(G,) — Aj, by setting 


1 1 1 
chh) = = 2 br) pam =) — barr = zlo, Pods.) 


reS, Abr 


for every ¢ € C(G,). 
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Proposition 4.3.8 The map Vr! ch is a linear isometry. 


Proof Let ¢, Y € C(G,). Then 


(vrich(p), VrichQ)) a, = (S- Lymo, y “iy Pu) as 
Zu 


Abr A per 


(by (ii) in Lemma 4.3.4) = 5 aT 
Abr 


= 5 ow) 


reS, 
= ($, YL, 
Theorem 4.3.9 Letn > r. Then 


sa = ch(x”) 
forallà Fr. 


Proof Recalling that for À, u + r one has, by definition, (x*),, = X we have 
1 
ch’) = Dx, Pul. 
wer 


On the other hand, the Frobenius character formula (cf. Theorem 4.2.8) may 
be written in the form 


Pile) = > HNO: 


Ar 


Therefore 


1 
(Sa, da wu) Ar =x -E= (ch(x* a =? Pu) az- 


Since {—+ Pu: M F r} is an orthonormal basis for A? 


this ends the proof. 


Remark 4.3.10 We will also use the following form of the Frobenius formula: 
Pua) = X Kae): (4.40) 
AFr: 
eA) <n 
The case n > r was obtained in the above proof. For n < r, we can start 
from the case r = n and use the following identities: 


Pui; XQ, 2065 XP hcp pts, <0] = Pui XQ, +65, Xn), 
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while 


0 if (A) >n 


sa(X, XQ, 0065 Xr) bwis =x, =0] 5 | 59 (x1, E o PEDR Xn) if L(A) <n. 


To get the last identity, we may apply repeatedly the following fact (see the 
expression in Proposition 4.1.15): if A, = O then as4,(41, X2,..-, Xn)lx,=0 = 
X 1X2 +++ Xn—105 4, (X1; X2 - -s Xn-1)s where ô = (n —2,n—1,...,1,0). 


We now introduce a useful notation. For A + r and u H m we denote by x* o 
x” the character of the representation hide 7. (S* X SŁ). We then extend the 
operation o to the whole C(G,) x C(Gm) by setting, for all ¢ = $>, , a,x’ 
and Y = } m bux", where ay, b, € C, 


poy = 5 Xa abx’ o X” € C(Õ,4m). 
Aber uÃm 
It is clear that if @ is the character of a representation p of G, and y is the 
character of a representation o of Gm (p and o not necessarily irreducible), 


then @ o w is the character of Inde (Xo). 


Proposition 4.3.11 Suppose that n> m+r and let 6 €C(G,) and we 
C(Gm). Then 
ch(¢ o y) = ch(¢)ch(). (4.41) 


Proof By linearity, it suffices to check (4.41) when @ = x* and y = x”. 
Let x = mm € G, X Gm, with mı € G, and m € Gm. Then Pem(x) = 
Pean (X) Pem) (x). We express this fact as follows 


PcAX)I6,x Sp = Pe, (X) Pc, (X). 
Similarly, (xxr) = x*(st1)x“(s12) is the character of S X S” (cf. (v) in 


Proposition 1.3.4). Then we have 


ch(x* o x”) = (x* o x", De(X)) 1S am) 


(r+m)! 


(by Frobenius reciprocity) CPX! Pa O) PaE 166, xen) 


r!m! 
1 , 1 ii 

= FAX": Pa E LG, A(X" s Per) Lm) 
ri mM: 

= ch(x*)ch(x“). 


Corollary 4.3.12 Let A + r and denote by w* the character of M* as in Lemma 
4.2.1. Then we have 


ch(w’) = hy. 
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Proof Let à = (1, à2,..., àk). Then y*=proy*o---ow* and 
therefore 


ch(y*) = ch(y")ch(y?)-- - ch(w*) = haha + ha = ha, 


where the second equality follows from 


1 1 
ch(y*) = > TVi Puls) = > — Pylx) = hy, 


pba; “H wba; “H 


(in the last equality we have used Lemma 4.1.10). 


We can now use the characteristic map to translate, in the language of Schur’s 
polynomials, the Young rule (Corollary 3.7.11) and the Pieri rule (Corollary 
3.5.14). 


Corollary 4.3.13 (Young’s rule) Let à + r and suppose n > r. Then 
in =} Ku, ADS, 


wer 


where K (1, A) = |STab(1, à)| is the number of semistandard tableaux of shape 
u and content x. 


Corollary 4.3.14 (Pieri’s rule) Let à + r and suppose n > r +m. Then 


S)S(m) = > Su 


H 


where the sum runs over all 4 r + m such that à < u and u/à is totally 
disconnected. 


Exercise 4.3.15 ([43]) (1) Prove the following identity: 


2 j 
ms | | — = Danes) 
j=l $ u 


where the sum is over all partitions u such that à < u and u/àÀ is totally 


disconnected. 

(2) From (1) deduce the Pieri rule in Corollary 4.3.14. 

(3) From the Pieri rule in Corollary 4.3.14 deduce the Young rule in Corollary 
4.3.13. 


Pieri’s rule for Schur’s polynomial was proved in a geometrical setting by 
Mario Pieri in [102]. 


Exercise 4.3.16 Consider the algebra A of all symmetric functions in infinitely 
many variables (see Section 4.1.7). 
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(1) Show that, for each partition A F r, there exists a unique s, € A such 


that s} (x1, X2,...,Xn,0,0,...) is the Schur polynomial in x1, x2,..., Xn, for 
all n > (à). 
Hint. Prove it for n + 1 variables: s}(x1, X2, ... , Xn, 0) = 5, (X1, X2, .. . , Xn). 


(2) Prove that the characteristic map may be extended to a map 


ch: DCG) >A 


n=0 


that is also an algebra isomorphism (~~, C(G,,) is an algebra with respect to 
o). See the books of Macdonald [83] and Sagan [108] for more details. 


Following the notation introduced in order to state and prove Theorem 
4.2.15, given a € Z*, with a; +a +--- +a =n, we can define a corre- 
sponding Schur’s function by setting sy = dg+s/das. We have sy = Sw as in 
(4.34) and 


1 
s=) Xi Pu = ch(x®). 
per u 


4.3.4 Determinantal identities 


In this section we give two determinantal expressions for the Schur polynomials. 
The first one, known as the Jacobi-Trudi identity, was given without proof by 
Karl Gustav Jacobi in [63] and subsequently proved by Nicola Trudi, a student 
of Jacobi, in [119]. 

The second one is called the dual Jacobi-Trudi identity . Both identities 
were rediscovered, in a geometrical setting, by Giovanni Zeno Giambelli in 
[47]. 

In what follows, we extend the parameterization of the elementary and 
complete polynomials eg and hg to nonpositive values of k, by setting e9 = 
ho = 1 and eg = hg = O for k < 0. We also set e} = O for k > n (the number 
of variables). We shall deduce the Jacobi—Trudi identities as a consequence of 
the following expansion for []; 


— 
i, j=1 l—xiyj 


Lemma 4.3.17 We have 


m ol 2 E Y deth ia) 


1 — x;y; 
i,j=l iYj r=0 Abr: 
L(A)<n 
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where (h),—i+ j(*)) is the n x n matrix whose (i, j)-entry is hj,-;+j;(x) (and we 
set heayp1 = Aeayy2 = +++ = An = 0). 


Proof We follow the proof in [84]. Let a = (a1, @2,..., @,) be a sequence of 
nonnegative integers. We set hy = he, ha, +++ hg, and ag+s to be the determinant 
of the n x n matrix whose (i, j)-entry is en), Clearly, dy+5 = 0 if the 
integers aj} +n—1,a2+n-—2,...,Q, are not distinct, while, if they are 
all distinct, there exists a unique x € G, such thata + 6=2(A + ô), with 
à a partition and z (À + ô) = (Azra) + n — n (1), àno tn — (2), ..., Arm) + 
n — m(n)). Clearly, dy+3(x) = e(r )a+s(x). 

Let H(t) be the generating function of the complete symmetric polynomials 
(see Lemma 4.1.7). We have 


— Jay) = | [ [#0 | as) 
ty] j=l 


= det (HO) 


CO 
= det > he; (yg 


a;=0 
n [0,6] 
Oz (jy tn—1(j) 
=} em] X hane” 
TES, J=1 a7 (j)=0 
oe) n 
On(jytn—H (jf) 
= J, hw) em] [y 
1 ,02,...,,=0 TES, j=l 
[e6] 


DO o helaa) 


1 ,012,...,0,=0 


+= =) D> Do hross ar00) 


r=0 Hr: rEeG, 
e(a)<n 


= > ary) > elm hross) 


r=0 àFr: EG, 
e(aA)<n 


= > > det (hi, inj@)) a+). 


r=0 Ar: 
LA)<n 


Dividing by as(y), one gets the desired identity. 
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Corollary 4.3.18 (Jacobi-Trudi identity) Let à} n with (à) <n and set 


Aeoj+1 = Àea)+2 =.. = Àn = 0. Then 
hy, (x) Aya) > Ag en—1%) 
hy,-1(x) hy, (x) pate Nyy 4n—2(X) 
sx) = : i f (4.42) 
hi-ni) Ay, -n42(0%) + hy, (x) 


Proof The statement follows from the expansions in Lemma 4.3.2 and Lemma 
4.3.17. 


Note that, if £(A) < n, then the determinant in (4.42) is equal to the deter- 
minant of the €(A) x €(A) submatrix at the upper left corner. 


Corollary 4.3.19 The set {hy : Ab r and (à) < n} is a basis for At, (see 
Theorem 4.1.1 2(iii)). 


Lemma 4.3.20 Fork > 1, let Hg and E; denote the k x k matrices whose (i, j) 
entries are h;_; and (— 1) eij, respectively. Then Hg and Ex are both lower 
triangular with 1’°s along the diagonal, and (Hx)! = Ex. 


Proof This statement is an immediate consequence of (i) in Lemma 4.1.9. 


Exercise 4.3.21 We sketch an alternative proof of the Jacobi-Trudi identity 
taken from the book of Fulton and Harris [43]. 


(1) Prove that 
X aai En = 0 
k=0 
for j = 1,2,...,n and s > n. 


Hint. E Ro DOE io est) = M: (L+ xit). 


i#j 
(2) Show that there exist polynomials A(s, k) in e1, e2..., en such that 
x} = A(s, xi! + A(s, DXT? +--+ + ACs, n) (4.43) 
for j = 1,2,...,n and s > n, and 


hs-m = A(s, D)hn-m-1(x) + A(s, 2)hn—m—2(X) Feer A(s, n)h-m(x) 


(4.44) 
for0 <m <n ands >n. 
Hint. To show (4.44), use Lemma 4.1.9. 
(3) For à F r and L(A) <n (and Aeay+l = Aeoa)+2 Se = Xn = 0), let Ania 


: . : ar eee en 
X, A, and H, be the n x n matrices whose (i, j) entries are xi a AT 2 
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A(Aj +n — i, j) and hy, + j-i(), respectively. Prove that 
X = HyEn Xn (4.45) 
where €, is as in Lemma 4.3.20. 
Hint. Write (4.43) and (4.44) in the form 1, = A,%, and Hy, = A, Hn, 
respectively, and use Lemma 4.3.20. 


Taking the determinants in (4.45), one immediately gets the Jacobi—Trudi 
identity. 


In order to prove the dual Jacobi—Trudi identity, we need the following 
identity for minors and cofactors of matrices. We follow the exposition in the 
book by Fulton and Harris [43]. 


Lemma 4.3.22 Let A = (a; j) be an invertible m x m matrix and denote by 
B = (b; j) its inverse A`!. Take o and x in Gm, and, fork € {1,2,...,m} set 
A = (ario) jar and B = (bony jryi Then 


det A = e(r)e(c) det A det B. (4.46) 


Proof There exist m x m permutation matrices P and Q such that 


(A A anpi FR Bs 
rag =({ n and Q BP = B B) 


for suitable matrices A1, A2, A3, Bi, B2 and B3 (note that P! = P’ and 
Q7! = Q'). We then have 


A Ai\\(k B\ (A 0 

Ar A3/\O B) \Ar Ina) 
This implies that det( P A Q) det B = det A. Since det(P) = e(z) and det(Q) = 
e(o), the identity 4.46 follows. 


We also need another lemma on partitions. 


Lemma 4.3.23 Let à = (A1,A2,...,4%) be a partition and denote by X = 
(Al, àh, --., àL) its conjugate. Then {1,2,...,k+t}={aA; +k+1-i:1< 
i <k J Hk+j-A cl sj <th. 


Proof In the diagram of à, consider the segments at the end of the rows and 
at the end of the columns. Label consecutively all these segments with the 
numbers 1, 2,...,k + t, starting from the bottom. For example, in Figure 4.2, 
if A = (5, 3, 2, 2, 1), so that A’ = (5, 4, 2, 1, 1), we have 
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10 


Figure 4.2 


Then, the labels of the segments at the end of the rows are precisely {A; + k — 
i+1:1<i<ky}, and the labels at the end of the columns are {k + j — nr : 
Vek at) 


Theorem 4.3.24 (Dual Jacobi-Trudi identity) Let Xn with €(A) <n, set 
eal = Meo = +++ = An = 0 and denote by N = (A),45,..., 41.) the con- 
jugate partition. Then 


hy (x) ha) > hagn) 
hy,-1() hy, (x) et Ay tn—2) 
hiap) hy, —n42(X) aed hy, (x) 
ex (x) ewy) ss Cat tn) 
ey -1(x) ex, (x) re Opin 2(%) 
= . l í (4.47) 
ernt) enn) + ex, (x) 


and therefore the Schur polynomial s, is also equal to the second determinant. 


Proof Set k = €(A), t = €(A’) and consider the matrices Hg+ and €,4; as in 
Lemma 4.3.20. Let o, w € Gx4, be defined by: 


mii)=A; +k-i+1, i=1,2,...,k 
a(j=j—-4X, j=k+1,k+2,...,k+t 


(cf. Lemma 4.3.23) and 


o(li)=k—i+1, i=1,2,...,k 
o(j)=j, JH=k+1,k+2,...,k +t. 
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Applying Lemma 4.3.22 in this setting, we get 
det(Hys1) = e(rr)e(o) det(He41) det(Ex 41). (4.48) 
Notice that Hest is the k x k matrix whose (i, j)-entry is hy;+j—i (indeed, 


ri)—o(/) =i +k-i+1—-h-j+D=4, 47-1, and Ey, is the 
t x t matrix whose (i, j)-entry is exi- jO DAT, so that 


det (Š) = det (exjs/-7) (DEAD (Li 
= det (ensiz) (ph, 


Moreover 


e(m)elo) = (— 1) t#-9(— HED = (pA = -1 


(to compute e(r), note that (x (1), (2), ..., (k + t)) = (1 +k, à2 + k — 
1,..., Ag+ 1,k— ài +1,k—A+2,...,k— Ai +t). Finally, if Aga = 
Àk+2 =++: =A, = O then the determinant on the left-hand side of (4.47) is 
equal to the determinant of its upper left k x k submatrix; similarly for the 
right-hand side of (4.47). 

Taking into account (4.48) and the above remarks we get immediately the 
identity (4.47). 


Extend the definition of y“ (see Lemma 4.2.1) to all sequences a = 
(œ1, &2, .. . , Œk) Of integers as follows. We set Y“ = 0 if any of the a;’s are 
negative, and then we define 7% to be the character of M“, if œ is a composition. 
Note that, in the notation of Proposition (4.3.11), we have 


Ut = oyto oy”, (4.49) 


where ye is the character of the trivial representation of Gy, ifa; > 1, y=1 
and w% = Oif a; < 0. Then we have: 


Theorem 4.3.25 (Determinantal formula for x*) For any partition À = 
(Ay, A2,..., Ax) ofn, the irreducible character x* of ©, is given by 


x’ Z > e() yw" tr (1)—1,A2+7 (2)—2,-+- Ag+ (k) k) (4.50) 


mEG, 


Proof It is an immediate consequence of the Jacobi—Trudi identity (Corollary 
4.3.18) and of Theorem 4.3.9 and Corollary 4.3.12. 
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The formula (4.50) may be also written as a formal determinant: 


yt yt! ame yt 
ye! ye ao yp rotk-2 
à 
x= ; ; ; 
yl ype 2 Paes yr 


keeping into account of Proposition 4.3.11 and (4.49). As a Corollary, we get 
a stronger version of Proposition 4.2.4. 


Corollary 4.3.26 Every irreducible character of 6, may be written as a linear 
combination, with coefficients in {—1, 1}, of the permutation characters y>. 


Corollary 4.3.27 The set {Y> : à F n} is a vector space basis for the center of 
Gn. 


4.4 The Theorem of Jucys and Murphy 


The YJM elements were introduced independently by Jucys [70] and Murphy 
[97] in order to prove the following remarkable result: every element in the 
center of the group algebra L(G,,) may be written as a symmetric polynomial 
in the YJM elements X2, X3,..., Xn. This was also rediscovered by G. Moran 
[93]. 

In Section 4.4.2 we reproduce Murphy’s original proof which is elementary 
and similar to the proof of Olshanskii’s theorem (Theorem 3.2.6). In Section 
4.4.4 we give an alternative proof due to Adriano Garsia, that is more con- 
structive and gives an explicit expression of the characters of G,, as symmetric 
polynomials in the YJM elements. 


4.4.1 Minimal decompositions of permutations as 
products of transpositions 


In this section, we present a technical but interesting result on the minimal 
decomposition of a permutation as a product of transpositions. 


Lemma 4.4.1 Let 0,2 € G, and suppose that there exist distinct i, j,c € 
{1,2,...,} such that (i) 0 = (j —> c > j)at(@i > c > i) and (ii) O(c) = c. 
Then, 


(1) ifm(c) =c, then 0 = x; 
(2) if n(c) =k £c, then k 4 j and0 = (j > k > jXk > c > kyr. 
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Proof First of all, note that, in any case, (i) and (ii) imply that (iii) x (i) = j. 
Suppose that x(c) = c. Then, we also have (iv) 0(i) = j. Moreover, if h ~ 
c,i, then (by (ii) and (iv)) 0(h) 4c, j, so that z(h) = [((j > c> j)0G > 
c — i)](h) = 0(h). It then follows that x = 0 and (1) is proved. 
Suppose now that z(c) = kc. Set o = (j > k > jk —> c > kyr. 
Observe that (iii) implies that k ~ j, so that 0 (i) = k. We then deduce that 


oi) =[G>k> jk > c> kbri) = [0 > k> jk > c> DIG) = k 
= 0 (i) 


and 


o (c) = [J > k> jk > c> kyr Ic) = [G > k> jk > c> Wk) = c 
= O(c). 
Moreover, if h Æ i, c, then r := z(h) Æ j, k and therefore 
oh) = [0 > k > pk > c > krh) 
=[0 > k > jk > c > kr) 
_ i ifr Æc 


j ifr=c 
and, similarly 
6(h) = [(j > c > ja > c —> i)(h) 
=[G > c > jrih) 
=(j > c> jr) 
= i ifr Æc 


j ifr=c. 


In conclusion, o = 0 and also (2) is proved. 


Example 4.4.2 
G) For i = 1, j = 2 and c = 3, with x = (1 —> 2 —> 4 > 1) and 0 = (2 > 
3 —> 2X(1 ~ 2 — 4 > 1)\(1 > 3 —> 1), we have 


Êl —3—>2(1—>2— 4> I(1—3— 1)=(1—>2— 4> l1) 


(note that 0(c) = 0(3) = 3 = c. Moreover, z(c) = x (3) = 3 = c : we are 
in case (1), 0 = 7). 

Gi) If i,j,k and c are all distinct and m = (k => c —> k)i > j > i), 
0 = (i => k —> j > i), then we have 0 = (j => c > j)r(i > c > i) = 
(j > k —> j)X(k > c > k)r : we are in case (2). 
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Proposition 4.4.3 Let ti, to,...,tn € Gy be distinct transpositions and set 
o = tit- --tm. Suppose that there exist c € {1,2,...,n} and £ = (ao) € 
{1,2,..., m} such that o (c) = c and tg = (i > c > i). Then, there exist an 
integer h > 1 and distinct transpositions t, t}, ..., t), >, € Gn such that 


o=tb e by _on- (4.51) 


In other words, if a permutation o is a product of m distinct transpositions 
and a fixed point of o appears in one of these transpositions (and therefore, 
necessarily, also in a second one), then o can be expressed as a product of 
m — 2h (distinct) transpositions, with h > 1. 


Proof First of all, observe that given an expression o = f/t)---t’, with 
g P 1°2 m 
t,,t5,...,¢’ transpositions and t” = t; for some 1 < a < b < m, then 
1:42 m P a b 
E gl rd H H H $ rd 
o =the ta Iatilata to Vou Ém (4.52) 


where t 1, t//.5,---,t)_, are the conjugates of ti} 1, t42» +--> tp—1 by t4. More- 
over, (4.52) may be used repeatedly until we reach an expression with all distinct 
transpositions. 

From our hypotheses, it follows that necessarily there exist q = g(a) € 
{1,2,...,m} such that t4 = (j > c > j) with i, j, c distinct (recall that, by 
assumption, the f,’s are all distinct). To fix the ideas, suppose that q < £ and 
that q and £ are minimal and maximal, respectively, that is, ts A (f > c > f) 
for all 1 <s <q and £ < k <t and f € {1,2,...,n}. Set 0 = tytg41--- te 
and observe that 0(c) = c. Given a product of transpositions p = S182 -° SN 
we denote by n,(p) the number of transpositions s;’s containing c. Also set 7 = 
tg+1tg42 ++ te-1. Note thatn, (7) = n,(@) — 2 = ne(0 ) — 2. We distinguish two 
cases. 


First case: x(c) = c. This holds, for instance, if ne(tg+1tq+2 + te—1) = 0. In 
this case, Lemma 4.4.1.(1) guarantees that m = 0 and therefore 


o = thy: ++ tg-1Otes1 +++ tn 
= titz: ++ tg-1 bey +++ tm 


= tte +++ tq—1(tq+1tq+2 +++ te—1)te+1 +--+ tm- 


Thus, in this case, we are done. 
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Second case: 7 (c) 4 c. Now, by applying Lemma 4.4.1.(2), we have 9 = (j > 
k > j\(k > c > k)x fora suitable k # j, c, and therefore 


o = tibh: tg—10te+1 -t thn 


= tibh: tqa ak > Pk > c > k)r tepi +++ tn 


= th tgal ek > jk > c > k)tgyitg+2: > ter |tepi +++ tm. 
(4.53) 


Denote by 


o! = tty ++tg [Cj > & > fk > © > Ditas o teen ia 


Sai gl , 
Sheth, 


the new expression of o given by (4.53). If ti, t}, ..-., t, are not distinct we 
may use (4.52) repeatedly, until we reach (4.51). 

Otherwise, denoting by q’ = q(o’) and Z’ = €(0’) the corresponding indices 
in {1,2,...,m}, we have q' =q + 1 (in fact ty = (k > c > k)) and ’< 
£. Note that n.(o’) =n,(o) — 1. Therefore, if 0! = tgtg41-++te and a’ = 
tq’ +itg'+2° ++ te—-1, we have n(x’) = n,(0") — 2 =n,(o') — 2 = (n(o) — 1) — 
2 =n,(t) — 1. We can therefore apply Lemma 4.4.1.(2) to x’ and 6’. Even- 
tually, after b steps in which we follow the procedure, we arrive at a new 
expression for o given by 0 = 14”... t, with a corresponding r” sat- 
isfying rc) = c (for instance, if ne(7r ®) = 0), so that we are in the first case 
and the proof is complete. 


Theorem 4.4.4 Let o € G,. Suppose that o has cycle structure u = 
(141, H2,-.-, HỌr) Fn, in other words, o = @|@2--+@,, with each wj; a cycle 
of length uj, and œ, @2,..., œ, all disjoint. Let o also be expressed as o = 
tib +++ ty with t;’s transpositions. Then, m > n — £(1). Moreover, ifm = n — 
£(u), then the transpositions t, t2, . . . , tm may be rearranged in such a way that 

@1 = hih +e tuals 

2 S fufui tt fui +m-2> 

03 = bui+m—1Íui+m °° * Suituo+ps—3> 

Or = bn—p,+2tm—p,4+3 °° * Ím 
(note thatm — u, +2 = pı + Motes t+ Hr- —r +2 and wy + u2 +--+ 


My —r=n-—r=m). 


Proof We proceed by induction onn — (u). Forn — £(u) = 1 and 2, the state- 
ment is trivial. It is also trivial when jz; = 2, that is, the cycle decomposition 
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of o consists of disjoint transpositions. Indeed, the product of m transposi- 
tions moves at most 2m elements and the maximum is achieved when such 
transpositions are all disjoint. 

For the general case, we use the following decomposition. Letc € {1,2,..., 
n} be moved by o, say o(c) =k, with k Æ c, and let i = oT! (c). Observe 
that c is contained in a cycle of length u; > 2 of the form (--- > i > c > 
k —> - -- ). Setting w = o (i > c —> i), we have that w(c) = c and w has cycle 
type W = (M1, H2, +- -, MWj-1, Wj — l, Wj41,---, Hr, 1) (indeed, the jth cycle 
becomes (--- —> i —> k —> ---) of length uj — 1 and we have an extra 
cycle (c) of length one. We may also have i = k, so that u; = 2and uj —1=1 
is another trivial cycle). Therefore, n — 4(m) = n — ((u)+ 1) < n — L(y). 

We first prove that m > n — £(u). Suppose, by contradiction, that o = 
tit -> -tm With ti, t2, . . . , tm distinct transpositions, and m < n — £(u) (so that, 
necessarily, m < n — £(u) — 2: to respect the parity of ø ). Then, 


@ = tibh- tmli > c > i) 


with c fixed by œw. By applying Proposition 4.4.3, we obtain an expression of œw 
of the form @ = tib -+ ta-2fm-2n}1> contradicting the minimality of n — £(F) 
for w. 

Suppose now that m = n — £(u). In this case, we may suppose that c appears 
only in one transposition, say t}. Indeed, m = n — &(u) = Wy + Mo +--+ 
bs —s (if us > 2 and s41 = Hs+2 = +: = Ur = 1) and o moves exactly 
Ui + u2 +-+-+ us numbers in {1,2,..., n}, so that such a c (moved by o 
and appearing only in one transposition) exists. 

Let t = (j —> c > j). Set again w = titz- <- t(j > c > Jtr: tm 


(i > c > i),wherei = o7! (c); nowt, fo, -.., th—1, th41, +++ tm do not move 
c. Again, w is of cycle type m as above. We distinguish two cases. 


First case: i = j. In this case, if one of the t,41, tn+2, . .- - , tm moves i, setting 
t, = (i > c —> i)tei > c > i) for€=h+1,h+2,...,m, we get 


@ = tih- ++ th—ith tha ob (4.54) 


m 


By Proposition 4.4.3, (4.54) contradicts the inductive hypothesis (at least one 
of the t,.1,t,49,-+-+ in moves c). Therefore, none of the th41, t42,---,%m can 


> “m 


move i and we must have 
@ = titz- th—ithy1th+2*** tm- (4.55) 


By the inductive hypothesis, t1, t2, .. . th—1, th+1, tn+2 - - -tm may be grouped 
respecting the cycle structure of œw, and therefore this also holds for all the 
ti, bh ..., tmn ando. 
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Second case: i 4 j. Now, we may apply Lemma 4.4.1.(1), obtaining again 
(4.55). We then conclude as before. 


4.4.2 The Theorem of Jucys and Murphy 


The following is the theorem of Jucys—Murphy. The proof that we present is 
based on Murphy’s paper [97], but with more details with respect to the original 
source. 


Theorem 4.4.5 (Theorem of Jucys and Murphy) The center Z(n) of the 
group algebra of the symmetric group ©, coincides with the algebra of all 
symmetric polynomials in the YJM elements X2, X3,..., Xn. 


Proof First of all, we show that if p is a symmetric polynomial, then 
p(X2, X3,..., Xn) € Z(n). By the fundamental theorem on symmetric poly- 
nomials 4.1.12, it suffices to show that 


spex(X2, X3, aa Xn)Si = ex(X2, X3, a | Xn) (4.56) 


for each elementary symmetric polynomial e, and each adjacent transposition 
si. From the commutation relations (3.30) and (3.31) we get 


si (Xi + Xii): = Xigi — si + Xi + si = Xi + Xip 
and 
Si Xj X i415; = Si XiSi + 8; Xj418j 


(Xii — SiMXi + 5i) 
= X;Xj41 — Si Xi + Xi418; — 1 


=X i X EA P 
Moreover, from (3.29) we get that s; commutes with every X; with j # i, i + 1. 
Now, we can write each elementary symmetric function eg(x2, X3, ..., Xn) 
in the form 


eklX2, X3, -oos Xn) = fi +O + xj) fa + xix; fr, 


where fi, f2, f3 do not contain the variables x; and x;+; (for instance, we have 
e4(xX2, X3, X4, X5, X6) = (X2 + x3)x4X5X6 + x2x3(x4X5 + X4XG + x5x6)). 
From this, and from the commutation relations proved above, we easily get 


(4.56) and this implies that every symmetric polynomial in X2, X3,..., Xn 
belongs to Z(n). 
We now prove that the elements p(X2, X3,..., Xn), with p symmetric 


polynomial, span the whole Z(n). Recall that dimZ(n) equals the number of 
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conjugacy classes in G, and therefore, by Proposition 3.1.3, it is equal to the 
number of partitions of n. Therefore, it suffices to construct a set of linearly 
independent symmetric polynomials in X2, X3, . . . Xn indexed by the partitions 
of n. For each u = (M1, U2, .--, Uy) n (with u, > 0), set 


where the sum runs over all distinct monomials xpi! aa gim with 
ij, i2, ..., i; distinct indices in {2, 3,..., n}. This means that if a monomial 
of this form may be obtained in two different ways corresponding to different 
choices of the indices ij, i2,...,i,, then it appears in X, with coefficients 
equals to 1. For instance, if u = (a, a) F n = 2a we have 


Lage Po KKN 


2<i<j<n 


We also set Xa») = 1. 

Let u = (1, H2,..., Ur) n. Suppose that us > 1 and that us+ı = 
Msq2 5t S Mt = 1. 
Claim 1 Among all the permutations o € G, in the support of the group 
algebra element X,, € L(G,), those with the smallest number of fixed points 
have the form 


(i) > ay > a2 > +++ > Ay, -1 > i1) 
(i2 > bi > by > +++ > Dy > i2) (4.57) 
sa (is > Cy > Cp > + > Cy, -1 > is) 


where the numbers 


Ita 125 nesa by, QL, G2, oses Apiata D1, D2, eso Dud, oe oy Cl, C2, 0 0 0s Cus 


(4.58) 


are all distinct. Moreover, each permutation minimizing the number of fixed 
points appears in X „ with coefficient equal to 1. 


Proof of Claim 1 Leto € ©, belong to the support of X,,. Then o belongs to 


. Mi-l yu2-—1 us—1 _ s uj-l 
the support of a monomial, say X; Xp +++ Xj" = IE- Xi; . Now, 


XP = (G>1> iHi >2> i+ i> i1 i), 
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and any x; € G, in the support of xe is therefore of the form 


where di, d2, ...,d,,-1 € {1,2,..., i; — 1}. Multiplying these 7;’s, we then 
deduce that o may be written in the form 


(ij > Ay, -1 i): (i > ay, -2 > 11) ++ Ci > a > i): 


» ig > bui > 12) + (in > Dyy-2 > 12) ++ (2 > BY > i) -- 


++ (Us > Cy,—-1 > Is) (is > Cpu, -2 > is) ++ (is > C1 > is). 


(4.60) 


We then deduce that o can move at most fy + u2 +--+ + us numbers, and 
this maximum is attained when the numbers in (4.58) are all distinct. In this 
case, the product of transpositions (4.59) equals the cycle 


(i; > dı > do Pees > dy,-1 > ij) 


and (4.60) yields exactly (4.57); moreover, (4.60) is the unique way to write 
(4.57) as a product of jz; — 1 transpositions coming from X;,, 42 — 1 trans- 
positions from X;,,--- , and us — 1 transpositions from X;,. In this case, the 
coefficient of o in X, is equal to one. 


We introduce some notation from [97]. Let uw = (M1, M2, ..., Us) En, 
with us > l and s41 = Ms42 = +++ = My = 1. We set fio = O and, for i = 
1,2,...,¢, 


Ai = Mi + u2 +++: + hi. 


Claim 2 Consider the following permutation of type (4.57): 


on = [| [0 - hi- > n- i-i -1 M n- Ai +1 n — ii). 
i=1 
(4.61) 


Then o,, belong to the support of X „, with coefficient 1. 


Proof of Claim 2 Let us show that the permutation o, belongs to the support of 
X,,. It suffices to show that it belongs to the support of the monomial 


OGY? ea) Cae susie (Xu). 
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Now we have, fori = 1, 2,..., 5, 


(Xray = {n-A > >n Ann Ainan Aa) 


. -+(n fis >n Îi >n ia) + 


+n- fu >n- âi +l >n- imn) Âm >n- Ai +2 >n- Aim) 
+n- Ân >n- Ân ln An) 

= (n— ĥi >n- Âi+l >n- Âm): n- Âm >n- Âi +2>n-— Âi) 
--(n— Îi > n-— Âi — 1 —n-— im) + other terms 


= (n—- Îmi >n- Ân- l>n-ûim—2—>.--—>n—ûi+l—>n-—ûim)+ 


+ other terms 


Note that all the numbers in {1,2,...,n} appearing in the cycles factoring 
the permutation o,, are all distinct (thus (4.61) is the cycle decomposition of 
0,,), so that, an application of the second part of Claim 1 ends the proof of 
Claim 2. 


We now introduce an order relation between the partitions of n which is a 
slight modification of the lexicographic order (cf. end of Section 3.6.1). Let 
A, 4 n and denote by £(A) and (m) their lengths (cf. Section 4.1.1). We 
write A > u if (A) > (u) or £(A) = £(u) and A > u in the lexicographic 
order. Clearly, = is a total order on the set of all partitions of n. 


Claim 3 Let à, u + n and suppose that oj, appears in X „. Then d = u. 


Proof of Claim 3 Each permutation which appears in X,, is the product of at 
most n — £(u) transpositions. Therefore, from Theorem 4.4.4, if o appears 
in X,,, then n — £(A) < n — (u), that is E(u) < (A). If £) > (u), we are 
done. 

Suppose that £(à)= &(u), say à= (ài, à2,..., à) and w= 
(ui, M2, .--, Uy). If o appears in the monomial xi xE Oe K” 
of X,,, then Theorem 4.4.4 ensures that all the uj fransgonions taken from 
Xi, contribute to a single cycle of o, (the cycle of o, containing ij). This 
means that each part of à is the sum of one or more parts of u. Therefore, 
à © u and, by Proposition 3.6.5, A > u. This ends the proof of the claim. 


Note thatif à Æ u, (A) = £(u) and oy appears in X ,, then also the following 
condition must be satisfied: the number of fixed points in o, must be strictly 
greater than the number of fixed points in o,, (= the minimum number of fixed 
points for a permutation in X,,). This property follows from Claim 1, but it will 
not used any more in the sequel. From Claim 2 and Claim 3, it follows that the 
X „’s are linearly independent and this ends the proof of the theorem. 
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4.4.3 Bernoulli and Stirling numbers 


In this section, we give some basic notions on Bernoulli numbers, falling 
factorials and Stirling numbers. 

Let ao, a1, ..., an be a sequence of numbers (or polynomials). The associ- 
ated exponential generating function is given by 


forz € C. 
The Bernoulli numbers are the numbers recursively defined by setting Bo = 
1 and, for m > 1, 


m 


y (” . ') 8 =0. (4.62) 


k=0 


Exercise 4.4.6 Show that B; = —1/2, Ba = 1/6, B3 = 0, By = —1/30, Bs = 
0, Bs = 1/42, B4 = 0, Bg = —1/30, By = 0 and Bio = 5/66. 


All the B2,,;’s are equal to zero, for m > 1: this will be proved in Exercise 
4.4.9. 

We also define the functions R(x), n = 0, 1, 2, ... of a real variable x, by 
means of the following exponential generating function: 


oo zn ex —] 
5 | Ra = e& ——_. (4.63) 
E n! e—] 


Note that by power series expansion, the R,,(x)’s are polynomials. 

In the following lemma we collect the basic properties of the Bernoulli 
numbers, of the polynomials R,(x) and their relations with the sums of powers 
of consecutive integers. For more on Bernoulli numbers and their applications, 
see the monographs by Graham, Knuth and Patashnik [51] and Jordan [68]. 


Lemma 4.4.7 
(i) The Bernoulli numbers have the following exponential generating func- 
tion: 
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(ii) For n > 1, the polynomials R,(x) may be expressed in terms of the 
Bernoulli numbers by the following explicit formula: 


n 1 
R, œ) = — daa Jo + 17H B. 
n+1 =A k 


(iii) Form > 1 one has Ro(m) = m and, forn > 1, 
R,(m) = be 
t=1 


Proof (i) Setting n = m + 1 and adding B, to both sides, (4.62) may be written 
in the form 


m Bn R= E E 
b> (o) ={14+B, n=1 (4.64) 
i Bo n= 0. 


Set b(z) = X o Bizk, Computing the exponential generating function of the 
left-hand side of (4.64), we get 


oo z” n oo n z” B; r 
3 2na 


n 
n=0 k=0 


n=0 k=0 
a zm oO B 
= £ |. Kk Ok 
(Cauchy product) = (> 5) (> i Z ) 
m=0 k=0 
= e*b(z). 


On the other hand, the exponential generating function of the right-hand side 
of (4.64) is simply °°. 5 Bn z +z = z + b(z). Therefore, z + b(z) = e*b(z), 
that is, 
Z 
b(z) = ——. 
@) e-l 


(ii) From (i) and the power series expansion of e* we immediatley get 


oa | zZ(x+1) _ z 
ge _ b@— e 
ee — |] 
2 ( oo i) . ( oo (x + pit! _ +) 
à k! 2 (h+ 1)! 


CO n 
z” n! P 
(Cauchy product) = J a l ) AT pi +11 na| 


n=0 ` Lk=0 
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and therefore, from the definition of R,(x), we have 


b 1 
Ri(x) = n+ 5 (" A Jo + yee = 1) By 


k=0 


\ œ 1 
(by (4.62)) = —— i (œx + DH By. 
n+1 ro k 


(iii) Again, taking the exponential generating function of the sequence 
{È t}n=0,1,2,... We get 


oe zn a ee es ile (zty" 
>, nt E n! 
n=0 t=1 t=1 n=0 
= > et 
t=1 
em" — | 
= 2° 5 
e — 1 
and therefore R,(m) = $}; t”. 
Exercise 4.4.8 Show that 
Rox) =x 
x(x + 1) 
R\(x) = Zr 
x(x + 1)(2x + 1) 
Roja A AT 
6 
x(x + 1)? 
Ra) = = 
x(x + 1)(2x + 1)(3x? + 3x — 1) 
R4(x) = . 


30 
Exercise 4.4.9 Show that B>,,,; = 0 for all m > 1. 


ae a 4 —_ z ze+1 
Hint: -l~ 2 + 2e-1" 


Exercise 4.4.10 Set o,(m) = )-/_, t”. Show that 


L (poo =(m+1)-—1. 
k=1 


Use this formula to compute the formulae in Exercise 4.4.8. 
Hint: Compute (m + 1)" — 1 = $, [(@¢ + 1)” — t”] by means of the binomial 
formula (t + 1)" — t” = Jg (E. 

For z € C and n a nonnegative integer, the falling factorial is defined 
by [z], = z(z — 1)---(z—n + 1), and [z]o = 1. The raising factorial (or 
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Pochhammer’s symbol) is defined by (Zz), = z(z + 1)--- (z +n — I) and(z)o = 
1. It is obvious that (z), = [z +n — 1]n. Clearly, the set {[z], : n > 0} consti- 
tutes a basis for the vector space of all complex polynomials in the indeter- 
minate z. Therefore, there exists connection coefficients {S(n, k):0 < k <n} 
and {s(n, k) : 0 < k < n} such that 


n 


[zn = > s(n, k)z* n=0,1,2,... 


k=0 


and 
Zz = S(n, biz] n=0,1,2,... (4.65) 
k=0 


The numbers s(n, k) (resp. S(n, k)) are called the Stirling numbers of the first 
(resp. second) kind. We also set S(n, k) = s(n, k) =O fork <Oork >n+1. 
It is also clear that 


S(n,n)=s(n,n)=1  foralln > 0, 
S(n, 0) = s(n,0)=0 foralln > 1. 


In the following exercise, we give some basic properties of the Stirling 
numbers. Our main goal is to give another expression for the Bernoulli numbers. 


Exercise 4.4.11 

(1) Show that s(n+1,k)=s(n,k—1)—ns(n,k) and S(n+1,k)= 
S(n, k — 1) + kS(n, k). 

(2) Show that 


X Sqn, k)s(k, m) = bnm- 


k=0 


(3) Set (Ef Xx) = f(x + 1) and (IfXx) = f(x), where f is any function of 
one real variable. Show that 


n k cg 
kea E 
j= J 
and 
(E = D*Ix]alr=0 = htn x. 
Deduce the following formula: 


Pek 
sink = (ive 


j=o J 
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(4) Using (3), prove that the exponential generating function for the sequence 
{S(n, k)}nen is given by 


as n z 1% 
> sn, We = 


n=0 


(5) Use (2) and (4), to show that that the exponential generating function for 
the sequence {s(n, k)},en is given by 


[0,0] 


5 oe oZ _ Bog + DE 


k! 
n=0 


(6) Use (4) to deduce the following expression for the Bernoulli numbers: 


z, S(n, k) 
B, = Lo DET (4.66) 


forall n > 0. 
Hint: (1) Use [z]na1 = (z — m)[z], and z”*! = zz”. 


(3) For (E — Dx”, apply the binomial expansion to (E — I X. 
(6) Show that the exponential generating function of the right-hand side of 


In the following tables we give the Stirling numbers of the first and second 
kind, up to n = 10. These numbers will be used in the subsequent section to 
write explicit formulae for the characters of the symmetric group. 


Table of Stirling numbers of the first kind s(n, k). 


n\k 1 2 3 4 5 6 7 8 910 
1 1 
2 —1 1 
3 2 =3 1 
4 —6 11 —6 1 
5 24 —50 35 —10 1 
6 —120 274 —225 85 —15 1 
7 720 —1764 1624 —735 175 —21 1 
8 —5040 13068 —13132 6769 —1960 322 -28 1 
9 40320 —109584 118124 —67284 22449 —4536 546-36 1 
10 |—362880 1026576 —1172700 723680 —269325 63273 —9450 870 —45 1 
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Table of Stirling numbers of the second kind S(n, k). 


n\k | 1 2 3 4 5 6 7 8 9 10 
1 1 

2 1 1 

3 1 3 1 

4 1 7 6 1 

5 1 15 25 10 1 

6 1 31 90 65 15 1 

7 1 63 301 350 140 21 1 

8 1 127 966 1701 1050 266 28 1 

9 1 255 3025 7770 6951 2646 462 36 1 
10 1 511 9330 34105 42525 22827 5880 750 45 1 


Both tables may be obtained using the recurrence relation in (1), Exercise 
4.4.11. 

We refer to the books by Cameron [17], Stanley [112], Graham, Knuth and 
Patashnik [51], Jordan [68] and Riordan [107] for more on Stirling numbers, 
their combinatorial meaning and their applications. 


4.4.4 Garsia’s expression for x, 


In this section, we present a formula due to Garsia which gives the characters 
of G, as symmetric polynomials in the YJM elements. As a byproduct, we 
obtain an alternative and more constructive proof of the theorem of Jucys and 
Murphy (cf. Theorem 4.4.5). 

In the sequel, for T € Tab(7), we use the notation a7(j) to denote the jth 
component in C(T), so that C(T) = (ar(1), ar(2),..., ar(n)) (see Section 
3.1.5). Then the spectral analysis of the YJM elements may be summarized by 
the identity: X,wr = ar(k)wr for all T € Tab(n), k = 1,2,...,n (see 3.26 
and Theorem 3.3.7). This fact has the following obvious generalization (recall 
that X; = 0). 


Proposition 4.4.12 Let P(x2, x3,..., Xn) be a polynomial in the variables 
X2,X3,...,Xy,. Then 


P(X, X3,..., X,)wr = P(arz(2), ar(3),..., ar(n))wr 
forall T € Tab(n). 


As an immediate consequence of this we have the following corollary which 
was already proved in the first part of the theorem of Jucys and Murphy 
(Theorem 4.4.5). 
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Corollary 4.4.13 Let P(x2, x3, ..., Xn) be a symmetric polynomial in the vari- 
ables x2, x3, . . . , Xn. Then P(X2, X3, ..., Xn) belongs to the center of the group 
algebra of Gy. 


Proof If P(x2, x3,...,X,) then the eigenvalue P(a7(2), ar(3),..., ar(n)) of 
P(X2, X3,..., Xn) depends only on the shape of T , and therefore it is the same 
for all T € Tab(A). 


Note that, in the notation introduced in Chapter 2, P(X2, X3,..., Xn)wr is 
the Fourier transform of P(X2, X3,..., Xn) applied to wy, so that in the proof 
above we implicitly use Corollary 1.5.16. 

The theorem of Jucys and Murphy suggests the existence of a family {Q, : 
à F- n} of symmetric polynomials such that x* = O)(X2, X3,..., Xn) foreach 
partition A F n. 


Proposition 4.4.14 Let {Q, : à F n} be a family of symmetric polynomials in 
n — 1 variables such that 


GO, @,..caysle 21° 
ifT € Tab(u), u £ À. 


© 


Then, 
x? = OMX, X3, re) Xn). 


Proof This follows immediately from the fact that x* and O,(X2, X3,..., Xn) 
have the same Fourier transform (see the expression of the Fourier transform 
of a character (Corollary 1.3.14) and Proposition 4.4.12, respectively). 


Following [45], we shall give an explicit expression for a family of symmetric 
polynomials Q, satisfying the condition of Proposition 4.4.14. As a byproduct 
we obtain an alternative, more constructive proof of the theorem of Jucys and 
Murphy. 

Consider the polynomials 7, (x) (here x = (x1, %2,...,Xn)) defined by 
setting 

‘fk 
ity = R(n—1)+ ‘(n= 1)'] px 
sæ) = Ry(n — 1) 2 (‘Je (n= Dp) 


where p(x) = a + a ++ xk are the usual power sum symmetric poly- 
nomials and R(n — 1) is as in Section 4.4.3. 
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Note that m, is a symmetric polynomial of degree k in the variables 
X1,X2,...,Xp,, but it is not homogeneous. 

We introduce the operator z,, on the vector space of all symmetric poly- 
nomials in n variables by setting (7, px)(x) = Tn,k(x) for every power sum 
symmetric polynomial, and then, if à = (Aj, A2,..., An) 


(In pax) = Tn, X )Tn, a (xX) “e Tn, An (x) 


(we recall that p) = Ph, Paa *** Pr,)- Finally, given a symmetric polynomial P 
we have, for suitable a, € C, P = } `, „ a, pa (cf. Theorem 4.1.12) and we set 


(in P(x) = J a3 tn P). 


àFn 


Clearly, z,, is linear and multiplicative: z,(P Q) = m,(P)z,(Q) if P and Q are 
symmetric polynomials in n variables. 

We need a little more notation. If P is a polynomial in n variables and 
a = (a1, @2, . . . , An) is an n-parts composition, then we simply write P (a) for 
P(aj, a, ..., an). If, in addition, P is symmetric and T € Tab(A), à F n, we 
set 


P[CQ)] = P(ar(1), ar(2),...,ar(n)). (4.67) 

In other words, the right-hand side of (4.67) does not depend on the par- 

ticular tableau T € Tab(à) (because P is symmetric) and C(A) denotes the 

content of the shape of à. We also recall that if A = (Aj, A2,..., An) F n then 

à +ô = (ài +n-—l,à2+n-—2,...,àn+h-— 1,h-—2,...,1)(see Section 
4.1.6). We also set pọ = 1 and po[C(A)] = n. 


Theorem 4.4.15 (Garsia’s replacement theorem) Let P be a symmetric 
polynomial in n variables. Then for all à + n we have 


(T, PECA] = P(A + 8). 
Proof Clearly, it suffices to prove that 
Pr + 8) = Tn LC (A)] (4.68) 


for all à H} n and k = 0, 1, 2,... 
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Let A = (Aj, Ao, ..-, An) F n with, possibly, An41 = Ange = -+ Àn = 0 for 
some 1 < h < n. First of all, note that for k > 1 we have 


n ij 
PACA) = >> OG - iF 


i=1 j=l 


-DED (‘coe 


i=l j=1 m=0 
n k k re 
=> | _ |OD R.A). 
l m 
i=1 m=0 
Observe that this formula is also valid for k = 0 because 
polC(A)] =n = Ay tag tees tan = >> Ro(di). 
i=l 


We now apply the above formula to the exponential generating function 
associated with the sequence { px[C(A)]}x=0.1,2....- 


Pk con, Aut a” (i pom 
ee ee ee a 


i=l m=0 k=m 
— ` 5 Rinnai) m „—iz 
= ml 
i=l m=0 
n 7 erik =ņ ; 
by (4.63 = j R 
(by (4.63)) 2. mui 
= e™ ` Qi+n—i)z (n—i)z 
~ fae 5 (e E ) 
enn n oo , i i zk 
= Toe DOs +n-—i) (n arr 
enn oe zk 
= = 2 [PKC +8) — Ren = DIE 


and therefore 


[0.0] zk CO zk [0,0] zk 
D AHD =D Ren — DE + le — e=] Y al COT. 
k=1 k=1 k=0 

(4.69) 
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Since e” — e71: = YX [n — (n — 14, we have 


o0 


œo uk k 
[e" — e271 $` pica = 5> ( Jo —(n- DIPC, 


h=0 k=1 t=1 
and therefore (4.69) yields 


5 k t t 
Prà + 8) = R(n — 1) + > (‘Je = (n — 1) pr-1C@)] 
t=1 


which is precisely (4.68). 


Let à F n be a partition. Define the symmetric function &,+5 by setting 


z det (Leilan); 
Bata lX1, X2, -oe o Xn) = —M 
as(x) 

Lemma 4.4.16 For à, u F n we have 


n! p 

= z fu=À 
Bits +8) = 4% ; 
(0) otherwise. 


Proof Setting x; = “4; +n — i, the determinant in the numerator of &)+5 
becomes 


n 
> elo) | [ui +n— IJiso+n-o(i)- 


oce, i=1 
Since [n]; = 0 whenever k > n, in the above sum, the only nonzero terms are 
those for which 
Hi+n—i > sa tn — oli) (4.70) 
for alli = 1,2,...,n. But 


Sui tn jane oY P= Le +n- j) 

i=l 
and py tn—-1l>potn—-2>---f, and Aytn-—1>A,.+n-2 
>--+->,. Therefore, (4.70) is satisfied if and only if à = u and ø is the 
identity. This means that &)45(u+ ô) = Oif u Æ à, while 


A, tn—-1)!Q.+n—-—2)!---A,! n! 
mpat) = 2 Ag ) at 
asi +n—1,A2+n—2,...,An) d 


where the last equality follows from Proposition (4.2.10). 


For à | n define the polynomial Q, by setting 


Q(x, XQ, ...3 Xn) = (Tn Ga4s) (X1, XQ, +285 Xn). 
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Theorem 4.4.17 (Garsia’s formula for x”) For à, u H n we have 


al ify=h 
ACW = 1% vu (4.71) 
0 otherwise. 


and 
^ = O10, X2, X3, 20g Xn). (4.72) 


Proof (4.71) is a consequence of Garsia’s replacement theorem (Theorem 
4.4.15) and Lemma 4.4.16. Then (4.72) follows from (4.71) and Proposition 
4.4.14. 


Theorem 4.4.17, combined with Corollary 4.4.13 gives, as we mentioned 
before, an alternative, more constructive proof of the theorem of Jucys and 
Murphy (Theorem 4.4.5). 

We end this section by giving another fundamental result of Jucys on the 
evaluations of the elementary symmetric polynomials at the YJM elements. 
This was a key ingredient in Jucys’ proof in [70] of the theorem of Jucys and 
Murphy. Again, we follow Garsia’s notes [45] for its proof. We recall that C,, 
is the G,,-conjugacy class associated with u F n. 


Theorem 4.4.18 (Jucys, [70]) Fors = 0, 1,..., n, we have 
OO Mini koe: So Ce 


pen: 
E(uj=n—s 


Proof We use the results in Section 4.3 with n replaced by N and r replaced 
by n. From the characteristic map (Theorem 4.3.9) we get 


1 1 
KL D = DP Pu Le D= DP aN. 


pen pi pen 
Combining this result with Theorem 4.3.3 and (4.2) we get the identity 


L(A) ài 


Mo-i +m E nem, 


i=l j=1 pen 
which is valid for all N > n, and therefore it may be transformed into a poly- 
nomial identity (t is a real or complex indeterminate): 


LOA) Ai 


o=o ca st. (4.73) 
dy, 


i=1 j=1 pen 
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On the other hand, from the spectral analysis of the YJM elements in Section 
2.3,if T € Tab(A) and wy is the associated Gelfand—Tsetlin vector, we have (t + 
Xp)wr = (t + j — i)wr, where j — i is the content of the box of T containing 
k. Combining this fact with (4.73), we get: 


n LA) Aj 
die + Xvur =|| [| [e+ 7-a | wr 
k=1 i=1 j=1 


ll 
FF 
IS 
x 
E> 
ba 
~ 
3S 
3 
= 
g 
S 


ll 
Me: 
M 

S 
ES 

& 

7 


s=0 pen: 
L(u)=n-=s 
Since 


n 


Da + Xowr = X les(Xi, Xo, ..., Xn)wrle"™, 


k=1 s=0 


from the arbitrarity of t we deduce that 


es(X1, Xo,..., Xn)WT = > — Xt: 
pen: 
e(uw)y=n—s 
But e,(X1, X2,..., Xn) belongs to the center of L(S,,) (easy part of Theorem 
4.4.5), and therefore 


y [Cal 
es(Xi, X2,---, Xn) X = ra Xi x. (4.74) 
pen: À 

&(u)j=n—s 


From Corollary 1.5.12 we deduce that 


IC | 
y Ci | ae y x’ (4.75) 
dy, 
pen: pen: 
e(u)y=n—s €(u)=n—s 
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(following the notation introduced in Section 3.2.1 in the left-hand sides of 
the last two formulae we have a convolution in the group algebra of the sym- 
metric group). Since A is arbitrary, from (4.74) and (4.75) we get the desired 
identity. 


From Theorem 4.4.18 and the fundamental theorem on symmetric func- 
tions (see Theorem 4.1.12.(i)) we can deduce immediately a famous result of 
Farahat—Higman [35]. 

Theorem 4.4.19 Fort = 1,2,...,n set 
Zt => 5 Cy 
pen: 
(ust 
Then the center of the group algebra L(S,) is generated by the elements 
Zi, Z2, sey Zn. 


Actually, Jucys derived Theorem 4.4.5 from Theorem 4.4.18 and the 
Farahat-Higman result. 


5 


Content evaluation and character theory of the 
symmetric group 


This chapter is devoted to an exposition of the results contained in the papers 
[81] and [24], together with some auxiliary results from [79, 80]. The papers 
[81] and [24] give expressions for the characters of the symmetric group in terms 
of the contents of the corresponding partitions. The results in [81] are more 
explicit and we first derive them. Subsequently, we deduce those in [24]. We 
have arranged all the material in order to give a self-contained and elementary 
exposition which only requires the results already developed in the previous 
chapters of the present book. 


5.1 Binomial coefficients 


First of all, we give some basic properties of binomial coefficients and we 
introduce a generalization due to Lassalle [79]. We also present a new family 
of symmetric functions from [80]. 


5.1.1 Ordinary binomial coefficients: basic identities 


In this section, we recall some basic facts on the ordinary binomial coefficients 
and present some more specific technical identities. 

For z € C and k € N, the ordinary binomial coefficient (7) is given by the 
formula: 


GE z(z—1)---(z-k+1) 
k) k! i 


It is useful to also set (5) = | and (7) = 0 if k is a negative integer. 
Note that, ifn € N and 0 < k < n, then (7) is the number of k-subsets of an 
n-set, and (p) = CE 
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Let n, m and k integers, with n > 0 and z, w € C. The following identities 
are elementary but quite useful: 


(o = ( ý ) (symmetry property) (5.1) 
k n—k 
E ) crea 
= (—1) (superior negation) (5.2) 
k k 
(;) = T d if k £0 (absorption) (5.3) 
z\/m z\(z—-k sit ba 
(*) "e = i G N `) (trinomial revision) (5.4) 
Bee = (x+ y)” (binomial theorem) (5.5) 


E 6 g J- T ") (Chu—Vandermonde convolution). (5.6) 
i=0 


For z = a, w = b with a, b positive integers such that 0 < n < a + b, the 
Chu-—Vandermonde identity has the following nice combinatorial interpretation. 
Let A and B be two disjoint finite sets with |A| = a and |B] = b. Then (‘) (A) 


equals the number of n-subsets C C A | | B such that |A N C| =i and |B N 
c| = n — i. It follows that both sides in 


OE 


equal the number of all n-subsets of A | | B. Then the general case z, w € C 
follows because both sides of (5.6) are polynomials of degree n. For z = 1 
(5.6) reduces to the well-known 


(") + ( 7 ) = (" + ') (addition formula). (5.7) 
n n—-1 n 


Zhu Shijie (Wade-Giles: Chu Shih-Chieh) was a Chinese mathematician 
that discovered (5.6) in 1303. It was rediscovered by Alexandre Vandermonde 
in 1700. 
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Exercise 5.1.1 Prove (5.6) when z = a € N, by induction on a. Extend (5.6) 
for n negative integer. 


In the following proposition, we give two elementary variations of the Chu- 
Vandermonde formula; for further variations see the book by Graham, Knuth 
and Patashnik [51]. 


Proposition 5.1.2 
(i) Forn, k integers, with k < n, andr € C, we have 


n—k š 
Yen r\/n—i-—l1 a n—-r—1 (5.8) 
= i/\n-—k-i n—-k J i 
Gi) For q, £, m,n integers, with £,m > O andn > q > 0 we have 
£ 
L-k k £ 1 
ASe 
m n m+n 
Proof (i) We have: 


aam r\ (n-i-1 — r —k 
i — _yy-k 
DG) laa a) 


(by (5.6)) = (—1)""* (; T 4 
n—k 


oo 


where the first equality and the last equality follow from (5.2). 
(ii) We have 


DEA- Eee, m mil n ') 
= m n = £—-k-—m/]\q+k-n 


= (=t >: ( m ai n ') 
ety Eo kom) Na thon 
l tomtar 5A tI | 
(set k’=qt+k—n) = (=1) "4 2 S E k ) 
(by (5.6) = (=p ( —m—n—2 ) 
£—-m+q-—n 
_ ee ') 
m+n+1 


where the first inequality and the last inequality follow from (5.2) and (5.1). 
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Exercise 5.1.3 Prove that Xpo ("P) = (H) and Ego ($) = CH) 


where n, m are non negative integers. 


Hint: Use (5.7) and induction. 
The generating function for the binomial coefficients is given by the binomial 
power series of elementary calculus (or elementary complex analysis): 


(oe) 


aro =D (g) 


k=0 


for z,@ € Cand |z| < 1. 
In particular, fora = n € N the series is a finite sum (the binomial theorem); 


for a = —m — | (negative integer) the binomial power series, (5.2) and (5.1) 
give 
1 2 /-m-1 X /(k+m 
— —1 ek = k 
Ga > ( k ) m > k ): 


D (5.10) 
k=0 m 


From this we deduce, for q € N, 0 < q < m, 


(oe) 


gee > k +m k+m—q k' as q k 
raa Pa ): = 5 Fi Zs (5.11) 


k'=m—q 
where in the last equality we have used the substitution k’ = k + m — q. 


Exercise 5.1.4 Use the last formulae to give an alternative proof of (5.6), (5.8) 
and (5.9). 


5.1.2 Binomial coefficients: some technical results 


In this section, we collect three particular results involving binomial coefficients 
that will play a fundamental role in the sequel. We begin with a formula that 
involves the Stirling numbers of the first kind (see Section 4.4.3). From now 
on, we shall often use the following convention: in a sum we omit the lower 
and upper limits of summation and assume that index runs over all possible 
value for which the coefficients are defined and nonzero. For instance, we can 


write Chu-Vandermonde in the form X>; (nia) Ge = Gia). 
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Proposition 5.1.5 Given integers i,r, p, with p>OandO0<i<r+p+4+l 
we have: 


ptrt+l-i 


firyol Sie 
X -oà ia J@i+j-r-D 
j=max{0,r+1—i} 


min{r,i} 


=) Ð SHARE +1,i-b. 


k=max{0,i—p—1} 


Proof From the binomial theorem and the defining property of the Stirling 
numbers (see Section 4.4.3) we get 


ptl [pti , m—1 ak 
pti m m—1 
=7 >» È 7 eat (—1)" 1 s(p; m—1) 


= 2% De —1)""!s(p,m — 1) 


m=1 


=2[z—1]p 
= [z]p+1 
and therefore 
pti 
m—1 m— I k+1 
Yi(-)""1s(p, m — 1) p1] = Ds + 18. (5.12) 


m=k 
Then we have 


ptrt+l-i 


fitj-1 
L co(' u Jit sar 
j=max{0,r+1—i} m 
min{r,i—1} : ptr+l-i 
= i-r-l i+j—r-1 
(by (5.6) = » (J 2 (=)=. 
k=max{0,i—p—1} j=r—k 


r 
ew Jei- =D] 


min{r,i} 


=y Ð SHAE +1,i—k) 


k=max{0,i—p—1} 
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where in the last step we have used (5.12) with m replaced by i + j — r and k 
replaced by i — k. 


The following lemma contains still another sum of products of two binomial 
coefficients. It will be used in the proof of Proposition 5.1.7. 


Lemma 5.1.6 For 0 < j < [n/2] we have: 


[n/2] . 
y n h = n n-j nn-2j-1, 
2h} \j b= Ih J 


h=j 


Proof We have 
E 
= 2h) \j 


(by (5.4)) = 


TT ee 
woo ECO 


— k O(n—j\(k 

(by (5.3)) = 7 ( k Le 
rare j 
n-j “ 

by 6.4) =y— wie 
tat J k-j 


1 fij o /n-2j-1\ Œ /n-2j 
(by (5.3)) > ( j ) (n—2j) (ys (an 
= 


=a 


(by (5.5) = aa (" F i [a — 2527- 4 j2] 


_ n Pan 
n—J J 


where the first equality follows from (5.9). 


Proposition 5.1.7 We have the following power series development. 


1+J1+4z - 1— JT+4z 25 n_(n-i\ 
2 2 wg j 


(which is actually an identity between polynomials). 
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Proof We have 


(= te (=) => DU +e vale Ja +40"? 


2 2 


2n-1 2. 


n 


(by the binomial theorem) = 2 


, 1 iv 7 ; 
(setting k = 2h) — h (1 + 4z) 
h 
h\.. 
n) 2 (i) 
j=0 


~ j 


n— J 
(by Lemma 5.1.6) = 


Proposition 5.1.8 For x, y € C anda,b € Y we have: 


Ze g ie tet L(y + IY 


r,s,u,v>0 
r+s=a 
-epee tN 
b+1 x—y 


Proof This is just a series of applications of elementary combinatorial 
identities. 


Loe ga VC 6E )e +D "y+ 


r,s,u,v>0 
r+s=a 
coh) C| x (i) (o) (x+ D7 “y+ 1X7 v 
oe K . k+l=a—b k £ 
r+s=a k,t>0 
—k 
by64) = SOC et nae mr Gea iy ‘| 
k,£,r,s>0 u 
nia h 


v 


JEC G ye y- J 
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(by the binomial theorem) = > (1) (en 


k,£,r,s>0 
r+s=a 
k+l=a—b 


2 h+k\(a—-h—k 
aa : om ) xt yP 
h=0 k 


a phet ye 
Ga) b+1 x—y 


where the first equality follows from (5.6), in =œ) we used the equivalence 


’ 


r—-k=h r=h+k 
s-fL=b—-h += j{l=a-k—-b = kit=a-b 
r+s=a s=a—-h—-k 


xbtl_ybtl 


and in =œ) we have used (5.9) and the geometric identity 
b hy bh 
Èr". 


x—y 


5.1.3 Lassalle’s coefficients 


In this section, we introduce a family of positive integers, introduced by Las- 
salle in [79], that generalizes the binomial coefficients (see also [69], where a 
combinatorial interpretation of these coefficients is given). 


Definition 5.1.9 For n, p, k nonnegative integers satisfying 0 < p < n and 


EEOC IE 


r>0 


We also set (1), = 0. 

It is clear that C) = n and that H) = 0 whenever k > n. We note that these 
coefficients generalize the binomial coefficients because for p = 0 we have, by 
(5.3), 


Exercise 5.1.10 Prove the following identities: 


ge a en asa, 


We give now an alternative expression for ee 
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Proposition 5.1.11 We have 


CZ aC GG) 


Proof Suppose first k = 0 (so that C) = 0). We have 
7 p n (n-i\(n-2i\ S ; n [(n—-i\(p 
rT Mere IG) 
on 7 i{n—i-1\/p 
(by (5.3) and (5.1)) = z Lv C _ JC) 
o6 =" ("7 PO!) =o, 
P\ n-p 


where the first equality follows from (5.4). If k 4 0 we have 
n = D\{(n-p\(n-r-1 
Ph k& r r k-r-1 
n D\(n-p\(n-r-1 
we» ECM MOE 
r n—k 


(by (5.8) = 2 2 (’) (" 7 P) Sen (‘) (; pa i) 
wen Bot ECOG 
mon Bors NECN) 
won Bole MECN 
mon Beas MC) 


n—k 7 ; ; 
(by (5.4) and (5.3) = Ñ D'- a (" ; i (" j ') (", = 


i=0 


Corollary 5.1.12 For 1 < k <n, the coefficient ( ), is a positive integer. 


n 
p 
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Proof Positivity follows from the definition. It is an integer because we can 
express the result of Proposition 5.1.11 in the following form: 


aaae ea 


We now present a two-variable generating function for the coefficients HE 


Proposition 5.1.13 We have 


D> (") xP í = Gy(x, y) 


where 


Gate.) = = [[0 400+ + VT ey] 


Ame eee 


Proof From Proposition 5.1.11 and the binomial theorem we get 


a T a my N 7) 
= colt! g ia fa ab yy! = 1] xa +x 


i=0 
n n n n= i | 
=r D (7) EEA 
n és n= ae | 
Bar Ser l-al 


We can then apply Proposition 5.1.7 first with z = —x/(1 + x)? (1 + y) and 
then with z = —x /(1 + x). 


We now present a recurrence relation for the coefficients WE 


Lemma 5.1.14 [fk 4 Oand 1 < p < n, then: 


n n n 
m= p+ ) -2(7) = 
p-l|h Pi n-i 


n—1 
nap + 0 ). (5.13) 
poly, 
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Proof First of all, note that 


pr Ce) 
sere A 


Indeed, (5.14) is equivalent to the elementary algebraic identity 


(n-p+1? p 
rn—-p—-rt+l1) r*4p-r) 
1 1 
A a oe 


(to verify it, multiply by r?(p — r)(n — p — r + 1)andexpand along the powers 
of r: both sides then equal the quantity (n — 2p + 1)p(n — p + 1)— r(n — 
2p + 1)(n + 1)). 

Then, the left-hand side of (5.13) is equal to: 


>] ra) aca ea al E] 


_ an ~ (n—r—-1 p-1V/n-p p-1V/n-p 
toy 614) = Ferre WE (FT) r Y r C o) 
a oa p—1\/n-p n—r—l1 _ n—r—2 
at aca > ee | ed Cm CO 
ae ee ~a (p—1\ (n—p\ (n-r—-2 
(by (5.7) = 7(n—2p Dy ; )( p ME 


n n—1 
= (n—2p+1) ; 
n—1 p-l|f, 


We need another generating function for the the coefficients ( 
express it we introduce the following power series: 


r) and to 
Ph 


[0,0] 


(p+ Irnm—-—pt+Wn n 
m=) Gaba" 


(5.15) 
h=0 


0< p<n,zé€C. It follows immediately from d’ Alembert theorem that the 
radius of convergence of Øn,p is 1. Also note the particular case: 


(oe) 


Ome p ~~ 2 Le 1 
$0,0(Z) = > -= T E > = = log(1 — z). 
h=0 (h + Dth! h=0 h=1 z 
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Proposition 5.1.15 For 0 < p < n and |z| < 1 we have: 


4 n z k 
2 C) (, — -) = NZQn, p(z). 
k=1 


Proof The proof is by induction on p. For p = 0 we have: 


AOS AOS] 


(by (5.5) = 


a 
(1 —z)" 
(by (5.10)) = >> era. 


h=1 


o0 
(n)n+1 h+l 


= NZn,0(Z). 


In view of Lemma 5.1.14, in order to prove the inductive step, it suffices to 
show that the function @,, p(z) satisfies the identity 


(n-— pt 1) Gn, p—1(Z) = Pn, p(Z) =(n—-2p+ 1) @n—1, p—1(Z). 


But this is elementary, since its left-hand side equals 


Pn—1,p-1@) [n — p +h + 1)—(p +h) = (n — 2p + YGn-1,p-1@)- 


Remark 5.1.16 For p,q nonnegative integers, the hypergeometric function 
p Fq is defined by the power series 


a1, Oy esp. S (ala2) +++ (pz 
(EF sz] = (5.16) 
j oo | È oo G 


Most of the identities in this chapter may be interpreted in terms of hypergeo- 
—k,k—n 


metric functions: for instance, (x) = oF | 1 


$ 1 and (5.6) is equivalent 
to the identity 
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We also have 


and 


pt+li,n-—p+1 | 
2 Ze 


On, p(Z) -= r| 


In particular, the recurrence relation for ¢,,, is a particular case of a contiguity 
relation for > F. We refer to the books by Andrews, Askey and Roy [4], Bailey 
[6] and Rainville [105] for more details on hypergeometric series. 


5.1.4 Binomial coefficients associated with partitions 


In [80, 81] the following binomial coefficients were introduced: if À is a partition 
of length £ = £(A) and k is an integer > 1, it is set 


eA) 
À Ài 
= HG) 
ki skayenke i=1 St 
where the sum is over all £-parts compositions (k1, k2,..., ke) of k such that 


Xr 
k; > 1 fori =1,2,..., 2. Clearly, (1) = 0ifk > |A| or k < £(A). The coef- 


À 
ficient 
cien t 


ways in which we can take k boxes from the diagram of A in such a way that at 


has an immediate combinatorial interpretation: it is the number of 


À 
least one box from each row is taken. Also the generating function for ( a is 
easy to derive (set £ = €(A)): 

|A| L(A) 
AN k hi\ k 
mA = 2, UC) 


k=) kyko,..ke=li i=l 
kithyte-+hy<|al 


ial 
=| [i0 +w - 1" 


i=l 
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where m;(A) is the number of parts of à that are equal to i (that is, A = 
(171A) gm nA), where n = |A|). We can extend this definition to the 
coefficients ‘el by setting, for |p| < |À], k > 1 and £ = £(A) 


(he 2,2 HG), 


PisParonsPt kokako i=1 SPH 
where the sum is over all compositions (pı, p2,..., pe) of p and 
(ki, k2, ..., ke) of k such that O < p; < à; and 1 < k; < 4;. Again we have 


("| =Oifk > |A| orifk < (A). (5.17) 
k 


Moreover, from Proposition 5.1.13 we get 


IAL JA 1 LA) 
202 ( ) xy =T]1 G0.) = [YG yr. 618) 
k 


p=0 k=€(A) P i=l i>1 


À 
Now we list some elementary properties of the coefficients ( p ) ; 
k 


(>) _ k =n ifa=(n) ee 
Ph, 0 otherwise 


-e cm 
P k P/k 


(3) = P (from (o); = (;)) (5.21) 
a 7 a) F (3) (from (=k =k(),) 6-22 
(7) 7 T i (from (7), 


N-e s 


ll 
Go 
í 
I3 
X 
— 
> 
x 


(5.23) 
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from (5), = (p) and Xp, pope M G) = (“"), where the sum is over all 


decompositions (p1, p2, ..., pe) of p such that O < p; < A, (this is an easy 
generalization of (5.6)). 


5.1.5 Lassalle’s symmetric function 


We now introduce a family of symmetric functions that will play a fundamental 
role in the explicit formulae in the next section. 


Definition 5.1.17 (Lassalle’s symmetric functions) If n,k, p are integers 
satisfying n > 1,1 < k < n and0 < p <n, we set 


(l 


H 


Pus (5.25) 


Frpk = > 


pen 


where p, is the power sum symmetric function associated with u (see Sec- 
tion 4.1.3) and z, = 1 'm4!2"?m2!---n™m, lif w= (1, 2, ..., n™) (see 
Proposition 4.1.1). We also set Fiypo = 0 and Fogo = 1. 


Observe that in (5.25) the sum can be restricted to all u F n with £(u) < k, 
because 


(s) = 0 for k < &(u). (5.26) 
Pk 


We now give some elementary properties of the functions Frpx. 


For k = 1 we have Fy»; = pn because ( n = n (by (5.19)) and Zm) = n. 
P h 


For k = n we have (£) = (C) (by (5.24)) and therefore 
P 


Fapn = (") 5 Li = (ye 
P pen Zu P 
(the last equality follows from Lemma 4.1.10). In particular, for k = n and 
p = 0, Fron = hn. For p = 1 we have (1 = efi ) (by (5.22)) and therefore 
k k 
Frik = k Fror- 
Finally, Fapk = Frin—pyk since (s ) =|( i ) by (5.23). 
Ph n- Ph 
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We introduce one more notation. We recall (see Section 4.4.4) that if P 
is a symmetric polynomial in the variables x1, x2,...,x, and A n then 
P[C(A)] = P(ar(), ar(2), ..., ar(n)) denotes the polynomial P evaluated 
at the content of A (T is any tableau in Tab(A), but the value does not depend 
on the choice of the particular T). We set 


LOA) a; 


d=) 0G - i) = pC), 


i=1 j=l 


that is d,(A) is the power sum symmetric function evaluated at the content of 
A. In particular, do(A) = |A|. Finally, to simplify notation, we set 


tr] 


H 


Frkp (A) = FrkplC(a)] = >» dy, Adap (À): a dy, (A). 


M(H, H2,- Ht )Fn 


(5.27) 


Example 5.1.18 For instance, 


3 


(° K G 1, o 
ah q 


7 P21 + i 2 Pia- 


F392 = 


ma" 
)-(2)-0.-0— 
RELO- 
1-2)-2)-00~ 
PO 


F339 = F392 = p3 + p2, and F322 = F312 = 2p3 + 2po. 


P3 + 


and therefore 
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Remark 5.1.19 We have 
CA) Aj 
d(a)= > CRD 
i=l j=l 
LA) A; 


(by (4.65) -5 Sirk) OU A) 


isl j=l 


(as [z + Hk+ lh+ = (k + Dilz] 
LA) ài 


= EP ODU +H tas Ae 


j=l jel 


£(A) 


S(r, k 
-5 = tes sipia — it Ves 


and therefore, if we set 


PEC, x2 xe) = X {lei — i + Uke — [i + 1k} 


i=1 


we can write 


S(r, k) 
d,(A) = 2 Pipi Ài A2, -5 àe). 
= k+1 


The polynomial p; is a so-called shifted symmetric function. For 
instance, do(A) = PYA), dA) = 330), bA) = 3A) + 53d), d3(A) = 
Lp) + POA) + A p30) and da) = tPA) + PO) + 2p30) + 43). 
This means that it is symmetric in the “shifted” variables x; — i, for i = 
1,2, ..., £. Therefore, both d,(A) and Fnagp(à) are symmetric polynomials in 
the content {(j —7):1<i< 2,1 < j <A,} but are shifted symmetric poly- 
nomials in the variables A,,A2,...,A¢. We do not treat here the theory of 
shifted symmetric functions; it was developed in several papers by Olshanski 
and his collaborators, see for instance [98]. We will use two elementary facts 
on shifted symmetric polynomials. First of all, a polynomial p(x1, x2, ..., Xe) 
is shift-symmetric if and only if it satisfies the identity 


P(X1, X2, <- <, Xi—1, Xis Xi+ls Xi425 <» +, Xe) 
= P(X1, Nhre Mib Xia — l +1, Xea). (5.28) 
fori = 1,2,..., ¢. In particular, d, (à) and Fx» satisfy this identity: 


d, (ài, A2, 21-5 Ais Mitty. Ae) = dr (Ài, A25... Aipa — L, Ai +1,...,A2). 
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The second fact is the following: suppose that we have an identity satisfied 
by the functions F,,,,(A) for all partitions A = (1, A2,..., Ae) of length £: for 
instance Doak, 4 Ankp Fnkp(à) = 0, where the sum is over a finite set and the 
coefficients a,,, are real (or complex) numbers. Then the identity holds true 
for all real (or complex) values of 41, A2,...,A¢. We refer to this fact as to 
the principle of analytic continuation. 


5.2 Taylor series for the Frobenius quotient 


This section is devoted to some technical tools that lead to a far-reaching 
generalization of Proposition 4.2.11. It is based on Lassalle papers [80] and 
[81] and Lascoux [78]. 


5.2.1 The Frobenius function 


Let A = (Aq, Az, ..., Ag) be a partition. The Frobenius function associated with 
à is the rational function 


eA) 


z= ti 


i=l 
We also introduce the following terminology: for a fixed positive integer m, 
the rational function 


(z —m;A) W ge = zti 
[ZY = [ele | | 


F 
[elm F(z;A) zti-m z-A,;+i 


i=l 
(where [z],, is the falling factorial) will be called the Frobenius quotient. 
Remark 5.2.1 In the notation of Proposition 4.2.11, it is easy to see that 
F(z —m;A) p(x — m) 
= k] — 


F(z;A) g(x) 
where x = £ + z and @(x) = JJ @ — à; — £ + i). 


[z]m 


Actually, Frobenius used a slightly different notation to express a partition 
and the corresponding Frobenius function. Let r be the number of boxes in the 
main diagonal of the diagram of A. Then we set œ; = A; — i, i = 1,2,...,7r 
and 6; = nr —j,j=1,2,...,r. In other words, œ; is the number of boxes 
in the ith row that are on the right of the box of coordinates (i, i), while 
bj is the number of boxes in column j that are below the box (j, j). The 
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numbers (1, @2,..-., & |61, 2, ..., r) are the Frobenius coordinates (or the 
characteristics) of the partition À. 

For instance, the Frobenius coordinates of the partition à = (6, 4, 3, 3, 2) 
are (5, 2, 0/4, 3, 1) (Figure 5.1). 


Figure 5.1 


In order to express F(z; A) in terms of the Frobenius coordinates, we need a 
combinatorial lemma. 


Lemma 5.2.2 Let à = (Ay, A2,..., àg) be a partition with Frobenius coordi- 
nates (0, @2,..., @,|B1, Bo, ..., Br). We then have 


{0,1,2,..., £ — 1} | [foi +£ 02 +£, ..., 0, +2) 
= [puh aH d | [E1 —fa,...,€-1-B,} 


and both sides of the above equality represent two sets of £ + r distinct numbers. 
Proof Itis clear that 
A; tl-iz=a +2 ea a eer 


It remains to show that 


(0,1,2,...,€-Y= ai HEr Lay tl—r—-2,..., rd] ] 
] @-1-61.4-1- p= 1-6}. 6.29) 


To prove this identity, consider the segments at the end of the rows and at the 
end of the columns. Consecutively label all these segments with the numbers 
0, 1,2,..., £ — 1, starting from the bottom as in the examples in Figure 5.2. 
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Figure 5.2 


Note that the end of row r is the first unlabelled end. This may be proved in the 
following way: each number at the end of a row is moved to the first box of the 
same row; the number at the end of column j is first moved to the box (j, j) of 
the main diagonal and then to the box (j, 1) (Figures 5.3(a)(b)). 


0 0 
2 2 
— 4 — l4 
5 5 5 
3t 3 3 
1 1 [1 | 
0 
Figure 5.3(a) 
0 0 
2 2 
—? 4 — |4 
34 3 3 
i 1 1 | 
0 


Figure 5.3(b) 


Then, to prove (5.29) it suffices to note that the labels attached to the rows are 
exactly 


Wet =7F, Jar lr F eh 
while the labels attached at the end of the columns are 


€=1=f),£=—1=— pf, ...,2=1 =f, 
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Indeed, arguing by induction we have the following. First of all, the label 
attached to the first column is £ — 1 — 6) = £ — 1 — (à — 1) =£- =0. 
Suppose the ith column has attached the label £ — 1 — Bj. Set j = à; — Aj, 1. 
Note that possibly j = 0. Then the numbers (£ — 1 — 6) + 1, (£ — 1 — Bi) + 
2,...,(£— 1 — B;) + j are attached to the j rows above and the label that we 


attach to the (i + 1)st column is 


@-1-6)+G+)=£-1-@,-)-G+)) 
Ste lt, == Ey) 
=(-1-(",,-G+)) 


l 


=£- 1- Bis. 
On the other hand, the label attached to the last (i.e. the 2th) row is àp + £ — £ = 
àg since the numbers 0, 1,2,...,A¢— 1 are already attached to the first A, 


columns. Suppose the kth row has the label A, + £ — k. Set j = Ag_1 — Ax. 
Then the numbers (A, + £ — k) + 1, Ak +£- k)+2,..., A, +£- k)+j 
are attached to the j columns on the right and the label that we attach to the 
(k — 1)st row is 


Aptl-k+jt+1la=Q+f)t+l-—(k-DH=Ap14+€-(k- 1). 
We can now give Frobenius’ original axpression for the Frobenius function. 


Corollary 5.2.3 Let i be a partition and let (a1, œ2, . . . , &;|B1, B2,---, Br) be 
its Frobenius coordinates. Then 


r 2-4, 
reos aa 


Proof The equality 


L(A) L(A) r 


[le-a [[e+Dp=[[e-u+D [[e+4+D 
i=l i= i=1 i=l 


can be deduced from the set equality 


{-€, -L+ 1,-€42,...,-1} | [for on, ..., 0} 
= (Ai —1,A2—2,...,4¢ — J ]{-1 — Bi, 1 — Bo, ..., -1 - By) 


which follows by subtracting “g” from each element in the equality in the 
statement of the previus lemma. 
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5.2.2 Lagrange interpolation formula 


Fix two sets of variables, {x1, x2, ..., Xn} and {y1, y2,..., Ym}. The symmetric 
polynomials in the sum of the two alphabets is just the symmetric polynomials 
in the set of variables {x1, x2, .. . , Xn, Y1, Y2, +--+» Ym}. Set (cf. Lemma 4.1.7) 


E,(t)=[]d+xi0) E@=]]at+y 


i=l j=l 


Ay(t) = 


1 


A(t) = =r. 
» I-a — yjt) 


1 
M0 — xt) 
Then the elementary and complete symmetric functions in the sum of the two 
alphabets may be obtained by means of the generating series: 


n 


Ey y(t) = Ex()Ey(t) = $ ex, yÉ 


k=0 


and 


Hy y(t) = Hy(t)Hy(t) = X h, y. 
k=0 


We define the symmetric polynomials in the difference x /y on the two alphabets 
(it is not a set-theoretic difference nor an algebraic difference) as follows: the 
complete symmetric functions hy (x1, X2,...,Xn|V1, Y2, -< -, Ym) are defined by 
means of the following generating function: 


A(t) 
Ay /y(t) = 
| Ay() 
= H, (t)E,(—t) 
— Td — vit) 
TY — xt) 
and 
[0.6] 
Ay jy(t) = 5 hk(X1, X2, +++, Xal Y1 Yas +- -> Ym)”. (5.30) 
k=0 
Now hx(x/y) is a polynomial in the variables x1, x2, ..., Xn, Y1, Y2, ---, Ym 


which is symmetric in each set of variables, separately. See [83] p. 58, and 
[77]. Now we give a basic interpolation formula attributed to Lagrange. 
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Lemma 5.2.4 (Lagrange) Let {x1, X2, ..., Xn} and {y1, y2,..-, Ym} be two 
sets of variables and let r be a nonnegative integer. Then 
ei yj) 
= = hp-n m 1(x/y). (5.31) 
Ds Taam 10; — Xx) ame 
Proof First of all, we prove the following interpolation formula: if 
X1,X2,...,X, are distinct real (or complex) numbers 
= Tl-»-X ee Toi =») (5.32) 
’ it | (e1 T] ja n | l 
= k=l = 


Both sides of (5.32) are polynomials of degree n — 1 in the variable f, so it 
suffices to show that they assume the same values at n distinct points. Setting 
n=l 
t = 1/xn in the left-hand side of (5.32) we immediately get the value (+) . 
IP- ,(%n — y;), while in the right-hand side, for t = 1/x,, only the term with 
i = h is nonzero and therefore we get again 
n _ Xk m 1 n—-1 m 
Xn = ee = : yi). 
Hoc He- (+) Pe- 9) 
k=l j=! j=l 
k#h 
Since (5.32) is verified for t = 1/x,,h = 1,2,,...,n, it is true for all other 
values of t. If we multiply both sides of (5.32) by A,(t) = 1/[ [0 — xit) 
and we apply (5.30) we get 


- [Tai = yj) n—m—1 M-a 7 ty;) 
2 g =í n a 
ad iO) Tha Ge = Xx) Tf. — tx) 


=) eae 


k=0 


On the other hand, a simple application of the geometric series expansion 
a = Lao t"x; yields 


7 M-10: — > L Maei — y) 
XG =a) l- E = 2 Thos 


Then (5.31) follows be equating the coefficients of t” in the corresponding 
power series expansions. 


For a partition A = (A, A2,..., Ag) F n and two integers k, m with 1 < k < 
£, we set A — em = (Aj, Aa, ..., Àk-1, Ak — mM, Àk+1, ---, Ae). We can also 
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extend the formula in Proposition 4.2.10 by setting 


d (n — m)!lasA; +€—1,4. + 2-2 sean om oA) 
ae (A; t£—D!lAo+€—2)!-- re +&—k—m)!-- 
ae} 33) 
We introduce the following notation: 
n! d} —e m 
d,(k, m) = —— .- 4 
e S eT A 
r+- k)! ea 
— Og Hk mi! 


; 5.34 
àk—ài+i—k ( ) 


Theorem 5.2.5 In the Taylor series at infinity 


F-m) _ = er 
ea = 5 C,(à;m)z 


we have 
LO) 
C1; m) = —m X dik, max — kY 
k=1 
forr =0,1,2,... 


Proof Consider the alphabets {a; = à; — i, i = 1,2 


., t} and {b; =A; - 
itm, i=1,2,...,€+m} (where Ay) = Àg42 -> = heim = 0). Note 
that 

£ 
F(1/z—m;À 
2" (1/Zla— os 


= : l+zi ar ee z(A; —i+m) 
F(1/z:A) “Epes alee jll 1—z(Ai i) 


1—2(A; —i +m) . 
=» T] r E ‘Te z(m — £ — i)] 


= Agjp(Z), 


where =œ) follows from the elementary identity 


MAN + za- md +28) O Tiny + 2A) 


I-11 + 2G - m)) | Then + zi) 


= Tu +z +£—m)]. 
i=l 
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It follows that 


F-m; À) n 
te =z Haja (1/2) 
= Do haa/bye"™* (5.35) 
k=0 


> hysm(a/b)z". 


We now apply the Lagrange lemma: we have, for 1 <i < £, 


Titi —b)  Tk"@,—k-aA;+i-m) 


IMi- (a-a) Th Gy ke 
itk ik 


m 


-[Ja,-k+it+e-m) 


E [ee 


5, Meare a 
i£k a 
> pha 4 =P (A, +2—k)! 
Aka Fi Qrt l-k- m)! 
ik 
= —md,(k,m). 


Therefore, the Lagrange lemma yields, for r > 0, 


eA) 


=m J dk, MAk — K) = hyymyi(a/b) 
k=1 


and this, combined with (5.35), ends the proof. 


5.2.3 The Taylor series at infinity for the 
Frobenius quotient 


We now present the main result of this section: the Taylor series at infinity for 
the Frobenius quotient. We still need another definition: for a partition À, r 
a nonnegative integer and m an integer (but it may be any complex number) 
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we set 
J= n+h+q-—1 
dm= D cmronsy(tthee?) 
n,q,h>0 
q+h+2n<r 


min{n,r—2n—h} ee [AI = | 
> Fy -2n-ng,k(A) |, (5.36) 
n—k 


k=0 


where F’._2n—n,g,x(A) 1s the Lassalle symmetric function evaluated at the content 
of à (see (5.27): we recall that it is a symmetric function in the content of A but a 


shifted symmetric function in the variables 41, A2, . . . , Ae; see Remark 5.1.19). 
In the following theorem, we expand the quotient £ ae in descending powers 
of (z + 1). 


Theorem 5.2.6 We have 


F(z—m;A) ` 
FEA) Ee 


(z+ T 


Proof Itis a long series of implications where we have merged the arguments 
in the proofs of Theorem 3.1. and Theorem 5.1 in [80]. 


F(z — m;À) Ie z+i 
F(z;A) q Z+i-m z— À +i 
-D z—-jti-m z—j+it+l 
7 z—-jti-mt+1l  z-jti 


i=l j=l 


LA) dj E i 
=H! ee | 

LO) di © (m 

-Mef g CIti = mE jito) 


k=1 


(since zł} = exp[—log(1 — t)] = expl} zc: a) 


LA) Ài = a a s syk 
=T[ Tle [+ vj =D Peg =i 
i=1 j=1 
(by setting u = -+ and v = — a) 


LA) Ài 


-Mef S muy y uy (=v ya 
r,s>0 


i=1 j=l 
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(since (1 — t)“* = X,- Ser") 


= (—muv} k)r(k)s 
9 {| OO Yr nano} 


k=1 r,s>0 
k)i—s(k)s 
= exp [> re _ pa u) = woe =| 
k=1 t=0 s=0 
= i vys $A (muv) (k)-s(k)s 
= exp [Eron DC) 2 k(t — s)!s! l 
t= s= = 


[e,0] t 
v S 
= (1 + muv) ™! exp È d,(ay(—uy' $ (=) {many sm 
u 
t=1 s=0 
(since, by (5.15), ,s(—muv) = X rco CEM (—muv)" equals 
muv) (krs (k)s —muv)* 
+P mi ®©: do(A) = |A| and, for t=0, EX; oe 
= — log(1 + muv)) 


= (1 + muv”! exp PZ u) 76, (5. a) 


t=1 


(by Proposition 5.1.15 and Proposition 5.1.13) 


=(1+muv) Ie [aox u) LG; (2. 7 | 


t=1 


_ dA) v -muv \]" 
satma D Maota (Syme) 


hı,h2,...>0 t=1 


és m,(M) 
E P a v omw 
= (1 + muv) 2 u)” — 'T] [a A)G, E a4 =o] 


Zu 11 


Gf ee is the sum over all partitions u = a", Qh .), including u = (0), and 
Zu =A h2!2™.~.-) 


= (1+ muv)" Lc WM 3 2 GG y (su) 


p=0 k=€(p) 


‘| [laa 


t=1 
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(by (5.18) 


H 
p+q s muv : 
=f sn Al 5y (=u)! (=v)? x. 5y “| fia oye m) 


p.420 k=0 u- p+q Zu t>1 


(by setting q = |u| — p) 


: pt+gq (—muvy 
= > (~u) (=v) 2 T p+4.4. OT 


p.420 


(by Definition 5.1.17, by (5.27) and the convention Fooo = 1) 


pt+q [Alen = p 
= Dew PY Foa (HE p mw) 


p.420 k=0 n=k 
(by (5.11) 
min{n, p+q} 
j |A|+n-—1 
-5 muv) X> (cu Y ( nog Erroa) 
= p.420 k=0 


oe) ag 
" 1 m+1\ 74 
= 2 =m) > (z + 1)P+4+2n (1 z+ 1 ) 


p420 
min{n, p+q} 
[Alļ+n-1 
: l D ( n-k Fp+q,q kÀ) 
k=0 
(we have set —u = a and —v = ql mel) ) 
h+qt+n-1 
= (—m)"(m + »"( q ; ) 
n,p,g,h>0 
HERA +n- og 1 

$ 2 Po ptq.q.k( ) (c+ DPF 

(by (5.11)) 


= (—m) > Cy 
r>0 


(setting r = p+q+2n+h). 
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We can now give the Taylor series at infinity of the Frobenius quotient. 
Corollary 5.2.7 We have 


F(z—m;A) 
F(z; A) 


=m | X eoh") son grt) z. 


h>—m q,r20 
q+r—h<m 


Proof From (5.10) we get 


[z]m 


1 


— 1 
Bi q —q-r 
Gta * @ = -3x a B ): 


and therefore (recalling the definition of the Stirling numbers of the first kind, 
see Section 4.4.3), 


ee -m Soto, ne! Do eemy—e(" 4 Ne 


q.rz0 


aft=q+r-—h) 


=m | $ doy ( tI sngt- z, 


h>—m q.r>0 
q+r—h<m 


We now combine the results in Theorem 5.2.5 and Corollary 5.2.7. 


Theorem 5.2.8 Forr > 0, we have: 


LA) r m+l+k 
2 dk, mya — ky =Y Y hme ae son + 1 =, 


k=0 h=k 


Proof The left-hand side is exactly 1/—m times the coefficients of 1/z’*! in 
Theorem 5.2.5, while in Corollary 5.2.7 1/z’+t! has the coefficient (without 
(—m)) 


>o Amel (' H 7 *)san, q+h-r-1) 


q,h>0 
oni (r+1)<m 


r m+l+k 
=C} ck(my- of Joon 1h = 


k=0 h=k 


where equality follows from Proposition 5.1.5. 


250 Content evaluation and character theory 


5.2.4 Some explicit formulas for the coefficients c*(m) 


In this section, we give some explicit formulas for the coefficients c*(m). We 
recall that d-(4) = oj") 37_,(j — i)" (and do(A) = Al). 


Proposition 5.2.9 Let r > 1. Consider the terms in (5.36) with k = 0. Then 
necessarily q=0, 1 <n <r/2 and h =r — 2n. Moreover, these terms are 


(m)"~!(m + 1)" (’ r ') (P B ') 
r—2n n 


forl <n <r/2. 


equal to 


Proof It suffices to note that Fapo Æ 0 if and only if n = p = 0 and, in this 
case, one has Fooo = 1. Therefore we have q = 0 and h = r — 2n. Moreover, 


a) = ok which is equal to 0 if 


under these conditions we have ( ae 


r>landn=0. 


Proposition 5.2.10 Fix r,n,k such thatr > 2, 1 < n < r/2 and k = 1. Then 
the corresponding terms in (5.36) are 


r—2n-1 
n-l a(n +l 1 
$X Cm) (n+ ( a4 ) 


h=0 
r—n n+h—-1 
— d,—2n-n(à). 
[G Er [ea 
Proof First of all, we have F,—2n—h,q4,ı = Pr—2n-n (see Section 5.1.5). More- 


over, the conditions in the sums in (5.36) yields the bounds 0 < h < r — 2n — 1 
and 0 < q < r — 2n — h. Finally, 


pi) aie eae ny 
om h a n+q-1 
r—n—h-1 n—2 
h h 
(setting p =n +q- 1) = > (e> j-D3 ) 
p=0 P p=0 P 


(by Exercise 5.1.3) 


r—n n+h—-1 
h+1 h+1 J) 
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We now give the formulas for cà (m) forO <r <7. 


ch(m) = E 

ci(m) = 0 

ch(m) = do(a) = |À] 

ch(m) = (m + Ddo) + 2d) (A) 

ch(m) = (m + DP do (A) + 3(m + Ddi) + 3d2(A) — TDD +1) 


<p 4 
c3(m) = (m + PdA) + D> (, _ iim + 1)"ds_n(d) 
h=0 
— m(im + DWANA) + 1) — 2mdi(A)(do(A) + 1) 
ar 5 
càm) = (m + Dd A) + > (, H jo + 1)"ds_n(A) 
h=0 


— Š mọn + 1)?do(A)(do(A) + 1) 


: 4 
-mY (m+ Dd’) + 1) (, L i) - j da-n (à) 


h=0 


+ Fri dy(Ado(2) + I)(do(A) + 2) — 2md)(A) — 2mdg(A) 


4 


6 
ch(m) = (m + D dA) + Yom + 1)" (, i‘ 1) asa 


h=0 
— 2m(m + 1)%do(A)(do(A) + 1) 


: 5 
-mY (m+ Ddo) 1) IC, . j = 1 d3_y(A) 


h=0 
m+1 
2 


— 3m [2(m + DA AP + 2(m + DLA) + BA) + d NA]. 


+ m?(do() + 2)(do(A) + 1) | doà) + dı o| 


Exercise 5.2.11 Check the above formulas. 


Hint: For r = 0 we necessarily have n = q = h = k = 0, and since Fooo = 1 
we get ci(m) = —1/m. For r = 1, we necessarily have n = k = 0; for h = 1 
and q =0 we have (ere) = CG) = 0, while for h =0 and q = 1 we 
have Fiiọ = 0. In conclusion, ci (m) = 0. For 2 <r <5 the formulae in 
Proposition 5.2.9 and Proposition 5.2.10 suffice to compute c*(m). For r = 6 
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we also need the formulas F242 = ()ho and h2 = ipin + 5 D2. Finally, for 
r = 7 we also need the formulas in Example 5.1.18. 


5.3 Lassalle’s explicit formulas for the characters of the 
symmetric group 


In this section, we complete the exposition of the results in [81] by providing 
Lassalle’s explicit formula for the characters of the symmetric group. Actually, 
these are formulas for the characters of the symmetric group normalized by the 
dimension of the corresponding induced representation, namely x*/d,. That is, 
they are spherical functions of the Gelfand pair (G, x Gn, &,„) oe Example 
1.5.26) and the eigenvalues of the convolution operators with kernel 2 rail lc, with 
C aconjugacy class of G, (see Corollary 1.5.12). Following [81] we introduce 
the notation 


= a, 
We extend this definition to virtual characters, that is, to any a € Z“ (see (4.35) 
and (5.33)), by setting 27 = Xg / X) 


5.3.1 Conjugacy classes with one nontrivial cycle 


We first present the value of ẹ A when u = (m, 1”7™), that is, the value of %* 
on a conjugacy class with exactly one nontrivial cycle. To start, we give a basic 
recursion identity that follows immediately from the version of Murnaghan’s 
rule in Theorem 4.2.15. The coefficient d} (k, m) is as in (5.34). 


Proposition 5.3.1 (Basic recursion formula) Let à, u + n and m a part of u. 
We have 
ta) 
A aÀ—em 
a DAK, M) m -> 
É ~ Tn Im 2 u\ 1 


Proof From Theorem 4.2.15 we deduce 


L(A) LA) 
àÀ—em aàÀ—em 
ki SO = TEAG M)Raym > 
In 


Theorem 5.3.2 Leti tn, 2 <m <n and u = (m, |"). Then 


m+1 


gia a X sm + 1, Ac} (m). 
mM n=2 
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Proof From Proposition 5.3.1 we get 


(a) 


2 aut m). 


Then we may apply Theorem 5.2.8 with r = 0, keeping into account that 
s(m + 1,0) = 0 and ci (m) =0 


= a 


Example 5.3.3 We now give some examples of applications of Theorem 5.3.2. 
We compute RA. jnm fOr2 < m < 6. We shall use the results in Section 5.2.4 and 
the table of the Stirling numbers of the first kind (see Section 4.4.3). Recalling 
that do(A) = |A| = n, we have 


z 1 2 
NE “inh [—3c3(2) + c}(2)] = mae 


Raie -> [11c3(3) — 6c3(3) + c4(3)] = = [3420 — sain - D] 


In 
Ri pa = [—50c3(4) + 354) — 104) + c2(4)] 
4 


1 
=— [4d3(A) — 4(2n — 3)d,(A)] 
n]4 


1 
Rips =k [274c3(5) — 225¢3(5) + 85c4(5) — 15c4(5) + c$(5)] 
=| 5a) — 5(3n — 10)d2(A) — 10d) (A)? + 25 (3) = i5(3) | 
ere = HH1764e3(6)+ 1624c3(6) —735c4(6)+ 175cs(6)—21¢¢(6)+c7 (6) 
6 


=l 6a5(0) 4247 —n)aa(A)+ 12(3n —4)(n —5)d)(A)— 18d) (A)d2(A)]. 


In] 
Remark 5.3.4 We can extend the formula in Theorem 5.3.2 in the following 
way: 
m+1 
gr = = Yo sin + 1, h)c%(m) (5.37) 
m h=2 
for all œ € Zå. Now, if œ = (aj, a2,...,0;,0j41,...,@¢) and a’ 
(@1,Q@2,..., .--,@j4, —l,a; +1,..., a) ihien x= go! (by (4.36)). Since 


the right-hand side is a shift Sme polynomial T Remark 5.1.19) by 
(5.28) the identity (5.37) holds true for every œ € Z. For instance, from 
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dy(A) = 5 p3(A) we get 
£ 


PA) = = {Pi -i+ Ue — [i + Ub}. 


1 
AX pe 
X2,1"-2 = (n = 1) = 


1 
n(n — 1) 


Often, this formula is written in the following way: 
1 £ 
A y 
oS Ail; — 2 1), 
X21 naD 2 ( i+ 1) 
see [20, Theorem 10.6.2] and [26]. 


5.3.2 Conjugacy classes with two nontrivial cycles 


We now give the explicit formula for x s when u = (m, q, 1” ™741). First we 
need two technical lemmas. 


Lemma 5.3.5 Let à be a partition of n and h, m, k, q positive integers with 
k < &(A). Then 


"D= AAM YO AOA kHa H Qr—k-m+ 1. 
r,s,t>0 
r+s+t+2=h 


Proof We first note that both sides may be seen as polynomials in the variables 


à1, À2, ..., Ag, sO that, by the principle of analytic continuation (see Remark 
5.1.19), it suffices to prove the identity when A — me, is a partition. Note also 
that als (q) is ashifted symmetric polynomialinA,,A2,..., Ax —m,..., Ae, 


so that also the second member must be shifted symmetric in the same variable. 
By elementary manipulations we get 


F(z—q—1;A—me,) F(z—1;3A) 
F(z-—lha-me) F(z—-q-1;2) 
Z—-Aptk—-qt+m-1 z-Ayt+k-1 
Z—Aptk+m—1 z-’A&+k-q-1 
mq 
Siek 
(z— àk +tk+m-1)\(z—ìik+k-q-!) 


CO 
mq r_—r— 
=] 4 àk—k-m+1)5(àk—k+q +1 z7", 
a De (x —k+q+1) 


r,s=0 
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that is 


F(z—q—1;à— me) 
F(z—1;A—me,) 


_ F@-gq-1;A) 
~ F(z—13A) 


r,s=0 


[o9] 
m - 
+ > Fouke], 


Then it suffices to apply Theorem 5.2.6 (with z replaced by z — 1) 


Lemma 5.3.6 Let à be a partition of n and h, m, k, q positive integers with 
k < €(A). Then 


Là) m—l1 
Yo dilk, meh "O =} Ameh asm + 1, j) 
k=1 j=2 
a+m+1 
+g Yd) Hnn +1, j-a+b) 
a,t>0 j=0 
a+t=h—2 


— ( 4 n got! + m(—m)? 
b=max{0,a—j} b a 1 q +m 
Proof By Lemma 5.3.5 and the binomial theorem (5.5) we have 


LA) LA) 


VIG mey a) = Yo dk, meha) 


k=1 k=1 


rm X HOLE) 


r,s,t>0 
r+stt+2=h 


fa) 
È d; (k, mx — o| (q+ "(my 
k=1 

(by applying Theorem 5.2.8 to both summands) 


m+l1 


= c3(q) X c(m)s(m + 1; j) 


= 


+m >> cq) yo (" ) (Ja vera = my 


r,s,t>0 u,v>0 


(5.38) 
r+stt+2=h 


u+v m+i+1 


DHS Y Diem ("> "sim +1, j =D; 


i=0 j=i 
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By setting a =r + s and b =a — i, the order of the sums in the second sum- 
mand may be manipulated as follows: 


Ss utum+it+l a m+i+l 
SELEY we CEL EY 
r,s,t>0 u=0 v=0 i=0 jai at>0 i=0 j=i rs>0 O<u<r 

rt+s+t+2=h a+t=h—2 r+s=a )<v<s 
u+v>i 
a m+l+a—b 


=n DD dD dD 


a,t>0 b=0 j=a-—b rs>0 O<u<r 
a+t=h—2 r+s=a_ O<v<s 
u+v>a—b 


m+1+a min{a,m+1+a—/j} 


De eee, De 


a,t>0 j=0 b=max{0,a— j} r,s>0 O<u<r 
a+t=h—2 rts= a O<v<s 
u+v>a—b 


Now, the product of all the factors depending on r, s, u, v is: 


(=1) + 4 ’) C) C) (q+ 171 =m)” 
= iy + ,) (‘) (‘Jo J 1)!“ = my”, 
a—b/\u/\v 


Therefore, we may apply Proposition 5.1.8 with x = q and y = —m, getting 
the desired expression for the second summand in (5.38). 


Theorem 5.3.7 Let à be a partition of n and let m, q be positive integer with 
m-+q <n. Then we have 


1 q+1 m+1 
Ragra = DoD AOs + 1, hsi + 1, j) 
[n]m+q h=2 j=2 
q—l q+m—h 


L mY E dod) 


nlm+q h=0 j=0 


qt! +m(—m)? 


a+1 ; 
a> s(q+l,a+h+2)sm+1, j—a+b) 
m+q 


b+1 
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Proof From the basic recursion formula (Proposition 5.3.1) and Theorem 5.3.2 
(see, in particular (5.37)) we get 


eA) 
pS ae — > dik, oy ee 
m k=1 
1 LA) q+1 
AEE ae ma hyh (q) 
1 q+1 L) 
F Xs +1, h) do dilk, mey *"(Q). 
Nimta p2 k=1 


We can now apply Lemma 5.3.6 and the following manipulation of sums: 


q+1 a+m+1 q—l q—l-t a+m+1 
2 2, 2, Soma, DDL 
k=2 at20 j=0 t=0 a=0 j=0 
at+t=h—2 
q—1 m+q—t q—1-t 


-5 3 


t=0 j=0 a=max{0,j—m—1} 


Finally, we also replace t with h to uniform notation of both terms. 


Example 5.3.8 It is easy to check that for q = 1 the formula in Theorem 5.3.7 
becomes the formula in Theorem 5.3.2. For g = 2, the formula in Theorem 
5.3.7 becomes 


m+1 
[nmt a a = AO — 3c3(2)] D> son + 1, DÈ) 
j=2 
m+2 
—m ‘2 c}(m)[2s(m + 1, j — 1) — (m + Dsm + 1, j)]. 
j=2 


In particular, for m = q = 2 we get 


[n]m+223a ps = [c3(2) — 3c (2)? — 26c (2) + 18c% (2) — 4c (2) 
= 4d (X — 12d2(à) + 4n(n — 1). 
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For q = 3, the expression in Theorem 5.3.7 becomes 


m+1 
[n]mt3 RÀ 3 o = [e4(3)—6c3(3) + (11+3m)c3(3)] X sim 41, DÈ) 
j=2 
m+3 3 
27 
—m ~ cj (m)[(6m —7)s(m+1, j)+ 3 — s(m+l1, j) 


j=2 
—3(m + Dsm +1, j — 1)+3s(m +1, j — 2). 


For instance, for q = 3 = m we get 


[™]6 233 m-s = [¢4(3) — 6c} (3) + 20c} (3)? 
— 876c) (3) + 810c} (3) — 375c} (3) + 9048) — 9c} (3). 


5.3.3 The explicit formula for an arbitrary conjugacy class 


In this section we complete our exposition of the result in Lassalle’s paper [81] 
and we give the explicit formula for % a when u is an arbitrary partition. 

We introduce the following notation. For h a positive integer, M® is the 
set of upper triangular h x h matrices whose entries are nonnegative integers 
and whose diagonal entries are equal to zero. If a € M“ (so that a = (di, j) 
with a;,; nonnegative integer and a;,; = 0 unless i < j) we denote by a’ the 
(h — 1) x (h — 1) submatrix obtained by deleting the first column and the first 
row. We denote by E™® the subset of M” formed by those matrices whose 
entries belong to {0, 2} (the nonzero entries are equal to 2). 

Let p = (p1, P2, - - -, Pn) be a partition of n (in h parts). With € € E™ we 
associate the matrix 6 € M“ defined by setting, for 1 <i < j < h 


s=] 1 ife; j =0 

l, cml . 

7 Pi Pj ileg = 2. 

Whit this notation, if i1, i2,...,ip are nonnegative integers, we define the 


coefficients AY = in (P1, P2, ---, Ph) by setting 


(G) 
A ni i, (P1; P25 e.’ Ph) 


sa bij 
= a I] 0; ; qi, j +1 pi(—p;)*i +p; +1 
E = bij +1 


a,beM® | I<i<j<h pi + Pj 


h k-1 h 
| [so +1, ik + X ug F €e) = D (ake — nan 


k=1 g=l £=k+1 
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where the sum over a;, j and b; j is restricted to a;,; = bj,; = 0 when €; ; = 0. 
Moreover, for h = 1 the product over ies j<n 1S Set equal to 1. 


Lemma 5.3.9 
(i) The sum Ža bemo appearing in the definition of A® is always finite (and 
therefore A© is well defined). 
(ii) The coefficients i,, i2,..., in are subject to the following conditions: 1 < 
ig < oe +1,k =1,2,...,hife is identically zero, X }_; ix < |p| +h — 
h k-1 : $ 
k=l ota €e in the generic case. 
(iii) We have the recursive property: 


A is P2, +++ Ph) 


h b 
= D [|e (Gar aS pi + py a 
Niet 


dig ED Pit pk 
Dian 


h 
‘sop +1, i1 — Xa — bj,¢))- 
¢=2 


(G9) 
in tay 2+€1,2,.- İn FQ n+p (o2, BENY Pn). 


Proof (i) The coefficients az,e and bg, e are subject to the conditions: 


(1) ir + DIC (Gee t eer) -Yir ee — bre) < pet] fork =1,2,...,h 
(2) bek Saex% forl<€<k<h 


(1) for the existence of the Stirling numbers and (2) for the existence of the 
binomial coefficients. If we take 1 < s < h and we sum (1) from k = s to 
k = h, keeping into account that 


h k-1 h k-1 h s-l h-1 h 
> > ak = 3 aek + 5 > ak = > aek + > > ae,k, 
k=s €=1 k=s €=1 k=s+1 l=s k=s (=1 l=s k=l+1 


we get the conditions 


Yt Peat P ant > hos Dario (5.39) 


t=k+1 
for s = 1,2, ..., h. In particular, for 1 < s < h and 1 < t < s — 1, we get 
h s-l 
ass) Yau sY mths) sloth 


k=s €=1 


that is, ag;, which is the generic nonzero elements in a in M”, remains 
bounded. 
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(2) implies that also the coefficients in b remain bounded. 

(ii) This follows from (5.39) written for s = 1 and the conditions for the 
existence of the Stirling numbers. 

(iii) This factorization property is trivial: we limit ourselves to observe that 
the second argument in the kth Stirling number may be written in the form 


k- 
(ik + ake + €1,k) + [Store tea~ 3 ` teh] 


l=k+1 


for k = 2, 3, ..., h and that the second term contains terms depending only on 
the coefficients in a’. 


The following is a generalization of Lemma 5.3.6. 


Lemma 5.3.10 Let A+ n and let p = (pj, p2, .. ., Pn) be an h-parts partition 
with |p| < n and i2, i3,..., in be nonnegative integers. Then we have: 


LA) 


att ol] ce (px) 
=> oi) > 5 s(oi +1, n=l o)): 


1>0 hoe rs: A €1,27 €1 h €{0,2} 
. a aik + 1\ p1(~p1) + po 
-J [| Ao 
a big tl Pi + PK 
where tk = ik — a1,k — €1,¢ fork = 2,3,...,h. 


Proof Set 


u-+v r S r—u SsS—v 
By(r, s, u, v) = (—1) uJ Vas (+ px)“ — p)”. 
From Lemma 5.3.5 and the binomial theorem, we get 


Ci (on) = È (OK) + P1 Pk X CP (ORAL — £ + Oe + Le — £ pi + 1) 


r,s,t>0 
rts tt+2=ig 
À À e} 
= Ci (Pk) + P1 Pk X c, (Pk) X B(r, s, u, vil — Ag)”. 
r,s,t>0 u,v>0 
r+stt+2=i, 


Therefore, recalling the convention on the relationship between e;,; and 6;, ; and 
introducing the convention that the sum over rg, 5; is restricted to rg = sk = 0 
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when €; = 0, we can write: 


La) h LA) h 


Satoo ezee dS ae do eor 
{=l k=2 l=1 k 


=2 | €,x€{0,2} Th Sk tk20 
ret+sptth ter pHi 


` > Bikes Sk, Uk, VEEL — Ap) rT” 


ug, v20 


h 
D 2, D X: ] [finch ed Be(res sk, ux, vx) |: 


€1,27 €1, h {0,2} ro--rn =O u2- -u20 k=2 
S28, Z0 v2---v,2=0 


ty---t,20 
re+Sk AT HEL k=5ik 
k=2,...,h 
£0) 
(EHH S d (E, pE — Ag Eeto, 
t=1 
(5.40) 
This cumbersome expression is obtained simply by developing the product 
Ti and grouping into the sum ee all the terms containing £. From Theorem 
5.2.8 we get: 
tA) 
h 
XO aE, pE — Ager) 
e=1 


h 
=% (1 ae: a; sta +1,4 — jelo), (5.41) 


4, j>0 


while from (5.6) we get 


ae’ + w _ 


J 


T (e + ») o. (" t p. (5.42) 


Ja jazo J2 Jh 
j++ j=j 


We also need to reformulate Proposition 5.1.8 in the following form: 


Uk + Vk 
ye Burg, Sk, Uk, »( ) 


aik — b 
Tk Sk Uk, VZO Lk tk 
rk+Sk=41,k 


bi k+1 


1 = Dik 
= (=p va + ) pı(— p1)" + Pg 543) 
bik+1 pı + px 
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Then the formula in the statement may be obtained by inserting (5.41) and 
(5.42) in (5.40) and using (5.43) to simplify the expression. 


Theorem 5.3.11 (Lassalle’s explicit formula) Let à be a partition of n, let 
P = (P1, P2, - - - , Pn) be a partition with |p| < n and set o = (p, 1"~'*!). Then 
we have 


h 


1 : 
R=—— DV } AP, (ov pr em PL k(ood. 649 


n 
[nlo Em ini yO = 


Proof The proof is by induction on h. We have already obtained the case 
h =1 (in Theorem 5.3.2) and h = 2 (in Theorem 5.3.7). Indeed, for h = 
1 we have € = (€),;) = a = (4,1) = b = (b1,;) = 0 and therefore A (p1) = 
s(pı + 1, i1), and (5.44) reduces to the formula in Theorem 5.3.2. Even though 
this case is not necessary for the induction, we check the formula for h = 2: 
we can write A® with a, b, €, 0 in place of 41,2, b1,2, €1,2, 01,2 So that 


b+1 


+ 1\ pi(—p1)’ + 13 
A® (01, po) = o(; jace. 
T » b+1) mato 


-s(o, + 1,i; —a + b)s(@ + 1, i2 +a +e), 


with the convention that if € = 0 then 0 = 1 and the sum over a, b is restricted 
toa = b = 0, while if € = 2,0 = pı p2 (and the sum over a, b is for all possible 
values). Then the formula (5.44) coincides with that in Theorem 5.3.7, since 
the latter may be written in the form 


7 1 
ties = 5 Sock oeh DAL, (01, p2)c} (p1)c}, (2). 


Inlat co i20 


Note also that by the principle of analytic continuation (Remark 5.1.19) we 
may assume that the inductive hypothesis holds true also when å is replaced by 
an arbitrary sequence of integers (that is, x* is replaced by a virtual character). 
Now we can apply the inductive hypothesis to the basic recurrence formula. 
We have, by Proposition 5.3.1 and induction, 


ea) 
‘ siepi 
[n]? = d (£, pdin — Pilipi- Rap 
\p 
=I 
t0) 


= Dall pr) ys dD Aano] es Ppp) 


e'eE®-D) in---in 20 
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which equals, by Lemma 5.3.10, 


T essen my ee + 


€' CECH) in--in =O n20 a1,2a1 n20 
bi, 27-b, n20 


i Dik bigtl 
» I] [avons i j i} pı(—p1ı) Lk Py l 
1,k 


€1,2°7-€1,n€{0,2} k=2 Pl + Pk 
h 
. s(pı F 1, ti = Sia = bi)) 
t=2 
h 
= oy > AL lai, +++ Ph) I] ch (Px), 
ecE t+ 20 k=1 


where the last equality follows from Lemma 5.3.9.(iii). 


Exercise 5.3.12 Show that setting pp = 1 one gets exactly the formula for 
h-1. 


Exercise 5.3.13 Check the following formulas from [81] in two ways: 


e by applying the formula in Theorem 5.3.11; 
e by using the basic recursion formula, Lemma 5.3.6, Lemma 5.3.10 and the 
formula for Rà 2 jn-4 in Example 5.3.8. 


[Mle Xo, n-6 = (AO) — 3c3(2))° + AAO) — 3c3(2)). 
< (TÈ) — 47k (2) — 6h (2) 
+ 40c3(2) — 240c} (2) + 560c}(2) — 600c} (2) 
and 
inla, = (A) — 3c3(2))” — 4ef(2) + 18h) — 50c3(2))- 

- (åC) — 6c3(3) + 11¢3(3)) 

— 12(c}(2) — 3c}(2))(c3(3) — 8e4(3) + 23c}(3) — 28¢}(3)) 

+ 72(c (3) — 10c3(3) + 40c}(3) — 80c (3) + 79¢}(3)). 
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This section is an exposition of the results of Corteel, Goupil and Schaeffer 
in [24]. Their work originated from some conjectures of Katriel (see [72] and 
[50]). We derive most of the results of that paper from the explicit formulas 
in Section 5.3. We also give a version of the classical asymptotic estimate of 
Kerov—Vershik (see [121]). 
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5.4.1 Central characters 


In Section 5.3 we have obtained for %* an expression in terms of sym- 
metric functions evaluated on the content c(A) of A. If o =(p,1,..., 1), 
then such symmetric function depends only on p. Following [24], for o = 
(01, 02,..., Ok) partition of length k, (with og > 0), the reduced partition & 
associated with o is defined by setting 


6 = (o —l,o.—1,...,0,—1). 


Given a permutation z of cycle type o, its reduced cycle type is just 6. If u is 
partition, with |u| + (u) < n, we denote by C, (n) the conjugacy class of 6, 
formed by those partitions of reduced cycle type jz. Note that this established 
a bijection between 


E, := {partition u : |u| + £(u) < n} 


and the set of all conjugacy classes of G,,. For instance, C,(7) is the set of all 
transpositions, C2(n) the set of all 3-cycles, and so on. 

There is an obvious algebraic interpretation of the correspondence S, > 
ur C,,(n): In view of Theorem 4.4.4, |u] is the minimal number of trans- 
positions needed to write x € C,,(m) as a product of transpositions, and this 
minimal number is achieved by writing the first cycle into the product of 
Hı transpositions, the second cycle into the product of u2 transpositions and 
so on. We introduce the following notation: if u and 7 are partitions, u U 0 
is the partition obtained taking the parts of and 7 and rearranging them 
in decreasing order. For instance, (5, 3, 1, 1) U (4, 2) = (5, 4, 3, 2, 1, 1). We 
write u <a n when the parts of 7 are obtained by adding some parts of u. For 
instance, (2, 2,2, 1,1, 1) <a (4, 2, 2, 1). Clearly, y <a 7 implies u < n and 
£(u) > L(y), with equalities if and only if u = 7. For u, n € En, we denote by 
C,,(n)C,(n) the convolution of the characteristic functions of those conjugacy 
classes. Clearly, there exist coefficients C e(n) such that 


CanCan) = X Ch ,(n)Co(n). 
0EE, 
We give some basic properties of those coefficients. 


Proposition 5.4.1 The following conditions are necessary in order to have 
Cf) #0. 


(i) |u| + |n| and |0| must have the same parity; 
(ii) we must have: |0| < |u| + Inl; 
Gii) if |0| = |u| + |n| then (u U n) <a 6 and Ce does not depend on n. 
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Proof It is an easy consequence of Theorem 4.4.4 and the details are left as an 
exercise. We limit ourselves to prove that if |0| = |u| + |n| then Chn does not 
depend on n. Suppose that x is a permutation of reduced type 6. Then Cis is 
equal to the number of ways we may rewrite 7 = 7172, with 71 of reduced type 
u and m of reduced type n. If we write 2, and m as in Theorem 4.4.4, then in 
the product 122 = x there is not simplification between transpositions. This 
implies that if A C {1,2,...,m} is the subset of numbers moved by x (i.e., 
{1,2,...,}\ A are fixed points of x ) then x, and m belong to the symmetric 
group G4 over A. Therefore the number of possible factorizations 7 = 7172 
depends only of the size of A (and on 0, u, 7 obviously), but it does not depend 
onn. 


Remark 5.4.2 In order to clarify the case |0| = |u] + |n| in the last propo- 
sition, consider the following construction in Theorem 4.4.4. Suppose that 
x is a permutation of reduced type 0 and m = titz - -> tg, «+ to+-+0r1 °° * hol 
is a decomposition as in Theorem 4.4.4. We can construct a graph whose 
vertices are the numbers moved by tı, f2,..., fjø; (and therefore by x) and 
whose edges are the pairs {ix, jx} if tk = (ik > jk > ix), K=1,2,..., |O]. 
Clearly, the connected components of this graph correspond to the cycle 
of x. Suppose that xı is of reduced type u, m2 of reduced type n, m of 
reduced type 0 and |0| = |u| + |n|. If we multiply a decomposition of 71 
with a decomposition of 2 then we get a decompositon of z and the con- 
nected components of the graph of z may be obtained by gluing the connected 
components of x, with those of 7m that have common vertices. For instance, 
if u = (3, 2), n = (2, 1), 0 = (5, 3), mı = (1 > 2 > 3 > 4 > 1)\(5 > 6 > 
7—> 5)}, m = (1 —> 8 > 9 > 1X5 > 10 > 5), m = (1 > 8> 9> 2 > 
3 => 4 > 1)(5 — 10 — 6 — 7 — 5) we have the permutations shown in 
Figure 5.4(a) and the composition in Figure 5.4(b). 


1 5 1 10 
4 2 | 6 | 8 
3 7 9 5 


Figure 5.4(a) The two permutations z (left) and m2 (right) 
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Figure 5.4(b) The composition m = 7172 


Exercise 5.4.3 Prove that Cin is a polynomial in n and that its degree is less 
than equal to 5(lul + In| — 181) + £w) + £n) — £0). 


Hint: prove the bound for C Ta) and then examine C: (n) - - - Cı (n)C, (n); see 
lS 


|4|-times 
(24, Proposition 2.1] for more details. 


In what follows, we introduce the order C in &, by setting y C n when 
|u| > |n] or |u| = |n| and u <a n. In other words, 


Hon > {el > |n] or [lu] = |n| and u <a nl}. 


Proposition 5.4.4 Let u = (1, 2"",...,k*). Then we have the following 
expansion: 


1 
C,,(n) = Gi (n)C,,,(n) wae Cu, (n) 
mı!m!--- m}! 
+ $ LC C, a) Cp) 
van 
for some coefficients d; (n). For |v| = || the coefficients d, does not depend 


onn. 
Proof A repeated application of Proposition 5.4.1 yields 


Cu MC (Nn) + Cy, (0) = (mitma! meNCa(A) + D> DCN) 


ves,: 
v_] 


Iu 


for some coefficients bi (n) (and for |v| = ||, b,n) does not depend on n). 
This is a triangular relation (compare with Lemma 3.6.6) that may be easily 
solved, giving the relation in the statement. 
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If AF n and yp is a partition with |u| + £(u) < n, the central character w, 
evaluated at A is the coefficient 


C,,(n) z 
= Cal Le = |C m) R? 
d, 


E 


ifu=<d,oFn. 


5.4.2 Class symmetric functions 
From Theorem 5.3.11, we know that there exists a symmetric polynomial, that 
we denote by w(””, such that 


w, = oP [C(A)] (5.45) 


where w"[C(A)] denotes the evaluation of œ¥” on the content of à + n. The 
symmetric polynomials oy are called class symmetric functions. Observe that 
they are not homogeneous. Note that in Theorem 5.3.11 øo does not denote 
a reduced partition, so that the formula for wi, is obtained from those for 
IC,.(n)|%2, o F n such that 6 = n. 

Now we give a basic relation between the polynomial a and the conjugacy 
classes. 


Proposition 5.4.5 We have 


= (n) 
wa” = Coo! 


0es, 


with the same coefficients in Proposition 5.4.4. 
Proof From Corollary 1.5.12 we get C,,(n)x* = w”[C(A)]x* and therefore 
[CANO ICONA = CuCC, xÀ? 
= X Ch ,(n)Co(n)x* 


OEE, 
EEn 
Corollary 5.4.6 We have 
1 
(n) _ (n) ot. ol My... gy” 
Ou S mim! tt m2 + ae! (nos, n O 


vey: 
võu 


with the same coefficients of Proposition 5.4.4. 
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From Definition 5.1.17 (and (5.27)), the definition of ch(m) (see (5.36)) 
and Theorem 5.3.11, it follows that there exist coefficients 2n), which are 
polynomials in n, such that 


oW = a Q?(n) Pv. (5.46) 


where p, are the usual power sum symmetric functions. Note also that if again 
õ = pando = (p, 1”""!) then 
IC,.(n)| 7 n! 1 


= = . 5.47 
[n]a Zelal Zo ee 


For instance, from Example 5.3.3 we know that 


(n) n n 
M4 = P4 — 2pi1,1 — Bn — 10) +5 3 =3 aE 


while from Example 5.3.8 we know that oy") = 5 Pia 3 P2 + (3). Clearly, 


the expansion (5.46) is unique: take n large and apply (iv) in Theorem 4.1.12 to 
each homogeneous component of oW., The assertions above are proved in detail 
together with some other properties of the coefficients Q}, (7) in the following 
theorem. 


Theorem 5.4.7 
(1) Q; (n) is a polynomial in n of degree at most Jatt + €(u) — €(v) whose 
coefficients depend only on v and u. 
(ii) U) = if = (1, 2, EM), 
(ii) Jf |v| = |u| and v # u then Q, (n) does not depend on n. Moreover, it 
is equal to zero unless u <q v. If |v| > |u] then p, does not appear in 
(5.46). 


(iv) 2,0) is equal to zero if |u| and |v| do not have the same parity. 


Proof First note that, for the polynomials c*(m), we have the following expan- 
sion: 


chm) = (r = I) pralC@I+ S> ArM)p ICQ] (5.48) 
|v|<r—2 
where A?(n) is a polynomial in n of degree at most 


r — |v] 


— lv). (5.49) 


Indeed, the term with p,—2 is obtained by setting in (5.36)n = k = 1, h = 0 and 
summing from q = 0 to q =r — 2, taking into account that F,—2,4,1 = Pr-2- 
Note also that the n in (5.36) is just a summation index, while the n in the 
present theorem coincides with |A| and that the polynomial in |A| is given by 
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the binomial coefficient (ma Y; which is a polynomial in |A| of degree n — k. 


But p, appears in c*(m) only in the terms with r — 2n — h = |v| and k > €(v) 
(see (5.26)), and these conditions yield 


r— |v] 
n—k< 


— (v). 


If we examine the formula (5.44), the power sum symmetric function p, comes 
from the product T ch (px), selecting a p, appearing in ch (ex) in such a 
way that (v, v®,..., v) is a composition from which v may be obtained 
rearranging the parts in decreasing order. Therefore, (5.48) ensures that the 
coefficients of p, is the sum of products of the form 


AY” (n) A(n) n AY (n). 


Assume that pp > 2. Since i4, i2,..., i, must satisfy the condition > in < 
|o| + £(p) (see (ii) in Lemma 5.3.9) from (5.49) we deduce that the coefficient 
of p, is a polynomial in n of degree at most 


iptigt---+i,—|v| |v?) | er jv 
2 


£v)—£(v)—. .- ev) 


(because u = (p1 — 1, p2 —1,..., On — 1), h = (ep) = (u) and therefore 
|| = |p| + €(p)). This proves (1). 

From (5.48) and (ii) in Lemma 5.3.9 it also follows that p, appears in 
[Es ch (pr) only when € = 0 and iz = pk + 1, k = 1,2,..., h. Moreover, in 
w its coefficients are 

IC (n)| O MRP 1 


P1P2°** Ph 
[n] Zp mı!m2!--- mı! 


where u = (1™ , 2", ..., k™*) and the first equality follows from (5.47). This 
proves (ii). 

Now we prove (iii). First note that from (5.48), (i) and (iv) in the present 
theorem and Theorem 5.3.2 we get, for u = (r), 


o =p+ D> Ymp. (5.50) 


lvl sr—2 


Then all the assertions in (iii) are an immediate consequence of (5.50) and 
Corollary 5.4.6. Note that we get also an alternative proof of (ii). To prove 
(iv), first note that from Lemma 3.6.10 and (vii) in Proposition 1.3.4 it follows 
that xt (relr) = x* (xr), for AF n, x € Gy, and therefore (for the central 
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characters) œ = (— Dlo% which in terms of w)[C(A)] yields 
oPICAN = (-D“o [Cay] (5.51) 


because if 7 has reduced type u then clearly e(r) = (—1)!“! (r may be written 
as a product of 4; + u2 +--+ uk transpositions; this is the easy part of 
Theorem 4.4.4). On the other hand, we have C(A’) = —C(A) and clearly 


PICAN = pol-C@)] = CD p IC]. (5.52) 


Now write oe in the following form: 


o= X apy X Qop. 


|v]even |v]odd 


If |u] is even, (5.51) and (5.52) force 


D Q).M)prlCQ)] = 0 (5.53) 


|vlodd 


for alln > 1 and for all A | n. But we can express the right-hand side of (5.53) 
as a shifted symmetric polynomial in A (see Remark 5.1.19 and recall that 
n = do(A) = pj (A) is also a shifted symmetric polynomial). Then the principle 
of analytic continuation ensures that 02/, = 0 when |v] is odd. 

The case |u| odd is similar and this ends the proof of (iv). 


Exercise 5.4.8 ((50], [7]) Show that if A” is a sequence of partitions such that 
AMEN, a” < Ad/n and €(A™) < A./n for some positive constant A, then 


ao [CA™)] =O (Miers) i 


Hint: first prove that p,[C(A)] = O(n"/?+!) and then use Theorem 5.4.7. 


Exercise 5.4.9 ([50]) 
(i) Show that if x1, x2,..., Xn are the YJM elements then 
C,(n) = on, X2,- Xn). 
Hint: C,(n)x* = ol [CA)]x* = o (x1, x2, - - - , Xn)X?; see Proposition 
4.4.12. 


(ii) Recalling that ex is the k-th elementary symmetric function, show that 


Hint: recall Theorem 4.4.18. 
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From (ii) and (iii) in Theorem 5.4.7 we get the following expression for wo: 
ifm@=(",2",...,k*) then 


1 
ow = a net DL upt DE Up. 
Mi:m: > 
hizlal lvi<lu|—2 


5.4.3 Kerov—Vershik nea 


Now we go back to the normalized characters %*. Clearly, if o = (p, 1"~!#!) 
with p= = (p1, p2, s Ph), Ph zZ 2, and u= 6, then 


ah = oW CA 
X= Cm 1° ICA)] 
= eel A 
n: 
pip: Q, (n) (5.54) 
= —— PulC@)] + [CA] 
a | Atm [lio 
[<av 
Te : 7 h pCO] 
|v] s|u|-2 


From this expression, it is easy to deduce the following form of the celebrated 
Kerov—Vershik asymptotic formula for the characters of 6, [121]. It was redis- 
covered by Wasserman [122], whose proof was reproduced in [39]. In [7] 
these asymptotics are generalized and extended using methods from the free 
probability theory. 


Proposition 5.4.10 In the same hypothesis of (5.54), we have the asymptotic 
formula 


ah Pip2: 
= sp [COA O 
i TA CNIS (a) 


where the constant in O (4 :) depends only on p. 


Proof Clearly, we have 


LA) ài 


Il < Doli i <= AL ar = ar 


i=1 j=l 


and therefore 


IPIC] < APH. (5.55) 
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From (i) in Theorem 5.4.7 and (5.55) we deduce the following asymptotic 
estimate: for |v| < |u] (so that |v| < |u| — 2 by (iv) in Theorem 5.4.7): 
aa) (co| = o( ) (5.56) 
[n}\p\ AEJ” l 


where 6 = — [HH + eoo) — ev] + al +E- [lv] + eo = 2 
> 1. On the other hand, if |v| = |u|, v 4 u, by (iv) in Theorem 5.4.7 we 
know that Qh, does not depend on n and that u <, v, so that £(v) < £(u). 
Therefore (5.55) gives 


1 
Ee ica] = 0 (=) ; (5.57) 


where y = [|u] + L(w)] — a + £(v)] = (u) — (v) > 1. Using the estimate 
(5.56) and (5.57) in (5.54), one gets the result. 


pi) 
[n] 


6 


Radon transforms, Specht modules and the 
Littlewood—Richardson rule 


The aim of this chapter is to introduce the reader to the combinatorics of 
pairs of partitions, a powerful method discovered by James in his fundamental 
paper [64], also described in his lecture notes [65]. In particular, this leads to 
a proof of the Littlkewood—Richardson rule (which gives the decomposition of 
Inds” „e, (S4 X S*), where AF m and v H n — m). 

The reader may limit himself to the first section devoted to the proof of 
the Littlewood-Richardson rule. Other proofs of this deep result may be found 
in the monographs by Sagan [108], Macdonald [83], James and Kerber [66], 
Fulton [42] and in the references therein. The proof we present is surely not 
the quickest (those in [66] and in [83] are slightly simpler), however, the 
combinatorics that we develop is quite powerful and we shall use it in the 
second section. 

This chapter should be thought of as a sequel to Chapter 3, but the reader 
may also consider another possibility. The present chapter indeed, does not 
require the knowledge of the whole of Chapter 3: once Sections 3.1-3.3 and 
Sections 3.6.1, 3.6.2, 3.6.4 and 3.7.1 (that is, the basic facts on Young modules) 
have been read, the reader will possess all the necessary prerequisites to read 
Sections 6.1.1—6.1.3, the whole of Section 6.2, and then he may go back to 
Sections 3.7.2 and 3.7.3. After that, he may complete Section 6.1 up to the 
Littlewood-Richardson rule. Our treatment of the Young rule by means of 
Radon transforms, altough entirely based on James’ work, is also inspired by 
Appendix C in Sternberg’s monograph [115] and by several indications in 
Diaconis’ book [26]. However, the emphasis on orthogonal decompositions of 
the Young modules and the connection with the Gelfand—Tsetlin bases for the 
6,-invariant vectors in M“, are new. We also point out that James’ original 
motivation was to develop a characteristic-free approach to the representation 
theory of G,,: he was interested in linear representations of G, on vector spaces 
over arbitrary fields (possibly with positive characteristic). On the other hand, 
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his approach led to most interesting results and applications also for ordinary 
representations (i.e. on vector spaces over the complex field C), as previously 
indicated in the books by Diaconis and Sternberg cited above. 


6.1 The combinatorics of pairs of partitions and the 
Littlewood—Richardson rule 


6.1.1 Words and lattice permutations 


Let m be a positive integer. The elements of the alphabet {1, 2, ..., m} are called 
letters. A word of length n over the alphabet {1, 2,..., m} is a sequence w = 
X1X2+++X, Where each symbol x; is a letter in {1,2,...,m},i=1,2,...,n. 
Suppose that x; = j € {1,2,...,m}. We then say that x; is a j-symbol in w. 
The type of w is the m-tuple a = (a), a2,...,@m) where aj = |{1<i<n: 
x; = j}| for j = 1,2,...,m. In other words, a; is the number of j-symbols in 
the word w. Clearly, a; + a2 +---+4m = n, that is, a is a composition of n. 


Definition 6.1.1 Let w = x1x2 - - -Xn be a word. A symbol in w is said to be 
good or bad according to the following: 


(i) Each 1-symbol is good. 

(ii) The (j + 1)-symbol x; is good if in the subword x; x, - - - x;—1 the number of 
good j-symbols is strictly larger than the number of good (j + 1)-symbols; 
otherwise it is bad. 


Example 6.1.2 Consider the word w = 1221133223 of length 10 in the alpha- 
bet {1, 2, 3}. In the table below we label each good (resp. bad) symbol with a 
g (resp. b). 

bZ 2? Ae 3: 23+ 6 2s 2 3 

8 8 b 8 8 8 b 8 8 8 
Definition 6.1.3 Let w = x)x2---x, be a word of length n over the alphabet 
{1,2,...,m}. Let j € {2,...,m}. We say that w has the lattice permutation 
property with respect to the letter j if, fori = 1, 2, ... , n, the number of j’s in 
the subword x1 x2 - - - x; is less than or equal to the number of j — 1’s therein. We 
say that w is a lattice permutation (or a ballot sequence, or Yamamouchi word) 
if it has the lattice permutation property with respect to all letters j = 2,...,m. 


Example 6.1.4 Consider the word w; = 112323233124 of length 12 over the 
alphabet {1, 2, 3, 4}. Then w has the lattice permutation property with respect 
to the letter 4 (but not with respect to 2 and 3). On the other hand, the word 
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w2 = 112123231124 has the lattice permutation property with respect to 2, 3, 4, 
that is, it is a lattice permutation. 


Lemma 6.1.5 Let w = x1x2- -< Xn be a word. 


(i) Ifevery j-symbol of w is good, then w has the lattice permutation property 
with respect to the letter j. 
(ii) w is a lattice permutation if and only if every symbol in w is good. 


Proof (i) For every k < n denote by wz = x,x2---x, the initial subword of 
length k. Then we have 


{j — 1)-symbols in w;}| > |{good (j — 1)-symbols in w;}| 
> |{good j-symbols in w;}| 
= |{j-symbols in w;}|. 
(ii) Suppose that w is a lattice permutation and let jo € {2,3,..., m}. Then, 


if all j-symbols with j < jo — 1 are good, we have that all the jo-symbols are 
also good by Definition 6.1.3. The converse follows from (i). 


Note that the word in Example 6.1.2 has the lattice permutation property 
with respect to the letter 3, but the 3-symbol x7 is bad. 


Definition 6.1.6 Let w = x|x2---x, be a word of length n over the alphabet 
{1,2,...,m}.Let2 <j <m. 


(i) Suppose that there exists i € {1,2,...,m}suchthatx;_; = j — 1 and x; = 
j; then we say that (the (j — 1)-symbol) x;_; is l-step j-paired to (the j- 
symbol) x; and, reciprocally, x; is l-step j-paired to xi—1. 

(ii) Suppose there exist 1 <i < k < n such that x; = j — 1 and x, = j and 
every (j — 1)-symbol x~ with i < £ < k (resp. every j-symbol x, with 
i < h < k) is (V — £)-step (resp. h — h’-step) j-paired to some j-symbol 
xv, where £ < ¢’ < k (resp. to a (j — 1)-symbol xw, where i < h’ < h). 
Then we say that (the (j — 1)-symbol) x; is (k — i)-step j-paired to (the 
j-symbol) xx. 


If a (j — 1)-symbol x; is (k — i)-step j-paired to a j-symbol xg, for some 
1] <i <k <n, then we simply say that x; and x, are j-paired. A j-symbol x, 
(resp. a (j — 1)-symbol x¢) which is not j-paired is said to be j-unpaired. 


Clearly, in order to determine which couples are j-paired, one must start by 
looking for, in order, the 1-step, the 2-step pairings, and so on. It is also obvious 
that the j-pairing is unique: if the (j — 1)-symbol x; is j-paired to a j-symbol 
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Xk, then for each j-symbol (resp. (j — 1)-symbol) x, with j < h < k, x; and 
Xn (resp. x, and x;) cannot be j-paired. 

There is a simple way to describe j-pairing in a word w. Replace each letter 
j — 1 occuring in w by a left-hand bracket and each letter j by a right-hand 
bracket. The resulting expression is a parenthesis system and the symbols are 
paired following the usual rules for brackets. 


Example 6.1.7 Consider the alphabet {1, 2,3} and let j = 3. In the picture 
below, we write a word over the alphabet {1, 2,3} and we label every 1- 
symbol with the letter 1 and every 2-symbol (resp. every 3-symbol) with a 
left-hand (resp. right-hand) bracket. In addition, paired brackets are in turn 
labelled with the same letter in {a, b, c,d, e, f}, while unpaired brackets are 
unlabelled. 


1231322 3 3 3 2 2 3 23 3 3 
lukli) € & Yb Ye ) & (e Je (a Ja )f ) 


Lemma 6.1.8 A word w is a lattice permutation with respect to a letter j > 2 


1 1 1 1 1 
1 1 1 1 1 


if and only if each j-symbol is j-paired. 


Proof The “if ” part is obvious. Conversely, suppose that w = x1x2- -Xn 
is a lattice permutation with respect to j. Suppose that x, = j for some 
1 < k <n. Then the number of (j — 1)-symbols in the subword x12 - -+ Xk—1 
is strictly larger than the number of j-symbols therein. Consider the largest 
position i < k — 1 of a (j — 1)-symbol which is not j-paired to a j-symbol 
in Xj41Xj42°-:X~-1. Note that in the subword x;41x%;42---X,-1 every j- 
symbol must be j-paired with a (j — 1)-symbol: otherwise, taking the least 
i+1<t<k-—1 such that x, = j and x, is not j-paired with a (j — 1)- 
symbol in x;4)X;42 +--+ X;-1, then x, would be j-paired with x;. It follows that 
the (j — 1)-symbol x; is j-paired to xg. This shows that every j-symbol is 
j-paired to some (j — 1)-symbol. 


In terms of parentheses, a word as in Lemma 6.1.8 has an expression of the 
form 


Po (Pi ( Pa (+++ (Pho ( Ph 
where Po, Pi,..., Ph are j-closed, possible empty, parenthesis systems. 


Lemma 6.1.9 Let w = xıx2 ... Xn be a word and denote by wi = X\X2...X; 
the initial subword of length i for i = 1,2,...,n. Suppose that in w every 


j-symbol is good. Then, 
|{ j-paired (j — 1)-symbols in w;}| < |{good (j — 1)-symbols in w;}| (6.1) 


for everyi = 1,2,...,n. 
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Proof Suppose that x;+ı is a (j — 1)-symbol and that it is j-unpaired. Then, 


|{j-paired (j — 1)-symbols in w;}| = |{j-symbols in w;}| 62 
< |{good (j — 1)-symbols in w;}| (6.2) 

where the equality follows from the fact that the (j — 1)-symbol x;+ı is j- 
unpaired (by (i) of Lemma 6.1.5 w is a lattice permutation with respect to 
j, and by Lemma 6.1.8 every j-symbol is j-paired to a (j — 1)-symbol), 
while the inequality follows from the fact that every j-symbol is good. Con- 
sider the word w’ = x1x2...Xn(j — 1) = w(j — 1) of length n + 1. Then, 
the (j — 1)-symbol x„+ı is clearly j-unpaired in w’ and the j-symbols 
in w’ (which are the same of those in w) are still good therein. Apply- 
ing (6.2) to w’ we obtain (6.1) for i =n. We can now prove (6.1) by 
reverse induction, starting from i =n and proving it for i =n — l,n — 
2,...,2, 1. Suppose that (6.1) holds for i = k + 1 and let us prove it for 
i = k. Suppose first that xg+ı = j — 1. If this symbol is j-paired then 
(6.1) trivially holds for i = k (indeed |{j-paired (j — 1)-symbols in w;}| = 
|{j-paired (j — 1)-symbols in w;+1}| — 1, while the number of good (j — 1)- 
symbols present in wg may only decrease by at most one). If the (j — 1)-symbol 
X41 is j-unpaired then (6.1) follows from (6.2). Finally, if x.4; Æ j — 1, then 
the (j — 1)-symbols in wg and in w;4; are the same and induction applies. 


6.1.2 Pairs of partitions 


In this section, we allow the parts of compositions and partitions to be equal to 


zero. That is, we consider a composition a = (a1, d2,..., ap) Ofn as a sequence 
of nonnegative integers such that a; + a2 + --- +a, =n. Similarly, a partition 
à = (Aj, Ao, ..., An) Of n is a composition such that A; > Ag > +--+ > àp =O. 


Also, 0 will denote the trivial partition (of 0). 


Definition 6.1.10 

(i) A pair of partitions for n is a couple (A, a), where a = (a1, d2,..., Gm) 18a 
composition of n, A = (Aj, Ao, ..., Am) is a partition of k < n and À; < a; 
fori =1,2,...,m. 

(ii) If (A, a) is a pair of partitions for n, we denote by W(A, a) the set of all 
words of type a in which the number of good j-symbols is at least À; for 
J= ene 


Note that a partition A of length A can be seen as a partition of length m > h 
by setting Àn+1 = Àn42 = ++ = Àm = 0. 


Remark 6.1.11 
(i) W(0, a) is just the set of all words of type a; 
(ii) W(A, A) is the set of all lattice permutations of type A; 
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(iii) if Ay < a, and we set A = (aj, Ax,...,Am), then W(A, a) = WGA, a), 
because every 1-symbol is good; 

(iv) in every word w, the number of good j-symbols is greater than or equal 
to the number of good (j + 1)-symbols. Therefore, in the definition of 
W(A, a) it is not restrictive to suppose that A is a partition. 


From now on, unless otherwise specified, we assume that A; = a; (see 
Remark 6.1.1 1.(iii)). We also adopt the following graphical representation for 
a pair of partitions (A, a). We draw a Young frame of shape a and we put a 
e inside the first (from left to right) A; boxes in row j, for j = 1,2,...,m. 
For instance, the pair of partitions of 23 given by ((7, 3, 3, 1), (7, 5, 8, 3)) is 
represented by the diagram in Figure 6.1. 


Figure 6.1 


We now define two operations A; and R; on the set of pairs of partitions 
(A, a) that satisfy the following conditions: A ;_; = aj_; and å; < aj. Roughly 
speaking, A; “adds” 1 to àj, while R; “raises” a; — A; boxes (without e) from 
row j torow j — 1. 


Definition 6.1.12 Let (A, a) be a pair of partitions and suppose that for an 
index j one has àj- = aj) and Àj < aj. 


(a) The pair of partitions A ;(A, a) is defined in the following way: 
— if Aj-1 > A; then A;(A, a) = (u, a), where the partition u is given by 
H= (Ais A2,.--,Aj-1, A; + 1, Aj41,-+->Am)5 
—ifA;_; =A, then A;(A, a) = (0, 0). 
(b) Rj(A, a) is the pair of partitions (å, b), where b = (a1, a2, ..., @j-2,4j-1 + 
Gj — Aj, Àj, Gj4is +++, Gm); if j = 2 we also replace à (= a1) with A + 
a2 — dp. 


Example 6.1.13 For instance, 
A3((5, 4, 2, 1), (5, 4, 4, 2)) = (G, 4, 3, 1), (5, 4, 4, 2)) 
and 


R3((5, 4, 2, 1), (5, 4, 4, 2)) = (5, 4, 2, 1), (5, 6, 2, 2)), 
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as in Figure 6.2. 


Figure 6.2 


Also, A3((5, 4, 4, 1), (5, 4, 5, 2)) = (0,0) and R2((4), (4, 3, 1)) = (7), (7, 0, 
1)) (Figure 6.3). 


Figure 6.3 


The following proposition is obvious (note that in the definition of R2 
we replace A; with A; + a2 — Ad, that is, under repeated applications of the 
operators of type A and R, we always have A; = a1). 


Proposition 6.1.14 Let (A, a) bea pair of partitions for n. Consider a sequence 
of operations 


a) > Ri REG a) > Ae AM RE REO, a) > 
f t h; h ke k 
= Ri RAS" e Ap RY o RYO, a) > 


where ki,...,ke,hy,...,hg,t,...,t,... are positive integers. Then, even- 
tually one reaches a pair of partitions of n of the form (u, u). 


Example 6.1.15 We have the representations shown in Figure 6.4 and 6.5. 


Rs Rə A4 


Figure 6.4 
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©ej® © ojo 2 e o o © © ojojo o 
©ejo o o A3 © o oj o Ro R3 R4 © o0 ojo 
ejo ejo ojo © oe ojo 
e e e 
Figure 6.5 


Let (A, a) be a pair of partitions for n with à 4 a. We construct a rooted, 
binary, oriented tree as follows. The root is (A, a). Choose a j such that one 
may apply to (A, a) the operators A; and R; (it is always possible to apply 
Aj, R; where j is the first index such that A;_; = aj_; and A; < a;). Then, 
the first level of the tree is given in Figure 6.6. 


(A, a) 
oe 
Aj(A, a) Rj (A; a) 
Figure 6.6 


Then, we apply the previous step to the pair of partitions A;(à, a) and 
R;(à, a), and so on. When we get a pair of partitions of the form (u, jz), the 
procedure at that vertex stops. Eventually, we end up with a tree whose terminal 
vertices, called leaves, are of the form (u, u). 

An example is given in Figure 6.7. 


Ae ao 
TN 


Figure 6.7 
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Clearly, given (A, a), in most cases, we may construct more than one tree 
(depending on the j we start at each step), but we shall prove (see Theorem 
6.1.30) that the number of terminal vertices of the form (v, v) only depends on 
(A, a) and v. 


Proposition 6.1.17 Let (à, a) be a pair of partitions for n. Then there exist a 


composition b = (by, b2, ..., bn) of n and a sequence of operations of type A 
and R that lead from ((b), b) to (A, a). 


Proof Letà = (Aj, A2,..., Am). Take b = (a1, à2, .. ., Am, 2 — 0, . ++ Am — 
Àm) (recall that a; = A,). Then we have 


Aim Ani... A2? ((a1), b) = (A, b) 


m-—l1 
and 


[(Rm+1 Rm+2 Patt Rom—1)(Rin Rin+1 i Rom—2) vs 
wank (R3 R4 RS Rm+ DIA, b) = À, a). 


Example 6.1.18 For (å, a) = ((5, 2, 2, 1), (5, 4, 4, 2)), see Figure 6.8. 


Ay A3 A3 (R5 Re R7)(RsRs Re) (R3 Rs Rs) 


Figure 6.8 


6.1.3 James’ combinatorial theorem 


Let (A, a) bea pair of partitions for n. Suppose that A j—ı = aj- anda; < a; (so 
that we may apply A; and R;). Consider a word w € W(A, a) \ W(A;(A, @)). 
The number of (j — 1)-symbols in w is equal to à ;_; and all of them are good. 
On the other hand, the number of j-symbols is equal to aj: 4; of them are 
good, the remaining a; — À; are bad. 


Definition 6.1.19 For w € W(A, a) \ W(A;(A, a)) we denote by ®(w) the 
word obtained from w by replacing every bad j-symbol with a (j — 1)-symbol. 


For instance, for (A, a) = ((5, 4, 2, 1), (5,4,4,2)) and j =3 (so that 
A3(A, a) = ((5, 4, 3, 1), (5, 4, 4, 2))) and w = 113214332314212 of length 15 
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in the alphabet {1, 2, 3, 4} we have: 
w=113214332314212 


ggbggbgbggggggag (6.3) 
w € W(A, a) \ W(A3(A, a)) and 
= =112214322314212 
v (w) 3 3 (6.4) 


SEBEL HDEEHDELEBERB 
Lemma 6.1.20 ®(w) € W(R,(A, a)) for all w e€ W(A, a) \ W(Aj(A, a)). 


Proof Let w = xix2:--Xn and ®(w)= y,y2---y,. As usual, for k= 
1,2,...,n we set we = X1X2---x, and (w) = yi y2--- ye. We first show 
that fori = 1,2,...,n, 


|{good (j — 1)-symbols in w;}| < |{good (j — 1)-symbols in ®(w),}|. 
(6.5) 


Clearly, (6.5) is trivial for j = 2 so that we may assume j > 3. We proceed 
by induction on i. First note that the statement is trivial for i = 1 (for any 
word v, x; is good if and only if x; = 1). Now we examine the worst case 
in the passage from step i to step i + 1. Suppose that (6.5) is true and that 
Xi41 = J — 1 = y;i+1, that x;+ı is good but y;+ı is bad. Since the number of 
(j — 2)-symbols in w; and in ®(w); is the same (as the quality good/bad), this 
implies that the inequality in (6.5) is strict: the left-hand side must be strictly 
smaller than the number of good (j — 2)-symbols in w;, while the right-hand 
side must be equal to such a quantity. Therefore, (6.5) also holds for w;}ı and 
®(w);+1. In all the other cases, the passage from step i to step i + 1 is trivial 
and thus (6.5) is proved. 

Set (A, b) := Rj(A, a). Clearly, P(w) is of type b. But (6.5) implies that 
(w) contains at least A ;_; good (j — 1)-symbols and that all the j-symbols 
in ®(w) are good (they are the same that were good in w). Another conse- 
quence is that, for k > j, the quality of each k-symbol does not change in the 
passage from w to ®(w) (this is trivial for k < j — 1). In conclusion, ®(w) € 
W(R;(A, a@)). 


The main result of this section consists in showing that the map w +> ®(w) 
is indeed a bijection between W(A, a) \ W(A;(A, a)) and W(R;(A, a)). This 
will be achieved by constructing an explicit inverse map. 

Suppose that v € W(R;(A, a)). Then the number of j-symbols in v is equal 
to àj, and all of them are good. On the other hand, the number of (j — 1)- 
symbols is equal to aj_; +a; —Aj,, and at least A;_, of them are good. 
In particular, v is a lattice permutation with respect to j and therefore, by 
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Lemma 6.1.8, each j-symbol in v is j-paired to a (j — 1)-symbol. If we replace 
the (j — 1)-symbols and the j-symbols by left-hand brackets and right-hand 
brackets, respectively (see Example 6.1.7) we get an expression of the form 


Po(Pi(P2 +++ (Paj-i+a; 2A; 1(Pa;-i+a; 2h; (6.6) 


where, for k = 0,1,...,aj-1) + aj — 2A;, each P, is a closed parenthesis 
system. Indeed, the j-unpaired (j — 1)-symbols are (a;_, + a; — 4;) —Aj = 
aj-1 + a; — 2A; many. 

Now, if v = (w) for some w € W(A, a) \ W(A,(A, a)), then necessarily 
w is obtained from v by changing the first a; — A; j-unpaired (j — 1)-symbols 
into j-symbols. Otherwise, assuming that all the (j — 1)-symbols in w are good, 
the number of good j-symbols in w would be greater than A ;. In other words, 
in the expression (6.6), we must reverse the first a; — A; unpaired left-hand 
brackets, which become unpaired right-hand brackets: 


Po) P) P2 ‘a )Paj—r;(Paj—aj, i oS (Paj-14a;—2A;° (6.7) 


Definition 6.1.21 Forv € W(R;(A, a)), we define Y (v) as the word w obtained 
by replacing back in (6.7) the left-hand brackets and right-hand brackets with 
(j — 1)-symbols and the j-symbols, respectively. 


For instance, if v is as in (6.4), then w = W(v) is as in (6.3). The most 
difficult point is now to prove that Y(v) € W(A, a) \ W(A;(A, a)). We need 
another technical lemma. 


Lemma 6.1.22 Let v = y,y2-+- yn E W(Rj(A, a)) and w = X1x2-++ Xn. Sup- 
pose that w = V(v). Then, for alli such that xj; = j — 1 we have 


{good (j — 2)-symbols in w;}| > (j — 1)-symbols in w;}|. (6.8) 


Proof First of all, note that if xj4; = j — 1 then also yj; = j — 1. We divide 
the proof into two cases. In the first one we assume that v; contains the first 
a; — 4; j-unpaired (j — 1)-symbols in v; compare with (6.6), (6.7) and the 
definition of W (these j-unpaired (j — 1)-symbols in v become j-symbols in 
w). In the second case, we assume that the (a; — A;)th j-unpaired (j — 1)- 
symbol in v occurs in position > i + 1 (also note that the (j — 1)-symbol y;+1ı 
cannot be one of the first (aj — àj) j-unpaired (j — 1)-symbols in v as these 
become j-symbols in w). 
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First case. Since v € W(R;(à,a)), it contains at most (a; + aj_; — Aj) — 
Aj-1 = aj; — 4; bad (j — 1)-symbols. Therefore 
|{good (j — 2)-symbols in w;}| = |{good (j — 2)-symbols in ; }| 
> |{(j — 1)-symbols in v;}| — (aj — àj) 
= |{(j — 1)-symbols in w;}| 
and (6.8) holds in this case. 
Second case. Now, the (j — 1)-symbol y+; is j-paired. Moreover, every j- 
symbol in v is good and Lemma 6.1.9 applies: 
I{(j — 1)-symbols in w;}| = |{j-paired (j — 1)-symbols in v;}| 
(by Lemma 6.1.9) < |{good (j — 1)-symbols in v;}| 
< |{good (j — 2)-symbols in v;}| 
= |{good (j — 2)-symbols in w;}|, 
where the first inequality is strict when the (j — 1)-symbol y,;+; is bad (apply 


Lemma 6.1.9 to v;+1), while the second inequality is strict when the (j — 1)- 
symbol y;+ı is good. This proves (6.8) in the second case. 


Lemma 6.1.23 Letv € W(Rj(A, a)). Then Y(v) E€ W(A, a) \ W(Aj(A, @)). 


Proof From Lemma 6.1.22 it follows that every (j — 1)-symbol in ¥(v) is 
good, while from the discussion preceding the definition of Y (see also (6.6) 
and (6.7)), it follows that Y(v) contains exactly à; good j-symbols. 


Summarizing we have: 


Theorem 6.1.24 (James combinatorial theorem for words) Let (A, a) be a 
pair of partitions for n. Suppose that à j—ı = aj—, and à; < aj. Then the map 


®:W(A,a)\ W(Aj(, a) > W(R;(A, a)) 
is a bijection and its inverse is Y. In particular, 
IWQ, a)| = |W(Aj(, a))| + IW(R; Q, a). 


Proof In the discussion preceding Definition 6.1.21 we have shown that if 
v € W(Rj(A, a)) and v = (w) for some w € W(A, a) \ W(Aj(A, a)), then 
necessarily w = W(v). Then the theorem follows from Lemma 6.1.23. 


6.1.4 Littlewood—Richardson tableaux 


Let v be a partition of n and u be a partition of n — m such that u < v (cf. 
Section 3.1). Let v/u be the corresponding skew diagram and T a skew tableau 
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of shape v/ (cf. Section 3.5.1). We say that T is semistandard if the numbers 
in T are strictly increasing from top to bottom along each column and weakly 
increasing from left to right along each row. The weight of T is the composition 
a = (a1, a2,..., ak), where a; denotes the number of boxes in T occupied by 
the number i, for i = 1,2,...,k. The word w(T) associated with T is the 
sequence consisting of the numbers in the first row of T in reverse order 
followed (on the right) by the numbers in the second row still in reverse order, 
and so on. For instance, if T is as shown in Figure 6.9, 


1]1/213]516 
T= f7[2/3/3 
2/44 


Figure 6.9 


then 
w(T) = 6532113321442. 


A box in T containing the number j is called a j-box. We say that a j-box 
is good/bad if the corresponding j-symbol in w(T) is good/bad. Similarly a 
j/G — 1)-box is j-paired (resp. j-unpaired) if the corresponding j/(j — 1)- 
symbol in w(T) is j-paired (resp. j-unpaired). 


Definition 6.1.25 Let (A, a) bea pair of partitions for m, jz a partition ofn — m 
and v a partition of n such that u < v, 1 <m <n. 

(1) A Littlewood-Richardson tableau of shape v/u and type (à,a) is a 
semistandard tableau T of shape v/jz and weight a such that w(T) belongs to 
W(A, a). Ifa = à, we say that T is of type i. 

(2) We denote by C (a), i the set of all Litthewood—Richardson tableaux of 
shape v/m and type (A, a). If à = a we simply write C} „- 

(3) We denote by Chau (resp. c} „) the cardinality of Chau (resp. C} „). 


Now, we present some results on the numbers Ch., a),0 These are the 
cardinalities of the semistandard tableaux of shape v, weight a such that 
w(T) € W(A, a). We use the notation and some results from Section 3.6.1 
and Section 3.7.1. 


Lemma 6.1.26 Let (A, a) be a pair of partitions for m, with à = (Ay, à2,..., 
.-., àk), u = 0 (in particular, n = m) and v a partition of n. 


G) If à =0, then C(0,a).0 = |STab(v, a)| is the number of semistandard 
tableaux of shape v and weight a; in the notation of Corollary 3.7.11 
(and of Corollary 6.2.21), C(0,a),0 = K(v, a). 
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(ui) Ifv % a, then cy ao = 9. 

(ili) c} 9 = ôv, Moreover, the unique T € Cie is the tableau with all the j’s 
in the row j = 1,2,...,k. 

(iv) [fA F m anda = (A,n — m) we have 


F _ Jl ifv/ is totally disconnected 
C(a,(a,n—m)),0 = 


0 otherwise. 
Proof (i) It follows immediately from the definition of c( ,) 9- 

(ii) It is an easy consequence of Lemma 3.7.3. 

(iii) Suppose that T € C en Since T is semistandard, a number j can only 
appear on a row i with i < j (along the columns, the numbers are strictly 
increasing). Suppose that some j appears in a row i with i < j, and suppose 
that j is minimal number satisfying this condition. Then in the rows i’, with 
i’ <i there is no j — 1, by minimality. Also in row i there is no j — 1 on the 
right of j (since T is semistandard, so that, along the rows, the numbers are 
weakly increasing). Then in w(T) the corresponding j-symbol is bad, and this is 
a contradiction. Therefore all the j’s must appear in row j, for j = 1,2,...,k. 
In particular, C} ọ = Ø for v # A and C ‘ee only contains the tableau with all the 
j’s in row j, so that cå ọ = 1. 

(iv) If TEC O., Q,n-m)),0? then the boxes containing the number k + 1 form 
a totally disconnected skew shape (recall that, since T is semistandard, along 
the columns the numbers are stricly increasing). Such a skew shape is of the 
form v/u for some partition u. Deleting the boxes containing the (k + 1)’s, we 
remain with a semistandard tableau S of shape m such that w(S) e W(À, à). 
From (iii) we deduce that à = u and that S is the unique tableau in C ar 


Remark 6.1.27 Note that (iv) in the previous lemma may be also expressed 
in the following form: Ch 4. n—m)),0 = C(n—m),a- Compare this with Pieri’s rule 
(Corollary 3.5.14). 


Let (A, a) be a pair of partitions for m and suppose that A; < aj andaj_, = 
aj- so that we may apply Rj and Aj. For T € Cy, a,u \ CA Osa) we denote 
by ®(T) the tableau obtained by replacing the number j in each bad j-box, by 
the number j — 1. Similarly, for S € CR a)y we denote by Ẹ(S) the tableau 
obtained by replacing the numbers j — | inthe firsta; — A; j-unpaired(j — 1)- 
boxes, by the number j. In particular we have 


w(®(T)) = O(w(T)) and w(H(S)) = Y(w(S)). 


The following is the Littlewood—Richardson tableaux version of James com- 
binatorial theorem for words (Theorem 6.1.24). 
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Theorem 6.1.28 (James combinatorial theorem for Littlewood- 
Richardson tableaux) The map 


® : Ch au \ Caja). > CR oau 
is a bijection and its inverse is Ẹ. 
Proof By virtue of Theorem 6.1.24, we only need to prove that 
T is semistandard if and only if (T) is semistandard (6.9) 


(note that, ÈT) may be defined even if T is not semistandard). 

Suppose that T is semistandard. Then all j-symbols in a row of T appear 
consecutively in a single block. Moreover, this block is divided into two sub- 
blocks: the left-one (possibly empty) formed by the bad j-symbols and the 
right-one (possibly empty) formed by the good j-symbols. This shows that the 
rows of ®(T) are weakly increasing. Let us show that the columns are stricly 
increasing. 

We prove it by contradiction. Note that the only situation that may produce 
a column in ®(T7) which is not strictly increasing is the following: there exists 
a bad j-box (which therefore becomes a (j — 1)-box in ®(T)), denoted by X, 
with a (j — 1)-box, denoted by Y, immediately above. Denote by s > 0 the 
number of j-boxes on the right of X. Since T is semistandard, there are at least 
other s (j — 1)-boxes on the right of Y. 

Therefore we should find this situation: 


s+1 


where the #&’s indicate numbers smaller than j and the @’s numbers greater 
than j. Therefore the word w(T) looks like 


stl st+1 
sal pa! Dyson — deen -8A -Aj -j (6.10) 


Now, all the (j — 1)-symbols in w(T) are good. But, on the right of a 
sequence of at least s + 1 consecutive good (j — 1)-symbols, the next s + 1 
j-symbols are all good as well. Therefore, the j-box X should be good, con- 
tradicting our assumptions. We have shown the “only if” part of (6.9). 
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Suppose now that T is a tableau such that w(T) € W(A, a) \ W(Aj(A, a)) 
and that ®(7) is semistandard. If a row of T is not weakly increasing, then 
it necessarily contains a bad j-box immediately followed by a (j — 1)-box. 
But this is impossible because in w(T) all (j — 1)-symbols are good and we 
would be in the same situation of (6.10) (with s = 0 and without the subword 
&---&&---@). Thus, the j-symbol is necessarily good. This shows that the 
rows are weakly increasing. 

Suppose now that a column in T is not strictly increasing. Again, this column 
necessarily contains a good j-box, call it X, with immediately above a bad j- 
box, call it Y. Let s denote the number of (j — 1)-boxes on the left of Y. As X 
is good we necessarily have s > 1. We claim that each (j — 1)-box on the left 
of Y has a good j-box immediately below. Indeed, X is a j-box also in ÈT) 
(recall that X is good in T) and ÈT) is semistandard. 

Therefore we find the following situation: 


S 


——E——— Y 
j—1 fal j 
J j j 

x 


and the word w(T) looks like: 


S S 


b g g g g g 


where each * is a symbol different from j — 1. This clearly contradicts the 
definition of a good/bad symbol (we have a bad j-symbol followed by exactly 
s good (j — 1)-symbols and at least s + 1 other good j-symbols). Therefore, 
the columns of T are strictly increasing and this ends the proof. 


Corollary 6.1.29 We have 


v _ ay v 
Ca), = CA; Oan + CR Oan 


Theorem 6.1.30 (James combinatorial theorem for pair of partitions) Let 
(A, a) be a pair of partitions for n. Then in any tree with root (à,a) as in 
Example 6.1.16, the number of leaves of the form (v, v) is equal to c(, 4) o- 


Proof The proof is by induction on the number of the level of the tree. If the 
tree has just two levels, then we must have a situation as in Figure 6.10, 
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(A, v) 
arse 
(v, v) (0, 0) 
Figure 6.10 


where v and @ are partitions of n with v = (v1, 2, 3,...), A= (vi, v2 — 
1,v3,...)and@ = (vı + 1, v2 — 1, v3, ...). From Corollary 6.1.29 and Lemma 
6.1.26.(ii1), 


Chao = Soto =1+0=1 
while similarly, again from Lemma 6.1.26.(iii), 
Ch..w),0 = otc o)=O+1=1. 


Therefore the statement holds if the tree has exactly two levels. The general 


case is easily obtained by induction using again Corollary 6.1.29. 


Note that we may rewrite Theorem 6.1.24 in the following form. There is 
a natural bijection between W(A, a) and W(A;(A, a)) || W(Rj(A, a)), given 
by ® and the inclusion W(A (A, a)) C W(A, a). This means that in the tree in 
Figure 6.11 (compare with Example 6.1.16), there is a natural bijection between 
the first and the second level. We may then iterate this procedure, for instance 
like in Figure 6.6, and we associate a tree as in Figure 6.11. 


W ((4,3,0),(4,3,1)) W ((5,2,0),(5,2,1)) 
W ((4,3,1),(4,3,1)) W((4,3),(4,4)) W ((5,2,1),(5,2,1)) W((5,2),(5,3)) 
W ((4,4),(4,4))  W((5,3),(5,3)) W ((5,3),(5,3))  W((6,2),(6,2)) 


Figure 6.11 
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The following corollary collects the resuts from Proposition 6.1.14, Theorem 
6.1.24, Theorem 6.1.30 and the construction in Figure 6.11. 


Corollary 6.1.31 (James combinatorial theorem for words II) Let (1, a) be 
a pair of partitions for n. Construct a binary tree as in Figure 6.11. Then, the 
tree establishes a natural bijection 


Wia,a)= al Ch ajo W, v), 
ven 


where Co, a),o WC, v) stands for Cf, 4) 9 disjoint copies of W (v, v). 


Exercise 6.1.32 (1) State and discuss the tree-like version of Theorem 6.1.28. 
(2) Prove that if (A, a) is a pair of partitions form, y F n — m and v F n, 
then 


v — n v 
Caa) u = > 7 ©0.,a),0° nn" 
nem 


6.1.5 The Litthewood—Richardson rule 


Let C(G,,) be the vector space of central functions defined on G,,. We set 
[0,6] 
A=QCG,) 
n=0 


where C(Go) = C. 

For two partitions À + r and u H m, we denote by x^ and x” the characters 
of S* and S#, respectively. We define the product x* o x” as the character of 
the G,.,,-representation 


Inds (9 R 6^). 


Then, we can extend the operation o to the whole A: for ¢ = >, a x? 
and y = eee bux", a, by E€ C, we set 
poy = > >. abu x? o x” € C(©,4m). 
iPr km 


This is well defined because the characters form a basis for A. This way, A 
becomes a commutative graded algebra. Indeed, A is an algebra and 


ġ €C(G,) and Y € C(Gm) > G0 Y € C(Gr4m)- 
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For instance, for a composition a = (a1, a2, . . . , ah), denoting by w% the char- 
acter of M“, then we have 


wi = yen o yor S06 yan) = x ö x 65026 x, 


Let (A, a) be a pair of partitions for a positive integer m. We associate with 
(A, a) the linear map 


0°: A> A 
defined by setting, for u F n — m (with n > m), 


À J 
OK D(x!) = > dh guk 
vEn 


We simply write ©- instead of O°”), We now present some basic properties 
of the operators 0°”, 


Lemma 6.1.33 


(i) For any composition a = (a1, a2, ..., an) we have 
4 — QCM) QO@) Qa). 


(ii) Q(x) = wt = yo o y Seno po; 
(iii) for any partition à we have 


O'(x°) = x", 
(iv) let (A, a) be a pair of partitions with i; < aj and àj- = aj-1, then 
O44 = E4144 4 @RiXa. 
(v) for any partition à F n we have: 


@ =) H, 10”, 
nin: 
neh 


where (H(n, A)) is the inverse matrix of (K (n, à)) (see Corollary 3.7.13). 


Proof First of all, note that a tableau T € C(),), may be constructed with 
the following procedure (compare with Section 3.7.2). We start by adding 
to the diagram of à a; boxes containing 1 in such a way that no two 1’s are 
on the same column and the resulting diagram has the shape of a partition v® 
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with A < v® < v. We then continue by adding az boxes containing 2, a3 boxes 
containing 3, and so on. We then get a sequence of paritions 


À< po < p® = ee 4 pa-) < vV. 


This means that 


v = pi p2) ý 
C(0,a),2. = Ds €(0,a1).4€(0,az),v ` * CO, an), vt" 
Asv- 


It follows that O9 (%%) = QOO)... QO) (4), Since Lemma 
3.7.1 also holds for skew shape tableaux, we get 


ONA = O (4h ai—1,---41)) = Om @O.42) is oan), 


(ii) This is just a reformulation of the Young rule (Corollary 3.7.11; see also 
Corollary 6.2.21): from Lemma 6.1.26.(i) we have 


99 (4°) = > cy. 0X” = >, KO, a)x” = y. 


ven vhn: 
vba 


(iii) This is an immediate consequence of Lemma 6. 1.26.(iii). 

(iv) This follows easily from Corollary 6.1.29. 

Finally, from (iv), Theorem 6.1.30 and Lemma 6.1.26.(i), we deduce that, 
fornk n, 


o0 = VT KA, mo 


AEn: 
AEN 


and therefore (v) follows from Corollary 3.7.13. 


We are now in position to state and prove the main result of the whole 
chapter. 


Theorem 6.1.34 (James’ proof of the Littlewood—Richardson rule) Let A 
be a partition of n and n a partition ofn — m. Then 


SCA = xto x’. 
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Proof We have 
ox") = 
(by Lemma 6.1.33.(ii)) = © (x?) 


(by Lemma 6.1.33.(v)) = 5 H(n, H (v, OCOC?) 
N,v 


(by Lemma 6.1.33.()) = X` H (n, YH (v, OCOC ... QO., 
N,v 
A EOD) GO) a QO) (x) 


(by Lemma 6.1.33.6),Gi)) = X- AG, DAO, WY o Y o... 0 Mo 


N,v 


ð yor 5 yo 6 fn yw 


= (£ H(n, aw) o (£ Hv, ow’) 
n v 


(by Corollary 3.7.14) = x* o x”. 


Corollary 6.1.35 (The Littlewood—Richardon rule) Let à} m, wrn—-—m 

and v F n be three partitions. 

(i) The multiplicity of S” in Inde’ xran [S X S“] is equal to c} „w namely the 
number of skew tableaux of shape v/u, weight à such that the associated 
word is a lattice permutation. 

(ii) The multiplicity of S* X S” in Rese" x6 S” is equal to c} „ 


n—m 


6.2 Radon transforms, Specht modules and orthogonal 
decompositions of Young modules 


6.2.1 Generalized Specht modules 


We begin with an alternative description of the Young modules (see Section 
3.6.2). Let a = (a1, dz, ..., ap) be a composition of n. A (bijective) tableau of 
shape a is a bijective filling of the Young frame of shape a with the numbers 
1,2,...,n. A tableau of shape (3, 5, 2) is shown in Figure 6.12. 


3/1]5 
7/8|4/6/2 
10/9 


Figure 6.12 
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If T is atableau of shape a andz € G,, then x T is the tableau obtained from 
T by replacing j with z(j), j = 1,2, ..., n. The row stabilizer Rr of T is the 
subgroup consisting of all permutations of x € ©, that globally fix the rows of 
T. In other words, x € Rr if and only if T and xT have the same numbers on 
rowi,i = 1,2,..., h. Similarly, the column stabilizer Cr of T is the subgroup 
consisting of all permutations of m € ©, that globally fix the columns of 
T. Clearly, Rr = Ga, X Ga, X +++ X Gg, and Cr = Gy, x Gp, X X Gy, 
where b; is the number of boxes in the ith column of T, i = 1,2,...,k, where 
k = max{aj, ad2..., an}. For instance, for the tableau in Figure 6.12 we have 


Rr = 63,5; X Gy2,4,6,7,8} X Grio,9) = G3 x Gs x 62 
and 
Cr = 6B,7,10) X 1,8,9) X Gras) X Gay x Gig = G3 x G3 x Go, 


where G4 denotes the symmetric group on the set A. 

We now define an equivalence relation on the set of all tableaux of shape 
a. Given two such tableaux T, and T2, we say that they are row-equivalent if 
there exists m € Rr, such that 7, = x Tı. Thus, T, and T, are row-equivalent 
if and only if they have the same numbers in the ith row, fori = 1,2,...,h. 
Note that T, and T, are row-equivalent if and only if Rr, = Rr. 

The row-equivalence class of the tableau T is called a tabloid of shape a 
and is denoted by {7}. In other words, a tabloid is just a tableau with unordered 
row entries and we shall represent it as a tableau without vertical lines. For 
instance, the tabloid in Figure 6.13 corresponds to the tableau of Figure 6.12. 


Aa 
(=>) 
bo 
III 
OIN| =e 


Figure 6.13 


Clearly, the set of all tabloids of shape a is the same thing as the space 
Qa of all compositions of {1, 2, ... , n} of type a, introduced in Section 3.6.2: 
the tabloid {T } corresponds to the composition (A1, Az,..., An) where A; are 
the numbers on the ith row of {T}. For instance, the tabloid in Figure 6.13 
corresponds to the composition ({1, 3, 5}, {2, 4, 6, 7, 8}, {9, 10}). In view of 
this identification, we shall denote by Q, the set of all tabloids of shape a. 
Clearly, Qa = Gn/(Ga, X Ga, X +++ X Ga,). This way, the Young module M“ 
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may be identified with the set of all formal linear combinations of tabloids: 


M=; X. fUTIAT}: f € La) (6.11) 


{T}EQa 


with the action of G,, given by: 


ml D> FATT} | = DO FATT} 


{T}]E Qa {T}ERa 


= J @AUaTIT} 


{T}EQa 


(where, clearly, (7 f)({T}) = f(a !{T})) for all z € Gy. 

Now suppose that (A, a) is a pair of partitions for n, with à = (A,, A2,..-, An) 
and a = (a1, a2, ..., an). Let T be a tableau of shape a. We shall circle the 
numbers contained in those boxes of the diagram of A. Figures 6.14 and 6.15 
shown an example with T as given 


1 
4 
10/9 


Figure 6.14 


NJO 
D 
N 
oOo 


T= 


and (A, a) = ((3, 2, 0), (3, 5, 2)). 


OOO 
4} 6} 2) 8 


10 | 9 


Figure 6.15 


Definition 6.2.1 (1) Let (A, a) be a pair of partitions for n and let T be a tableau 
of shape a. The generalized polytaboid of type (A, a) associated with T is the 
element in M* (cf. (6.11)) 


Ee = X elnHarT}, 


T 
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where the sum is over all m € Cr such that z fixes all numbers outside the 
diagram of A (that is, z only moves the circled numbers). 

(2) Denote by S*:“ the subspace of M“ spanned by all generalized poly- 
tabloids a with T varying in the set of all tableaux of shape a. The space 
S*-* is called the generalized Specht module of type (à, a). If a = à, S** is 
called a Specht module. 


Note that, in particular, S°¢ = M° and S°° = {0}. 


Example 6.2.2 With T and (A, a) as in Figure 5.1 and 5.2, respectively, we 
have that Eee is equal to the polytabloid in Figure 6.16. 


1 3 5 345 
24678 — 1 267 8 
9 10 9 10 
137 347 

= 245 6 8 + 12 5 6 8 
9 10 9 10 


Figure 6.16 


Example 6.2.3 The space §~!:)-1.) is spanned by the generalized poly- 
tabloids of the form shown in Figure 6.17. 


h ñ jz > Jne k hñ jz > Jna 
k h 


Figure 6.17 


where {h, k, ji, jz, --., Jno} = {1,2,..., n}. SOLD 0-LD is the subspace 
of M’"!! = L(G, /G,_}) (note that 6,/G,-1 = {1, 2, . . . , n}) spanned by all 
the differences 6, — ôn, with h, k € {1,2,..., n}. Using the result in Example 
1.4.5 (see also Example 1.4.10), it is easy to see that S”71 D- 0-1.) = gr-ll 
as G,,-representations. This is not incidental: we will show that S^ = SÀ for 
every partition À. 


Exercise 6.2.4 Show that S“~?:))~?.2) is the subspace of M”7>? spanned by 
all differences of the form 


dt, j} — Sth.) 


where A, k, j are distinct numbers in {1,2,..., n}. 
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Also show that S@~?:).-2.2) = gn—l.l e S"? as G,,-representation. 


Hint. Use Example 1.4.10. 

In the definition of S*-“, it is not restrictive to suppose that A; = a. Indeed, 
the numbers in the last 4; — A2 boxes of the first row of an a-tableau T remain 
fixed in the construction of E as 

We now introduce an algorithm that associates, with each word w = 
X1X2-++Xy Of length n and type a, a bijective tableau T„ of shape a. 


Definition 6.2.5 Consider a word w = x1x2---X, of length n and type a. 
Starting with xı, and then proceeding in order with x2, x3, ..., Xn, we define a 
tableau T,, as follows: 


e if x; = j and x; is good, we put i in the first unoccupied box of the jth row; 
e if x; = j and x; is bad, we put i in the last unoccupied box of the jth row. 


For instance, with the sequence 


1221133223 


ggabggagbggg 


the associated tableau T, is the following 


= 


4|5 
8/9]|3 
6107 


bo 


Lemma 6.2.6 The correspondence 


W(0,a) > Qa 
w >> {Tw } ’ 
that associates with each word w € W(0, a) the tabloid {T,,} containing T,, is 


a bijection. 


Proof The word w = x1x2 +++ Xn is associated with the tabloid that has 7 in row 
x; for alli = 1,2,...,n. 


Suppose w € W(A, a). Then the part of T, consisting of the boxes of A is 
standard. 

We now introduce an order on the set Q, of all a-tabloids. If {7}, {T2} € 
Qa and {Ti} 4 {T2} we write {Ti} < {T2} if io := max{i € {1,2,...,n}:i 
occupies different rows in Tı and Tz} is in a row of {7;} which is higher than 
the corresponding row of {T2}. This is a total order. 
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For instance, the total order in 02(2,2) is shown in Figure 6.18. 


34 24 14 23 13 12 

—- S = S o a © SS S = a o 

12 13 23 14 24 34 
Figure 6.18 


Lemma 6.2.7 The vectors eae w € W(A, a), are linearly independent in Sè". 


Proof We first introduce a numbering w 1, w2,..., Wy (h = |W(A, a)|) of the 
words in W(A, a) such that 


{Ty} < {Ty} pa {Ty} 


with respect to the total order on Qa. 

We observe that if w e W(A, a) then {Tẹ} is the gratest tabloid appearing 
in the sum that defines E ce Indeed, 7,, is standard inside à and therefore 
if x € Cr, does not move the numbers outside the diagram of A, then the 
following holds: if i is the largest number moved by x then it is in a row of 
zx (Tp) which is higher than the corresponding row of T,,. This means that, for 


Aja: ‘ : ‘ 
k=h,h—1,...,2, the vector Ez ^ is not a linear combination of the vectors 
wi 
A,a hoa àa 
ET, s ERa eo Eng 


Recalling Definition 6.1.12 we have: 
Lemma 6.2.8 The inclusion S4i* < §*4 always holds. 


Proof This is obvious if A;(A, a) = (0, 0). If A;(A, a) is not trivial and T is a 
tableau of shape a, we have 
BP Sy Or, 
BEO 
where © is a set of representatives for the cosets of the subgroup of Cr which 


fixes the numbers outside the diagram of 4 in the subgroup of Cr which fixes 
the numbers outside the diagram of ju, if Aj(A, a) = (u, a). 


6.2.2 A family of Radon transforms 


Definition 6.2.9 Let a = (a1, a2, ..., am) be a composition of n. Given 
j €{1,2,...,m} suppose that a; > 0 and consider the composition b = 
(a1, 42,..., Gj-2, @j-1 + Aj — V, V, Aj41,-.-,4m), Where O<vu<aj;. We 


define an intertwining operator 


Riv: M? > M? 


6.2 Decomposition of Young modules 299 


by setting, for all {T} € Qa, 
RivtT} = > {3} 
where the sum is over all {S} € Q, such that 


e the jth row of {S} is a v-subset of the jth row of {T}; 
e fork Æ j, j — 1, the kth row of {S} coincides with kth row of {T}. 


In other words, Rj „{T} is the sum of all tabloids obtained by raising a; — v 
numbers from the jth to the (j — 1)st row of {T}. 


Exercise 6.2.10 Show that #;,, is a Radon transform in the sense of Section 
3.6.4 and write down the corresponding matrix in M, py. 


Example 6.2.11 Let a= (4,4), j=2, v=2, so that b=(6,2). If 
{T} € M“*% is as given in Figure 6.19, 


{T} = 1357 
2468 


Figure 6.19 


then we have R2,2{T} as shown in Figure 6.20. 


135724 135726 135728 
Raal} = S8 + 78 + 76 
i 135746 oi 135748 P 135768 
28 26 24 
Figure 6.20 


The key lemma is the following. 


Lemma 6.2.12 Let (A, a) be a pair of partitions for n. Suppose that d.;-, = 
aj- and hj; < aj. Then 


Rix, gra = SRiA,a) 
and 


Ry, SAOD = 0. 
ny 
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Proof Let T be an a-tableau and let E be the associated generalized poly- 
tabloid. Since Rj, a; commutes with the action of G,, we have: 


Rija Ep = Ria, Y erT} 
=) emaIR ja {T}, 


where, as usual, the sum is over all 2 € Cr that fix all the numbers outside the 
diagram of à. But 


(6.12) 


Ria AT} = {Ti} + D {5} (6.13) 


where Tı is obtained by moving from the jth to the (j — 1)st row all the 
numbers outside the diagram of A (that is, the numbers in the boxes Aj; + 
1,4; +2,...,a; in the jth row of T) and the sum runs over all other tabloids 
appearing in the definition of R; a,{T}. This means that, in the notation of 
(6.12), 


> e(n)n{h} = Eyl”. (6.14) 


On the other hand, for every {S} in (6.13), there exists a number inside the 
diagram of A, say the number x, that has been moved to the (j — 1)st row. If 
y is the number immediately above x in T, then the transposition 2, := (x > 
y — x) appears in the sum )> e(r )r of (6.12) and, clearly, 7, {S} = {S}. 

Therefore, 


Zemri) = 5 [X ers) + Y ecem)am(5}] 


[> em) {S} — X ers] (6.15) 


> NI=eNI= 


In conclusion, from (6.12), (6.13), (6.14) and (6.15) we deduce that 
Ria; er = ee 
and therefore 


Ria; S*4 = SPOD, 


Arguing as in (6.15), it is easy to prove that also Rj}, S41 = 0. Indeed, 
if A;(A, a) = (n, a), there is always an x inside the diagram of u that is moved 
by R ja to the (j — 1)st row. 


We are now in position to prove the fundamental result of this section. Its 
proof is based on the deep combinatorial results in Section 6.1.3. 
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Theorem 6.2.13 
(i) We have 


dimS*" = |W(A, a)| (6.16) 


and the basis for S*“ is given by the set tee : w € W(A,a)} in Lemma 
6.2.7. 
(ii) In the notation of Lemma 6.2.12 we have: 


ga nN KerR ja; = S400), 


Proof First of all, note that (6.16) holds when à = 0: this is an obvious con- 


sequence of Lemma 6.2.6 (now E A = {T,,}, so that the same lemma ensures 


that the set (EF : w € W(0, a)} is a basis of S% = M*). We can now prove 
(i) by induction, starting from the pair of partitions (0, b) as the base and using 
Proposition 6.1.17. The inductive step consists in showing that if (i) holds true 
for S*-“, then it also holds for S?)% and S409., 
Now, if dimS** = |W(A, a)|, then 
IWA, a)| = dims’ “ 
(by Lemma 6.2.12) > dimS*i?® + dims4i? 
(by Lemma 6.2.7) > |W(R,(A, a))| + |W(A;(A, a))| 
(by Theorem 6.1.24) =|W(A,a)| 


and therefore each inequality above is necessarily an equality. In particular, the 
inductive step follows: 


dims”) = |W(R,(A, a))| 
and 
dimS4i*- = |W(A,(A, a))I. 


Finally, note that the equality dim S>" = dimS*/*- + dimS4i¢-, coupled 
with Lemma 6.2.12, gives (ii). 


We now recall an elementary fact of linear algebra. Let V and W be two com- 
plex vector spaces with Hermitian scalar products (-, -)y and (-, -)w, respec- 
tively. Let T : V — W be a linear operator and denote by T* : W — V its 
adjoint. Then 


V = KerT QB RanT™, 


where RanT* = {T*w : w € W} and the sum is orthogonal. 
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Indeed, 


v € KerT © (Tv, w)w = 0 forall w € W 
< (v, T*w)y =0 forall w € W 
~ v € (RanT*)}. 


Moreover, from the analogous decomposition W = KerT* © RanT it follows 
that T is surjective if and only if T* is injective. 

Note also that if Vı < V and TV; = W, < W, in general we have (T |v, )* # 
T*|w,- Indeed, take V = W = C?, T (z1, z2) = (Z2, z1 + z2), Vi = {(z, 0) z € 
C} and W; = {(0, z) : z € C}. Then TV; = W,, T = T* but T*W, Æ Vi. 

From these considerations applied to the restriction of Rj}, to 5”, and 
from Theorem 6.2.13, we immediately deduce the following: 


Corollary 6.2.14 We have the isomorphism (of G,-representations) 


ghd shee BD 40a) (6.17) 
with orthogonal direct sum. 
Moreover, 
SAI) & Ker (R jals) 
and 


Ria) => Ran (Ria, Isa) ] ` 


Remark 6.2.15 In the notation of Definition 6.2.9, the adjoint Riv of Ri» 
has the following simple expression: for each {S} € Qp, 


R= JAT} 
where the sum runs over all {T} € Qa such that: 


e the jth row of {S} is a v-subset of the jth row of {T}; 
e fork Æ j —1, j, the kth row of {S} coincides with the kth row of {T}. 


Indeed, with this definition we clearly have 
(Rẹ (SH {TH me = AS}, Ry v{T}) ue. 


However, in general, (Ria, [sra] is not the restriction of Ri ,, to SRA, 
J ii 
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6.2.3 Decomposition theorems 


In this section, we collect several fundamental decomposition theorems that 
are consequences of Theorem 6.2.13 and Corollary 6.2.14. We begin with the 
decomposition of an arbitrary generalized Specht module. 


Theorem 6.2.16 Let (A, a) be a pair of partitions for n. We have 
S S O cao S 
vEn 
where C(, q),9 ÈS the number of all Littlewood-Richardson tableaux of shape v 


and type (à, a) (see Definition 6.1.25). 


Proof This follows from repeated applications of Corollary 6.2.14, taking into 
account Theorem 6.1.30. 


Lemma 6.2.17 Let à = (Aj, A2,..., 4x) m, n >m, and denote by §°-™ 
the trivial representation of Gym. Then 


IndS'ye, [Sse =] Sse (6.18) 
where (A,n — m) = (Aj, A2,.--, Ak, — m). 


Proof For each A € Qm,n-m (So that A is an (n — m)-subset of {1, 2, ...,}), 
let [S**%-"-™], denote the subspace spanned by all generalized polytabloids 
EX" such that the last row of T is occupied by the numbers in A. Then, 
clearly, 


r(A,n—m) ~ AA (n,n—m) 
[S Ja S S XS 


with respect to the action of the stabilizer G,, x G,_ of the (n — m)-subset 
A. Moreover, 


g% Gn—m) = QB [Srey | 


AEQm n—m 


and this proves (6.18) (cf. Lemma 1.6.2). 


Corollary 6.2.18 (Pieri’s rule) Let à + m, n > m and denote by S" the 
trivial representation of Gp—m. Then 


Inde xe, [s+ R se] = B TET i 


ven 


where Cin Hea is as in Definition 6.1.25 (and in Lemma 6.1.26.(iv)). 
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Proof Since 


SEED ch jays (Theorem 6.2.16) 
ven 


=D cli-m,5”” (Remark 6.1.27) 
ven 


from Lemma 6.2.17 the corollary follows. 
As a particular case, we get: 
Corollary 6.2.19 (Branching rule) Zf à F n — 1 then 


Inde’ xe, [SR SO] = Gs. 


ven 
v>h 


Corollary 6.2.20 (Specht modules) Forn > 1 and every à F n, 
Kana a S> 


as G,-representations. 


Proof This follows from Corollary 3.3.12 and Corollary 6.2.19. 


In particular, we may now rewrite the decomposition in Theorem 6.2.16 as 
follows: 


Aa a v v 
Soe = BD chaos . 
ven 


Also, clearly, Corollary 6.2.18 coincides with Pieri’s rule (cf. Corollary 3.5.14). 
Corollary 6.2.21 (Young’s rule) For any composition a of n we have 


M’ = D K(a, a)S* 


Aken: 
Aba 


where K(A,a) is the number of semistandard tableaux of shape à and 
weight a. 


Proof We have S°* = M° and C.2).0 = K(A, a) (see Lemma 6.1.26). 


We now give an application of Theorem 6.2.16. We simply indicate by à a 
pair of partitions of the form (A, A). 
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Example 6.2.22 From the tree in Figure 6.21 


(n—4,2),(n—4,3,1)) 


oN 


(n—4,3),(n—4,3,1)) (n—3,2),(n—3,2,1)) 
/ Soc o/ So 
(n—4,3,1) ((n—4,3),(n—4,4)) (n—3,2,1) (n—3,2),(n—3,3)) 
(n—4,4) (n—3,3) (n—3,3) (n—2,2) 
Figure 6.21 


we get the following decomposition: 
gin-4,2), (n—4,3, 1) ~ 57743-1 Qa gn 44 ran) 2g"-33 Qa gn3.21 a gn 2.2 (6.19) 


Note also that Corollary 6.2.14 ensures that (6.19) is an orthogonal decom- 
position: the isotypic component 2S”? is given as the orthogonal direct of 
two copies of S”~>> corresponding with the two distinct paths of the tree in 
Figure 6.21 ending at a vertex labelled by (n — 3, 3). 


Let a = (a1, a2,...,4m), j € {1,2,..., m} and suppose that a; > 0. We set 
Rj i= Rja,-1: M! > M’ (6.20) 
where 
b = (a, @2,..., 4j-2, 4j-1 + 1, aj — 1, Gj41,..-, Gm) 


as in Definition 6.2.9. Actually, we think of Rj as an operator defined on the 
direct sum of all M“’s with a; > 0, so that we can write Ri instead of the more 
cumbersome expression R jak Rj,aj-k+1 . ‘Riaj-l- 


Lemma 6.2.23 Let a = (a1, a, ..., am), J € {1, 2, ..., m} and suppose that 
aj > 0. For v = 1,2,..., a; consider the operators 


(v) 
Riv: M* > M? 
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where b™ = (ay, ap,..., Aj—2, Aj-1 + aj — V, V, j41,.--, m) as in Defini- 
tion 6.2.9. Then, for v = 1,2,...,a;, we have 
R : Ri” 
eu) — Go j) * 
Proof Let {T} € Qa. Then Rj,y{T} is the sum of all tableaux that may be 
obtained by raising a; — v numbers from the jth to the (j — 1)st row, while 
(Ri) {T} is the sum of all tableaux that may be obtained by repeating a; — v 
times the following procedure: take a number from the jth row and raise it to 
the (j — I)st. Clearly, a tableau {S} € Qj, appears in the first sum if and only 
it appears in the second. However, in the first sum it appears exactly once, while 
in the second one it appears exactly (a; — v)! times (we have a; — v different 
choices for the first raised number, a; — v — 1 choices for the second one, and 
so on). 


Theorem 6.2.24 (James’ intersection kernel theorem) Let = (A, A2,..., 
Ax) be a partition of n and let R; be as in (6.20). Then 


k 
S> = M*0{( )\KerR; 
j=2 


Proof Let us show that 


k Ajo! 
S = MN | (| () KerRin 
j=2 \ v=0 


Indeed, if we construct a tree for Mè = S°* (as in Example 6.2.22), then S° 
appears at the end of exactly one path, which is labelled only by A ;’s, that is 
of the form 


A A A3 A3 Ak Ak Ak 
> > > sae —> — «+. 


Moreover, from Lemma 6.2.23 it follows that 


aj-l 
N Kerk jv = Kerk; 


v=0 


and this ends the proof. 
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6.2.4 The Gelfand-Tsetlin bases for M“ revisited 


In this section, we analyze the decomposition of M“ in Theorem 3.7.10 along 
the lines of Theorem 6.2.16. We continue to denote by R; the Radon transform 
Rj.a;-1, as in (6.20). We first treat two particular cases. 


Proposition 6.2.25 
(i) ForO<t < k < n/2 we have 


sae k,t),(n—k,k) _ = M” kk A Ker (RS a) =s- hj 


(for t = k, this is a particular case of Theorem 6.2.24). 
Gi) The decomposition 


k 
Mtb = Bers" [un NA KerR2] 
t=0 


coincides with (3.72). In other words, (Ray [Mr NA Ra] coincides 
with the subspace of M"—"* which is isomorphic to S"~"". 


Proof Consider the tree in Figure 6.22. 


((n = k), (n = k, k)) 


Ao ee 
y 
((n — k, 1)(n — k, k)) (n) 
A L 
y 
((n — k,2), (n — k, k)) (n — 1,1) 
Rə 
a Da S 
: (n — 2,2) 
A2 
y 
((n— k, k — 1), (n — k, k)) 
Rə 
= OO 
(n — k, k) (n—k+1,k=1) 


Figure 6.22 
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Then from Theorem 6.2.13 and Theorem 6.2.16, it follows that 


t—1 k 
SUEED pnk p (A Kerka) = sri, 


v=0 j=t 


Since Rz = ey we have 


ol. 
(k—v)! 
t—1 
N KerR»,, = KerRz 1 = KerR$ t! 
v=0 


and (i) is proved. 
Arguing as in Corollary 6.2.14, we get 


M= = [M A KerR2] Q [R5,(M"")]. 


Since S"~'! is not contained in M"—** A KerRy, = SOTEi+D 0ko) = 
Diva S"-J-J, the subspace in M"~** isomorphic to S"~'' comes from 
Rž ,(M"""). Therefore, since M”! N KerRz = S”! and (taking the 
adjoints in Lemma 6.2.23) R3 , = eather we necessarily have S’~"! = 


Cy [mar N KerR2] < Mek k, 


An elementary proof of Proposition 6.2.25 can be found in Chapter 6 of our 
monograph [20] and a generalization is in Chapter 8 therein. These facts are 
based on the papers of Delsarte [25], Dunk] [31, 32, 33] and Stanton [114]. 


Example 6.2.26 Consider the Young module M”7>11 and the associated tree 
in Figure 6.23. 


((n—2),(n—2,1,1)) 


Ay 


((n—2,1),(n—2,1,1)) ((n—1),(n—1,1)) 


(n—2,1,1) ((n—2,1),(n—2,2)) (n—1,1) (n) 


Figure 6.23 
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Note that in ((n — 2), (n — 2, 1, 1)) @& (nm — 1), (n — 1, 1) we have omit- 


ted the intermediate (trivial) step in ((n — 2), (n — 2, 1, 1)) 2A ((n— 1), (n 


1,0, 1)) B ((n — 1), (n — 1, 1)). In any case, we deduce the following 
decomposition 


M724 ~ gro 2d QB gn-2,2 2s"! QB Sm. 


Note that we also have an orthogonal decomposition of the isotypic component 
25"-!:!, Moreover, by Lemma 6.2.17 and from the first level of the tree in 
Figure 5.6, we deduce the following decomposition: 


M211 ~ 5”72 D. 2,11) a sa@-D.@-1) 
~ 572 1).(n-2,1,1) ran) Mrhl 


= Inde xe, [S57 R SO] E Ind" ne, [S*? BS]. 


This is precisely the M”7>!-! case of the decomposition used in Theorem 3.7.10 
to get the Gelfand—Tsetlin decomposition of a general Young module. 


The following lemma is an easy generalization of Lemma 6.2.17. 


Lemma 6.2.27 Let À be a partition of m and let a be a composition of n — m. 
Then 


S, A OE 
Inds" .6,_,, 5 K M1] = sho, 


Our next purpose is to analyze the decomposition of M“% for an arbitrary 
composition a = (a1, a2, ..., ah) of n. First of all, we have to draw a tree 
for the pair of partitions ((aı), a). Recalling the condition “A ;_; = aj—1” in 
Definition 6.1.12, the tree starts with an application of Az and Ro. Clearly, 
there are several trees that may be constructed in order to decompose M^. We 
choose a particular tree according to the following definition. 


Definition 6.2.28 Given a pair of partitions ((aı), a), the associated Gelfand- 
Tsetlin tree (GZ-tree) is the tree constructed using the following rule: at each 
step (that is, at each node of the tree) we use the operators A; and R;, with the 
smallest index j (among the operators that are applicable to that node). 


For instance, given the pair of partitions represented by the tableau in 
Figure 6.24, we apply the operators Az and R (note that A4 and R4 are 
also applicable). 
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Figure 6.24 


In the GZ-tree of ((aı), a), a special node is anode of type (u, (u, b)), where 
H = (Ui, H2, ..., Uk) is a partition with ug > 0 and b = (b1, bo, ..., bm) a 
composition. The nonnegative integer m is called the height of the special node. 

In drawing the GZ-tree of ((a1), a), we also adopt the following conven- 
tion: in a special node (u, (u, b)) with bı = 0, we simply replace b with 
(bz, b3,..., bm), as in Example 6.2.26. In particular, every node of the form 
(u, u) is special. 


Lemma 6.2.29 For a special node (u, (u, b)) of the GZ-tree of ((a,), a) one 
always has 


b = (bı, bo, ...3 bm) = (Gh—m4+1; aAn—m+2; essy am). 


In other words, in the diagram of (u, (u, b)), the undotted rows (corresponding 
to b) coincide with the last m rows of the diagram of a. 


Proof The proof is quite obvious: applying the operators A; and R; with the 
smallest index j corresponds to modifying the diagram of the pair of partitions 
in the highest modificable row. We limit ourselves to give an example: we show 
how the diagram of ((4, 3), (4, 3, 2, 2)) is modified when applying the rule in 
Definition 6.2.28, and, accordingly, we determine the subsequent special node. 


As / i Rs 
4 E ny A 
Aj \Be i 
Figure 6.25 


Every leaf in the tree in Figure 6.25 has in the last row. 
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The following lemma is just a rephrasing of Pieri’s rule. 


Lemma 6.2.30 Suppose that (u, (u, b)) and (v, (v, c)) are two pair of parti- 
tions that appear as special nodes in the GZ-tree of ((a,), a) and that their 
heights are respectively m and m — 1 (so that c = (b2, b3,..., bm)). Take a 
node labelled by (1, (u, b)) and let T be the tree below it. Then 


e (v, (v, c)) appears exactly once in T if v/ is totally disconnected; 
e (v, (v, c)) does not appear in T if v/ is not totally disconnected. 


Remark 6.2.31 Lemma 6.2.30 has the following consequence: 
ghb) x aD svc) 


where the sum runs over all v F k + bı such that v/y is totally disconnected. 
Note also that (if bi + b2 +--+ + bm =n — k) by (6.18), Lemma 6.2.27 and 
transitivity of the induction (cf. Proposition 1.6.6) we have 
~ Sn 
See S inde, [SX M] 


Inde’ e, ndeg [st R s Me] 


G4 X Sb X Sn-k-b] 


Ile 


a fina ane (6.21) 
= Inde xs, xS, [sé S°? BM] 

~ Trqon Si (b1) c 

= Inds", xora {[Indocr’s,, (SY 5%) | oa met 


and that the decomposition of Ind (s. XI s») is given by Pieri’s rule 
(Corollary 6.2.18). 

Just note that in the construction of the tree associated with ((a,), a), two 
boxes raised from the same row and which become dotted cannot belong to the 
same column (see the example in Figure 6.25). 


The reduced GZ-tree of ((a;), a) is obtained from the Gelfand-Tsetlin tree 
by deleting all the nonspecial nodes: two special nodes labelled by (u, (u, b)) 
and (v, (v, c)) are connected by an oriented edge (u, (u, b)) > (v, (v, c)) if 
and only if the conditions in Lemma 6.2.30 are satisfied and v/m is totally 
disconnected. This means that in the GZ-tree of ((a;), a) there is an oriented path 
from (u, (u, b)) to (v, (v, c)) and all the intermediate vertices are nonspecial. 
If the edges of a given path are labelled, for instance, by 


Rn-1 Am-2 Rm-2 Am-3 

— — — — 
then, the corresponding edge in the reduced tree is labelled by A,,_3Rm_2- 
-Am-2Rm-1- 


Example 6.2.32 The tree in Figure 6.26 is the reduced GZ-tree for ((n — 
3), (n — 3, 2, 1)) (we suppose n > 6). 
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((n—3) ,(n—3,2,1)) 


(n—3,2,1) (n—3,3) (n—2,2) (n—2,1,1) (n—2,2) (n—1,1) (n—1,1) (n) 


Figure 6.26 


In particular, we obtain 


M321 an Ky) ran) agn-il a) 25” 2-2 a) sn 3,3 a) sn 2,1,1 a) gr-3..21 


together with an orthogonal decomposition of the isotypic components 28”71-! 
and 285”722?, 


Theorem 6.2.33 The decomposition of M“ obtained via the GZ-tree of ((a1), a) 
coincided with the orthogonal decomposition obtained in Theorem 3.7.10 by 
means of the GZ-basis for the a-invariant vectors in M°. Moreover, if u F 
n, wa, T € STab(u, a) and u = v® > vD =>... > vO = (a) is the 
path in the reduced Young poset Y, associated with T, then the subspace S$ 
in Theorem 3.7.10 coincides with the S“-subspace of M“ corresponding to the 
following path in the reduced GZ-tree of ((a,), a): 


(va) = (a), a) > 0P, w, bA) >- 
ee (VED, VED, BEY) > (VO, vO) = ps. 


Proof Compare (6.21) with (3.78). 


Corollary 6.2.34 With the same notation as Theorem 6.2.33, there exists a 
chain of subspaces 


VO = M4 > y2 > v2 See VO= Se 
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such that 
ya ~ 52) 0 BM) 


~ Ind” [s* x me | 


Sx; X Gn; 
where k; = a, +a2+---+a;, for j =1,2,...,h. 
Remark 6.2.35 Observe that one may construct trees for ((a1), a) which are 
not of GZ-type. Therefore, the corresponding orthogonal decompositions of 


M“ into irreducible representations (that is, orthogonal decomposition of the 
isotypic components) given by Corollary 6.2.14 do not come from GZ-bases. 


Exercise 6.2.36 Construct a non-GZ-decomposition of M”73-21, 


7 


Finite dimensional «-algebras 


In the present chapter we give an exposition on finite dimensional semisimple 
algebras over C and their representation theory. We need the representation 
theory of finite dimensional algebras mainly to apply it to the commutant of 
a representation of a finite group. We adopt an anusual approach (inspired by 
Letac’s course [82]): we work with *-closed subalgebras of End(V), where 
V is a finite dimensional Hermitian vector space, and we call them (finite 
dimensional) «-algebras. Our approach is concrete and concise; in particular, 
we do not need any particular knowledge of the theory of associative algebras, 
of ring theory nor of Wedderburn theory. In addition to the above mentioned 
notes by G. Letac, our treatment is inspired by the monographs by Shilov 
[110], by Goodman and Wallach [49], the lecture notes by A. Ram [106], the 
course by Clerc [21] and the book by Goodman, de la Harpe and Jones [48]. 
More algebraic expositions may be found in the books by Lang [76], Alperin 
and Bell [3] and Procesi [103]. An elementary book entirely devoted to finite 
dimensional algebras is Farenick’s [36]. 


7.1 Finite dimensional algebras of operators 


7.1.1 Finite dimensional «-algebras 


Let V be a finite dimensional vector space over C endowed with a scalar product 
(-, :). We denote by End(V) the algebra of all linear operators T : V —> V. 

A subalgebra of End(V) is a linear subspace A < End(V) which is closed 
under multiplication of operators: T, S € A > TS € A. If Iy € A, where ly 
is the identity of End(V), we say that A is unital. The algebra A is said to 
be commutative (or Abelian) if AB = BA for all A, B € A. Finally, A is 
self-adjoint if T € A= T* € A, where T* is the adjoint of T. 
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Definition 7.1.1 A (finite dimensional) x-algebra of operators over V is a 
unital, self-adjoint subalgebra of End(V). 


Remark 7.1.2 From an abstract point of view, a C*-algebra is an algebra A 
over the complex field C endowed with an involution (see Section 1.2.3) anda 


map || - || : A > [0, +00), called a *-norm, satisfying the following axioms: 
e ||A+ Bll < All + IBI]; 

e ||@Al| = lal - IAI; 

e ||A|| = 0if and only if A = 0; 

e Ais complete with respect to || - ||; 

e ||Z4]| = 1 if A is unital; 

e ABI < All - Bll: 

e ||A*A]] = IA], 


for all A, B € Aanda € C. Note that from the last two axioms, one immedi- 
ately deduces that || - || is a *-norm, that is, ||A*|| = || A|| for all A € A. By a 
celebrated theorem of Gelfand, Naimark and Segal, any abstract C*-algebra A 
is x-isomorphic to a (closed) «-subalgebra of the algebra (H) of all bounded 
linear operators on a Hilbert space H. Note that if H is finite dimensional, every 
linear operator is automatically bounded (i.e. continuous) and B(H) = End(#). 
For more on this we refer to the monographs by Arveson [5], Connes [22], 
Conway [23] and Dixmier [29]. 


Let A C End(V) be a subalgebra and let W < V be a subspace. 

A vector w € W is cyclic (for W) if Aw := {Tw:T €e A}= W. 

The subspace W is A-invariant when Tw € W for all T € A and w € W. 
An A-invariant subspace W is trivial when W = V or W = {0}. Suppose that 
W is invariant. We say that W Æ {0} is A-irreducible if its invariant subspaces 
are {0} and W itself only. 


Lemma 7.1.3 (Complete reduction) Let V be a finite dimensional unitary 
space and A < End(V) a «-algebra of operators on V. Then there exists an 
orthogonal decomposition 


v=Qw, (7.1) 
jes 
where J is a (finite) set of indices such that every W; is A-invariant and 


irreducible. 


Proof We proceed by induction on n = dim(V). If dim(V) = 1 then V is 
irreducible and there is nothing to prove. Suppose that the statement holds 
for all unitary spaces of dimension less than or equal to n — 1. Suppose that 
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dim(V) = n. If V is irreducible there is nothing to prove. Otherwise, there 
is a nontrivial A-invariant subspace W < V. Let us prove that its orthogonal 
Wt := {v € V : (v, w) = 0, Vw € W} is also A-invariant. Indeed, if T € A 
and v € W+ then, for any w € W, 


(Tv, w) = (v, T*w) = 0 
as T* € Aand T*w € AW C W. We thus have the orthogonal decomposition 
V=wew 


into A-invariant subspaces. As dim(W), dim(W+) < n — 1, by the inductive 


hypothesis we have 
W=QwWi and w= Qw: 
iel vel’ 
with J and I’ finite sets of indices and every W; and W; A-invariant and 
irreducible. Setting J = Z | | J’, we deduce (7.1). 


7.1.2 Burnside’s theorem 


In this section, we collect some general results on arbitrary nontrivial subalge- 
bras of End(V). 

In the following, once the algebra A is specified, we shall omit the prefix 
A- in front of the terms invariant and irreducible. 


Lemma 7.1.4 Let A be a subalgebra of End(V) and W < V be an invariant 
subspace. Suppose that AW # {0}. Then W is irreducible if and only if every 
nontrivial vector in W is cyclic. 


Proof Suppose that W is irreducible. First of all, note that the set {v € W : 
Av = 0} is A-invariant. Since it cannot be all of W, we necessarily have 


{v € W : Av = 0} = {0}. (1.2) 


Let w € W be a nontrivial vector. The subspace Aw is clearly invariant and 
contained in W by the invariance of W. As 0 4 w, we have Aw {0} by (7.2) 
and therefore, by irreducibility, Aw = W. This shows that w is cyclic. 
Conversely, suppose that every nontrivial vector in W is cyclic. Consider 
a nontrivial invariant subspace U in W. Pick a nontrivial vector u € U. Then 
W = Au C U (the equality follows from cyclicity of u, and the inclusion from 
invariance of U) and therefore U = W. This shows that W is irreducible. 


Note that if AW = {0}, then W is irreducible if and only if dimW = 1. 
Moreover, if this is the case, W does not contain cyclic vectors. 
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Let v € V and f € V’ (the dual space of V). We define the operator Ty, € 
End(V) by setting T;,(w) = f(w)v (compare with Section 1.2.5). Such an 
operator is called atomic. Denoting by rk(T) = dimT (V) the rank of an operator 
T € End(V), we clearly have rk(T;,,) = 1, provided that v Æ 0 and f 4 0. 


Exercise 7.1.5 Let T € End(V). 


(1) Show that rk(T) = 1 if and only if T is atomic and non-trivial. 
(2) Show that the atomic operators span End(V). 


Let V be a vector space and denote, as usual, by V’ its dual space. We say 
that a subset F C V’ separates the points in V if for all v € V \ {0} there exists 
f € F such that f(v) 4 0. 


Lemma 7.1.6 Suppose that W’ is a subspace of V' that separates the points in 
V. Then W' = V”. 


Proof Suppose, by contradiction, that W’ Ç V’, and let f’ € V’ \ W’. Let ọ € 
V” (V” is the bidual of V) be such that @(f’) = 1 and ¢(f) = 0O for all 
f € W’. As V” is canonically isomorphic to V, this amounts to say that there 
exists v € V such that f’(v) = 1 (so that v Æ 0) and f(v) = 0 for all f € W’, 
contradicting the hypothesis on W’. 


There is a fundamental theorem of Burnside that characterizes irreducible 
representations of nontrivial subalgebras of End(V). We present the short proof 
of I. Halperin and P. Rosenthal in [55]. 


Theorem 7.1.7 (Burnside) Let A be a subalgebra of End(V), A Æ {0}. Then 
the space V is irreducible for A if and only if A = End(V). 


Proof First of all, we prove that V is irreducible for End(V). Fix u, v € V, with 
v #0. Let f € V’ be such that f(v) = 1. Then the atomic operator T = Tfu 
satisfies Tv = u. This shows that End(V)v = V, that is, v is cyclic. From 
Lemma 7.1.4 we deduce that V is irreducible. 

For the converse, we reproduce the proof in [55]. Let A be a subalgebra of 
End(V) and suppose that V is A-irreducible. 


First step We show that A contains an operator To of rank rk(To) = 1. Set 
d = min{rk(T) : 0 4 T € A}. Suppose, by contradiction, that d > 1. Take 
To € A such that rk(Tọ) = d and vw, v2 € V such that Tov; and Tov. are 
linearly independent. Since V is irreducible for A and Tọvı is nontrivial, 
by Lemma 7.1.4 there exists A € A such that ATọvı = v2. It follows that 
the vectors ToATovı and Tov; are linearly independent, that is, the opera- 
tor Ty AT) — AT) € A is nontrivial for every à € C. Set W = 7)(V). Then 
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there exists Ag € C such that the operator ToA —Aglw : W —> W has a 
nontrivial kernel (because C is algebraically closed) and therefore W’ := 
(ToATo — àoTo)(V) = (ToA — Aolw)(W) © W. But then rk(ToATo — ào To) = 
dim(W’) < dim(W) = rk(Tọ) = d, contradicting the minimality of d. There- 
fore d must be equal to 1. 


Second step We show that A contains all atomic operators in End(V). From 
the first step we know that there exist v9 € V and fo € V’, both nontrivial, such 
that T;,», € A. For any A € A, define fa € V’ by setting f4(v) = fo(Av), for 
allu € V.SetW’={f € V’: Tra E A}. Since Ts, »,A = Ty, we have that 
W'D {fa : A € A}. Let us show that W’ = V’. By Lemma 7.1.6, it suffices 
to show that for all v € V \ {0} there exists f € W’ such that f(v) Æ 0. Let 
u € V be such that fo(u) Æ 0. By Lemma 7.1.4, there exists A € A such that 
Av = u. But then for f = fa € W’ we have 


fv) = fav) = fo(Av) = fou) 4 0. 


Now, W’ = V’ means that Tf w € Aforall f € V’. On the other hand, AT fw = 
TyAv) and since {Avo : A € A} = V, this implies that T;, € A for all v € V 
and f € V’. Since the atomic operators span End(V) (cf. Exercise 7.1.5) this 
shows that A = End(V). 


7.2 Schur’s lemma and the commutant 


7.2.1 Schur’s lemma for a linear algebra 


Let V and U be two complex vector spaces. Let A be a subalgebra of End(V). 
A representation of A on U is a linear map 


p:A— End(U) 


such that o(T S$) = o(T)p(S), for all S, T € A. In other words, p is an algebra 
homomorphism. If A is unital, we require that oy) = ly. 

To emphasize the role of the space U, a representation p : A > End(U) 
will be also denoted by the pair (o, U) or simply by U. 

The representation p is trivial if p(T) = 0 for all T € A. Note that a rep- 
resentation of a unital algebra cannot be trivial as p(y) = Iy. The kernel of 
p is the subspace Kerp = {T € A: p(T) = 0}. Clearly, Kerp is a subalgebra 
(indeed a two-sided ideal) of A. We say that p is faithful if Kero = {0}. A 
subspace W < U is A-invariant if p(T)w € W for all T € A and we W. 
A nontrivial representation (p, U) is irreducible if {0} and U are the only 
A-invariant subspaces of U. 
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Note also that a subspace W < U is A-invariant if and only if it is p(A)- 
invariant, where o(A):= {o(T) : T € A}. Therefore, the following proposition 
is an immediate consequence of Burnside’s theorem (Theorem 7.1.7). 


Proposition 7.2.1 A nontrivial representation (p, U) of A is irreducible if and 
only if p(A) = End(U). 


Corollary 7.2.2 Let A be a subalgebra of End(V). If A is commutative, then 
every irreducible representation of A is one-dimensional. 


Proof If (p, U) is A-irreducible, then p(A) = End(U) is commutative, and 
this forces dim(U) = 1. 


Let (o, U) and (o, W) be two representations of the algebra A. An inter- 
twining operator is a linear map T : U —> W such that 


Tp(A) = o(A)T (7.3) 


for all A € A. We denote by Homy(p,o), or Hom,y(U, W), the space of 
all operators that intertwine po and o. When U = W then Hom,(U, U), also 
denoted End ,(U), is a subalgebra of End(U). An isomorphism between (p, U) 
and (o, W) is an intertwining operator T that is also a bijection between U and 
W. When such isomorphism exists, we say that p and o are equivalent and we 
write p ~ o (or U ~ W) to indicate that they are equivalent. 

The following is the analogue of the classical Schur lemma (cf. Lemma 
1.2.1) in the context of the representation theory of finite dimensional algebras. 
Its proof, as well as the proof of several other analogues, can be deduced, 
mutatis mutandis from the corresponding arguments in Chapter |. We present 
the proof as a sort of paradigm, while for the other analogues, we leave it as an 
exercise. 


Theorem 7.2.3 (Schur’s lemma) Let A be a subalgebra of End(V) and let 
(p, U) and (o, W) be two irreducible representations of A. 


© fT € Homy(p, 0) then either T = 0 or T is an isomorphism. 
(ii) Homa(p, p) = Cly. 


Proof (i) If T € Hom4(p, o), then KerT < U and ImT < W are -invariant. 
Therefore, by irreducibility, either KerT = U, so that T = 0, or KerT = {0}, 
and necessarily ImT = W, so that T is an isomorphism. 

(ii) Let T € Hom4(p, p). Since C is algebraically closed, T has at least 
one eigenvalue: there exists à € C such that Ker(T — AJy) is nontrivial. But 
T — Aly € Hom4(p, p) so that by part (i), necessarily T — ÀIy = 0, in other 
words T = Aly. 
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We now suppose that A < End(V) is a *-algebra. A +-representation of A 
on a unitary space W is a representation (o, W) that satisfies the following 
additional condition: 


a(A*) = o (AÙ, 
for all A € A. 


Proposition 7.2.4 Let (p, U) and (o, W) be two irreducible x-representations 
of A and let T € Hom4(p, 0o) be an isomorphism. Then, there exists a € C 
such that aT is an isometry. 


Proof For all A € A we have, in virtue of (7.3), 
p(A)T* = p(A*)*T* = (Tp(A*))* = (o (A*)T = T*a(A*)* = T*o(A), 


that is, T* € Hom4(ø, p), and it is an isomorphism as well. It then follows 
that T*T € Hom4(p, p) and, being nontrivial, there exists à Æ 0, necessarily 
à > 0, as T*T is a positive operator, such that T*T = Aly. Setting æ = 1/V/A, 
we have that œT is an isometry. 


7.2.2 The commutant of a x-algebra 


Let A < End(V) be a finite dimensional *-algebra. The commutant of A is the 
x-algebra A’ := End ,4(V), that is, 


A’ = {S € End(V): ST = TS forall T € A}. 


We now use Schur’s lemma (Theorem 7.2.3) in order to determine the structure 
of A’. The decomposition (7.1) can be written, grouping together the equivalent 
representations, in the form 


V= mwm, 


AEA 


where A is a set of pairwise inequivalent representations of A and the pos- 
itive integer m, is the multiplicity of W, in V. More precisely, there exist 
injective operators 1,1, I,,2,..-, Am, E€ Homy(W,, V), necessarily linearly 
independent, such that 


m, 


mW = Q haw (1.4) 
j=1 


and the decomposition is orthogonal. By Proposition 7.2.4, we may also sup- 
pose that J,,; : W, —> D; W, is an isometry. 
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Denote by £,,; the orthogonal projection £,,;:V —> 1,,;W,. Clearly, 
Yek Da E,,; = Iy. Moreover, E jE A’ for all AGA and j= 
1,2,..., m,. Indeed, if v € V and A € A, then 


m, 


isas Ba) a 


AEA j=l AEA j=l 


and, since each J,,;W, is A-invariant, we have that AE, jv € 1,,;W. This 
implies that AE, jv = E,,;Av for all v € V, and therefore AE, j = E,,;A, 
showing that E,,; € A’. 


Proposition 7.2.5 The set {L.1,h,2,---,lim,} is a basis for the space 
Hom ,(W,, V). In particular, m, = dimHom,(W,, V) and it does not depend 
on the chosen decomposition. 


Proof Exercise (see the proof of Lemma 1.2.5). 


Corollary 7.2.6 If V = <a mU is another decomposition of U into A- 
irreducible inequivalent representations, then necessarily A' = A and we have 
m = m, and m, U, = mW, for alld € A. 


Proof Exercise (see the proof of Corollary 1.2.6). 


Definition 7.2.7 The positive integer m, is called the multiplicity of à for A 
(or of W, in V). Moreover, the invariant subspace m, W, is the A-isotypic 
component of A for A. Finally, V = @®,-, mW, is called the A-isotypic 
decomposition of V. 


Let V = @, e; mW be the A-isotypic decomposition of V. 
For all à € A and 1 <i, j < m, there exist non-trivial operators TÀ; € 
Hom ,4(V, V) such that 


ImTÀ, = Ti Wi 
KerT?, =VO Qj W, 
and 


TÀ TP, = ôx 08; s TA. (7.5) 


i,j S,t 


We may construct the operators T j in the following way. Denote by J, i 
the inverse of J, ; : W, > h., ; W} < V. Then we may set 


T> y= Dalz ;v ifv e h jW 
kj 0 ifv e VO h jW. 
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In particular, 
T}; = Ej . 
Moreover, by Schur’s lemma (Theorem 7.2.3) we have 
Homa (h, j Wx Ia, Wa) = CT}. 


We shall use these operators to study the structure of the commutant A’ of 
the finite dimensional *-algebra A < End(V). 


Theorem 7.2.8 The set 
{T} :4€A,1<i,j <m} (1.6) 
is a vector space basis for A'. Moreover, the map 


A —> Diea M m,m, (C) 


m, 
À 
T > iea (a) 


i,j=l 
where the œ? j sare the coefficients of T with respect to the basis (7.6): 
m, 
_ A pà 
T=}, 2 Tip 


NEA i, j=l 


is a *-isomorphism (see Section 1.2.3). 


Proof Exercise (see the proof of Theorem 1.2.14). 


Consider an algebra of the form A = @,<,End(V,), where V, is a finite 
dimensional complex vector space for à € A and A is a finite set of indices. 
Each A € A may be written in the form A = @yc, Ay, with A, € End(V,). For 
p € A define the A-representation (0p, Vp) by setting 


op(A) = Ap, 
for all A = ica A, E A. Also, for p € A define I, € A by setting 


v ifveV, 


Ipv = : . 
0 ifve V, witha £p. 
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Lemma 7.2.9 The representations op, p € A, are irreducible and pairwise 
inequivalent. 


Proof Irreducibility follows from Proposition 7.2.1. Let T €e Hom4(V,, Vp) 
with à Æ p. Then, for all v € V, we have 


Tv= To,(h,)v = op(h)Tv =0 


since Tv € V,. It follows that T = 0 and V} % Vp. 


In other words, the theorem says that the representations of A on V, and 
V, cannot be equivalent because the two blocks of the algebra A that act on 
these spaces are different. In Theorem 7.2.8 we showed that the commutant of 
A is isomorphic to the direct sum of full matrix algebras. Thus Lemma 7.2.9 
gives |A| inequivalent representations of A’. In the following sections we shall 
prove, as a consequence of the double commutant theorem (Theorem 7.3.2), 
that indeed every finite dimensional +-algebra A is isomorphic to the direct 
sum of full matrix algebras and in Section 7.4 we shall prove that Lemma 7.2.9 
provides all the irreducible representations of A. 


7.3 The double commutant theorem and the structure of a 
finite dimensional x-algebra 


In this section we shall prove the fundamental theorem on the structure of a 
finite dimensional «-algebra A < End(V), namely, that A is isomorphic to a 
direct sum of full matrix algebras. Also, we shall study the actions of both A 
and A’ on V. We first need two basic tools: the tensor product of algebras and 
of their representations, and the double commutant theorem. 


7.3.1 Tensor product of algebras 


Let V and W be two finite dimensional unitary spaces. There is a natural 
isomorphism 


® : End(V) ® End(W) —> End(V ® W) 
where 
G(T Q Sv Q w) = Tv Q Su, 


for all T € End(V), S € End(W), v € V and w € W, and then © is extended 
by linearity. 
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It is easy to check that ® is injective and since dim[End(V) & End(W)] = 
(dimV)?(dimW)? = dim[End(V @ W)], is also surjective. Alternatively, one 
can check that a basis of End(V) & End(W) is mapped by ® onto a basis 
of End(V ® W). In what follows, ® will be usually omitted and End(V) ® 
End(W) identified with End(V @ W). 

Now, if A < End(V) and 6 < End(W) are two subalgebras, their tensor 
product is defined as the subalgebra P(A & B) < End(V & W) and we simply 
denote it by A Q B. Note that if A1, A2 € A and B1, B2 € B, then we have 


(A; ® Bı): (A2 ® B2) = Ay Az Q By B2. 


If (ø, U) is a representation of A and (p, Y) is a representation of 6, then 
their tensor product is just the representation o X p of A & B on U & Y given 
by setting 


(o X p)(A @ B) = ofA) 8 p(B), 


forall A € A, B € B. 
The proof of the following proposition is adapted from [106]. 


Proposition 7.3.1 Let A and B be two algebras. If (o, U) is an irreducible 
representation of A and (p, Y) is an irreducible representation of B then their 
tensor product (o X p, U & Y) is an irreducible representation of A® B. 
Moreover, every irreducible representation of A ® B is of this form. 


Proof Observe that 


[(o X p)(A ® B)] = (o (A) @ p(B): A € A, B € B) 
= 0(A) ® p(B) 
(by Proposition 7.2.1) = End(U) ® End(Y) 
= End(U @ Y) 


and therefore, again by Proposition 7.2.1, (ao ® p, U ® Y) is irreducible. 

Conversely, suppose that A < End(V) and 6 < End(W) and let (7, Z) be 
an irreducible representation of A & B. Consider the A-representation (o, Z) 
defined by o(A) = n(A ® Iw) for all A € A. Let X < Z be a A-invariant 
and A-irreducible subspace. Consider the -representation (0, Hom,(X, Z)) 
defined as follows 


p(B): T = nly 8 BT 
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for all B € Band T € Hom,(X, Z). It is well defined: if A € A we have 


o(A)[o(B)T] = n(A 8 Iw)nUyv & B)T 
= (A & B)T 
= ny 8 B)n(A ® Iw)T 
= nly ® B)Tn(A @ Iw) 
= [p(B)T]o(A), 


and therefore o(B)T € Hom,(X, Z). Consider a nontrivial G-invariant and 
B-irreducible subspace J in Hom ,(X, Z). Then the map 


W:xX@SJI-Z 
vT > Tv 


is a linear isomorphism of A & B-representations. Indeed, Y € Hom4gg(X & 
J, Z): 
[n(A 8 B) o V](v 8T) = n(A 8 BXTv) 

= Uy ® B)n(A 8 Iw)Tv 

= n(Iv @ B)Tn(A Q Iw)v 

= p(B)To(A)v 

= Y(o(A)v 8 p(B)T) 

= [Y 0 (o (A) 8 p(B))|(v 8 T), 
forall A € A, B € B, v € X and T € Hom4(X, Z). Moreover, W is nontrivial 
because if T € J, T #0, then by Schur’s lemma and A-irreducibility of X, 
we have that T (X) = X is nontrivial. Finally, by another application of Schur’s 


lemma and A ® -irreducibility of both X @ J (by the first part of the proof) 
and Z, W is an isomorphism. 


7.3.2 The double commutant theorem 


In this section, we prove the finite dimensional version of the celebrated von 
Neumann double commutant theorem. 


Theorem 7.3.2 (Double commutant theorem) Let A < End(V) be a x- 
algebra of operators on a finite dimensional unitary space V. Then 


A= (AY =A 


that is, the commutant of A' coincides with A. 
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Proof The inclusion A C A” is trivial: if T € Aand S € A’, then T commutes 
with S and therefore T € A”. 
Let us prove the reverse inclusion, namely A” C A. 


Claim 1 If T € A” and v € V, then there exists S$ € A such that Sv = Tv. 


Proof of the claim Indeed, Av is an A-invariant subspace and therefore the 
orthogonal projection E : V —> Av belongs to A’ (also the orthogonal (Av)+ 
is A-invariant; see the proof of Lemma 7.1.3). We conclude by observing that 


Tv =TIlyv=TElv=TEv=ETv € ImE = Av. 


We now use a clever trick of von Neumann to deduce the theorem from the 
claim. Set n = dimV. Let V®" denote the direct sum of n copies of V. We 
identify V®" with the set of all n-tuples v = (vj, v2, ..., Un) with v; € V and 
End(V®") with the set of alln x n matrices T = (Ti Di j= with T; ; € End(V). 
Clearly if T € End(V®") and (v1, v2,..., Un) € V®”, we have 


n n n 
T (v, V2, -3 Un) = Oe Ty, Vj ¥ Ta jxVjn e...’ 5 Th, jn Vja) 


j=l j=1 j=l 
Let B be the x-algebra on V®" consisting of all operators of the form 


S = (ô; jA); j= 

with A € A, so that S(vi, v2, ..., Un) = (Avı, Av, ..., Avn) for all (vy, 
V2, ..., Un) € V®"_ Then, the commutant B’ of B is formed by all operators 
T = (T; j) j=; Such that T; j € A’. 


Claim 2 The double commutant 5” consists of all operators of the form R = 
(ôi, jB) j=1 with B € A”. 


Proof of the claim The operators of the form E, = (Iv ôi nôj, k) jel belong 
to 6’. An operator R = (Ri); j=1 commutes with all the Ey,.), h,k = 
1,2,...,n, if and only if it is of the form R = (Bô; j); j=1 with B € End(V). 
Moreover, R commutes with the operators (Aô;, j); jai A € A’, (which belong 
to B’) if and only if B € A”. 


n 
i, 


We now apply the first claim to the algebras 6 and 8”. Let v1, v2, ..., Un cOn- 
stitute a basis for V and consider the vector v = (v1, U2,..., Un) € V® . If Ay € 
A’ then T = (Aiô: j) j= € B” and therefore there exists S = (A28; i)i j=1 € 
B (so that A2 € A) such that Sv = Tv. But this means that Azv; = Ajv; for 
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all j = 1,2,...,n, that is, Ay = A (as {v1, v2,..., Un} is a basis). We have 
shown that if A € A” then A € A, that is, A” = A. 


7.3.3 Structure of finite dimensional «-algebras 


Suppose now that A is a x-algebra of operators on a finite dimensional V and 


that 
V= an my W, 
AEA 
is the A-isotypic decomposition of V. Since A = A”, by Theorem 7.2.8, A is 
x-isomorphic to a direct sum of full matrix algebras. We now give a precise 
formulation of this fact. Consider the representatation (7, V) of A’ @ A defined 
by 
n(B & A)v = BAv(= ABv) 

for all BE A’, AC A and ve V. Let à € A. Set d, = dimW, and Z, = 
Hom ,(W,, V) (so that m, = dimZ,, by Proposition 7.2.5). The algebra A’ 


acts on Z, in the obvious way: if T € Z}, B € A’ then BT € Z,; indeed for 
w € W, and A € A we have 


(BT)A(A)w = BAT w = A(BT)w. (7.7) 


We now show that the isotypic component m, W, is (A’ & A)-invariant. For, 
recalling (7.4) so that the generic element in m, W, is of the form Tw with 
T e Hom4(W,, V) and w € Wj, we have, for all B € A’ and A € A, 


n(B @ AXT w) = BATw = (BT)A(A)w € mW, 


where the inclusion follows from the fact that BT € Z,. We then denote 
by (7, m, W,) the representation of A’ @ A defined by setting 7,(B @ A) = 
n(B Q A)\|m,w, for all B € A’ and A € A. 

Consider the linear map 


T.: Z8 Wi > m W, 
T@w pr Tw 


and the representation (o,, Z} @ W,) of A’ @ A defined by 
0,(B 8 AXT ® w) = BT ® A(A\w, 


for all A € A, B€ A’, T € Z, and w € Wj. That is, o, is the tensor product 
of the representation of A’ on Z, with A. 


Lemma 7.3.3 7, € Homye4(0, nı) and it is an isomorphism. 
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Proof It is easy to see that 7; intertwines the two representations, for: 


M(B ® ANT (T 8 w)] = m(B 8 A)[Tw] 
= BA(Tw) 
= BTA(A)w 
= [BT ® àA(A)w] 
= Tlo (B 8 AXT 8 w)] 


forall A € A, B € A',T € Z, and w € W,. 

Let now 1,1, 4..2,---, Iam, be the injective operators which constitute a 
basis for the space Z, (cf. Proposition 7.2.5). Then, every operator T € Z, 
may be written in the form T = pa) aj 1,,; and, if w 4 Oand7,(T & w) = 0, 
then Bi aj 1,,;w = 0, which implies a; = a2 = - -+ = Œm, = 0 (recall that 
the operators /,,; realize an orthogonal decomposition of m, W). This shows 
that 7, is injective. Since dim(Z, & Wi) = md, = dim(m,W,), T, is also 
surjective. 


Fix an orthonormal basis wy, Wa.2,...,W 4, Of W, and for j= 
1,2,...,d,, consider the linear operator 
Saj i Za > Z,® W, S mW CV 


(7.8) 
T > Tw jB Twy 


Since the operators J ;, are isometric and determine an orthogonal decom- 
position, the vectors 


D iWw,j i= l 2 naM] = h2 ed, 


constitute an orthonormal basis of m, W,. Therefore, 


d 
mW, = Sj Z (7.9) 


j=l 


is another orthogonal decomposition of m, W,. It is also obvious that S},j € 
Hom,:(Z,, V). 


Theorem 7.3.4 (Double commutant theory) Set Z, = Hom,(W,,V) for 
AEA. 


(i) The linear isomorphism 


y= Daz & Wi), (7.10) 


AEA 
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given explicitly by the linear map 
Daz 8 W,) 5 5 D, 8 w œ> YL 8 w) = > Tw, 
AEA AEA AcA AEA 


determines a decomposition of V into irreducible (A'& A)- 
representations (and this decomposition is multiplicity-free). 
(ii) With respect to the isomorphism (7.10) we have 


A= QB [1z, ® End(W,)] (7.11) 
LEA 
and 
Ae QB [End(Z;,) ® Ty, ], 
AEA 


where Iz, and Iw, are the identity operators on Z, and Wj, respectively. 
(iii) The A'-isotypic decomposition of V is given by 


Proof Given p € A, every operator T €e Homy(W,, V) = Z, may be written 
in the form 


Mp 


T= > Bo.kLp,ks 
k=1 


with p, € C. Also, every B € A’ may be written in the form 


m, 


B = yd o ij 


AEA i, j=1 


where a? j€ C and the operators T. j€ Hom (h, ; Wx, Di Wa) (cf. Theorem 
7.2.8). Since T? Io k= ee we have 


Mp Mp 


aT) ae, To (7.12) 


i=1 \ j=l 


This shows that A’ acts on Z, as Mn,m,(C) C Bye, Mm,m (©) = 
(cf. Theorem 7.2.8) on C”*. From Lemma 7.2.9 we deduce that A 
A'-representations Z}, 4 € A, are irreducible and pairwise inequivalent. 
This proves (iii). Moreover, from Proposition 7.3.1 and Lemma 7.3.3 we 
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immediately get (i). The second isomorphism in (ii) is just a reformulation 
of Theorem 7.2.8, while the first one follows from (iii), the double commu- 
tant theorem (Theorem 7.3.2) and, again, Theorem 7.2.8: indeed, A is the 
commutant of A’ and (iii) is the isotypic decomposition of V under A’. 


Corollary 7.3.5 (Structure of finite dimensional «-algebras) Every finite 
dimensional *-algebra is a direct sum of full matrix algebras: indeed, with the 
above notation we have a *-isomorphism 


Az CD End(W,,) = QB Ma, a, (©). (7.13) 
AEA AEA 
Remark 7.3.6 If |A| > 2, then the representation n of A’ @ A on V is not 
faithful. Indeed, take A), A2 € A, Ay Æ Ao, and T € A, S € A’ such that T = 
Iw, on W,,, T =0 on W, for à Æ ài, S = Iz, on Z,,, S=0 on Z, for 
à Æ Aa. Then, n(S @ T) = 0. 


Example 7.3.7 Consider the subalgebra A of M10,10(C) consisting of all matri- 
ces of the form 


A 


B 


with A € M2 2(C) and Be M3,3(C). Then A = M22(C) ® M3 3(C) and A’ = 
M>,2(C) ® M2,2(C). Moreover, the decomposition (7.10) is given by 


C! = (C? & C3 @ (C? eC’). 


Exercise 7.3.8 (1) Let V and W be two vector spaces with bases {v1, v2,... 
..., Un} and {w1, W2, ..., Wm}, respectively. Let A € End(V), B € End(W) 
and denote by (a; j); j=ı the matrix representing A. Show that in the basis 
{u89 we:1<k<n,1 <£ < m} the operator A @ B is represented by the 


block matrix 


aiB a, 2B was ai nB 
a21 B a22B AS azn B 
an 1B an 2B SAR an,n B 


(2) Use (1) to prove that for a finite dimensional +-algebra of the form 


k 
A = QB (Ln; ® Ma; a (©) 


i=1 
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we have 


k 
A = BD (Mn; m (©) 8 Li) - 
j=l 


7.3.4 Matrix units and central elements 


Let A be a x-algebra of operators on a finite dimensional space V and denote 
by V = ieam, W, the A-isotypic decomposition of V. Let {wy1, wa.2,.-- 
++, Wa.a,} C W be an orthonormal basis. Using the first isomorphism in (7.13) 
we can define a set of operators (E, :1<i, j <d, € A}in A by setting 


E} Wok = Ôn ,0Ôj KWo i. (7.14) 


Clearly, under the second isomorphism in (7.13), the corresponding matrix rep- 
resentation of E 7 j has 1 in the (i, j)-position in the direct summand correspond- 
ing to A and 0 in all other positions. We call the operators E h j the matrix units 
associated with the (orthonormal) bases {w,,; : 1 < j < d}, à € A. More- 
over, {E}, :1 <i, j <d,,4 € A} isa vector space basis for A. The diagonal 
operators E}, l1 <i <d,à €A are called the primitive idempotents associ- 
ated with the (orthonormal) bases {w,,;: 1 < j < da}, à € A. 


The following proposition is an immediate consequence of Theorem 7.3.4. 
Proposition 7.3.9 Let S,_; be as in (7.9). Then we have 
Saj Za = E} V. 
In particular, 
d, 
Y= OOEW 

EA j=l 

is an orthogonal decomposition of V into A’-irreducible subspaces, with 
E} WV = Z, 8 Wi, j = Zy 

forall j = 1,2,..., d}, à E€ A. 


Proof From (7.8) and (7.9) it follows that, under the isomorphism (7.10), 
S}, j Z} corresponds to Z} ® w, j. Keeping into account (7.14), an application 
of (7.11) ends the proof. 


Clearly, we can use a set of primitive idempotents of A’ to get a decompo- 
sition of V into A-irreducible representations. 
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The center of A is the set C(A) = {A € A: AB = BA,VB e A}. We con- 
sider C” as a commutative algebra with pointwise product: (a1, @2,..., @m): 


(Bi, b2, e.’ Bm) = (a1 fi, a2 Bo, tees Om Bm) for 01, 02,...,Qm, Bi, Po, e.’ 
m € C. Moreover, we set C* = Y% , E* .. The following proposition is obvi- 
j=1 jj 8 prop 
ous, but it is important and we state it explicitely. 


Proposition 7.3.10 We have C(A) = C(A’) = C'!. Moreover, {C> : à € A} is 
a basis for C(A). 


7.4 Ideals and representation theory of a finite 
dimensional x-algebra 


In this section, we conclude the description of the representation theory of finite 
dimensional x-algebras. We end with a revisitation of the representation theory 
of a finite group. 


7.4.1 Representation theory of End(V) 


Let V be a finite dimensional vector space. Let A be a subalgebra of End(V). 
A left (resp. right) ideal T in A is a linear subspace such that if A € A, B € T 
then AB € TZ (resp. BA € T). A twosided ideal is a linear subspace which is 
both a left and a right ideal. The trivial ideals are {0} and A. 


Proposition 7.4.1 Let V be a finite dimensional vector space. 


(i) End(V) does not contain nontrivial twosided ideals. 
Gi) The natural representations of End(V) on V is the unique irreducible 
representation of End(V), up to equivalence. 


Proof (i) Let n = dimV and denote by E;,; € Mn,n (C) = End(V) the matrix 
with 1 in position (i, j) and all the other entries equal to zero. Let Z 4 {0} be 
a twosided ideal in M,,,,(C). Consider in Z a nonzero element A = (qj, Di. jel 
Fix a nonzero entry of A, say a,x. Then 


1 
Eng = —EnnAbEnn, EL 
an,k 


and for alli, j = 1,2,...,n 
Ej, j = Ei nEn, kEk,j ET. 


Therefore Z = M,, ,(C). 
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(ii) Let (o, W) be an irreducible representation of End(V). Fix f € V’, 
f #0, and for every v € V define T, € End(V) by 


T,u = f(u)v 

for all u € V (that is, in the notation of Section 7.1.2, Ty = Ty). We have 
AT, = Tay (7.15) 
and therefore the subspace 
V ={T,: v € V} < End(V) 

is End(V )-invariant and isomorphic to the natural representation on V. Fix also 
vo E€ V, vo Æ 0. The set Ker(o ) = {A € End(V) : o(A) = 0} is atwosided ideal 
in End(V); from (i) and the fact that Jy ¢ Ker(o), we deduce that Ker(o ) = {0}. 
Therefore there exists wọ € W such that 

o(T,,)wo Æ 0. (7.16) 
Define a linear map ¢ : V — W by setting 

$(v) = o(T,)wo 

for all v € V. The map ¢ intertwines the natural representation of End(V) on 
V with the representation (o, W). Indeed, for all A € End(V) and v € V, we 
have 


o(A)P(v) = o (AT, wo = o (Tav)wo = (Av), 


where the third equality follows from (7.15). Moreover, by (7.16) ¢ is nontrivial; 
by Schur’s lemma (i), we conclude that @ is an isomorphism. 


Exercise 7.4.2 Translate the proof of (ii) in the setting of a full matrix algebra 
M, n (©) a 


Hint. Take the space V consistig of all matrices whose columns 2, 3, ..., n are 
identically zero. 


An algebra A isomorphic to End(V) for some vector space V is said to be 
simple. See also Remark 7.4.6. 
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7.4.2 Representation theory of finite dimensional «-algebras 
Let A be a finite dimensional x-algebra. Let {E}; :AEA,j =1,2,...,d,} 
be a set of primitive idempotents for A as in Section 7.3.4 and set 


d, 


E> =X E}. 
i=l 


Then the map A > AE* = E*A is the projection from A onto the subalgebra 
isomorphic to End(W;), and Ñ`, <} E^ = Iy. 


Proposition 7.4.3 Take a subset Ay C A and set 


_ J 10} ifr Z No 


B, = ears ifà € Ao. Ue) 


Then ®, <, By is a twosided ideal of A and every twosided ideal of A is of this 
form, for a suitable Ao. 


Proof Clearly, every subspace of the form @,~, Ba is a twosided ideal. 
Conversely, suppose that Z is a twosided ideal in A. Set Ag={AE A: 
End(W,) OZ Æ {0}. Since End(W,) NZ is a twosided ideal in End(W,), 
by Proposition 7.4.1 if à € Ag then End(W,) C Z. It follows that if we 
define B, as in (7.17), then @,-, B} C T. On the other hand, if A € Z then 
AE* € End(W,) NZ and therefore 


A=A) E =) AFP =) AEX QB 
EA AEA dE Ao AEA 


so that Z = @,-, Ba- 


The following corollary is also an obvious consequence of Theorem 7.3.4, 
but it seems more convenient to deduce it from the more simple considerations 
that have led to Proposition 7.4.3. 


Corollary 7.4.4 Ifan algebra A is the direct sum of full matrix algebras as in 
(7.18), then this decomposition is unique (up to a permutation of the summands). 


If A and B are finite dimensional associative algebras, an isomorphism 
between A and B is a linear bijection g : A —> B such that (T S) = g(T)g(S) 
forall T, S € A. 


Corollary 7.4.5 Let A = Presa Ma,,a, (C) and B S ®perMa,.a,(C). Then A 
and B are isomorphic if and only if there exists a bijection 0 : A —> R such 
that d, = doy for all à € A. In particular, two finite dimensional x-algebras 
are isomorphic if and only if they are *-isomorphic. 
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The (unique) decomposition of A in (7.18) is the decomposition of A as a 
direct sum of simple algebras. 


Remark 7.4.6 An associative algebra is simple when it does not contain non- 
trivial twosided ideals. The Jacobian radical of an algebra A is J(A) = 
No Ker(o), where the intersection is over all irreducible representations o. An 
algebra A is semisimple when J(A) = {0}. Weddeburn proved the following 
fundamental theorem for algebras over C. 


Theorem 7.4.7 Let A be an associative algebra over C. 


(i) Ais simple if and only if it is isomorphic to End(V) for a finite dimensional 
vector space V. 

(ii) A is semisimple if and only if it is isomorphic to an algebra of the form 
Dea End(W,). 


For the proof we refer to Shilov’s monograph [110]; see also the book by 
Alperin and Bell [3]. 


Let o, be the natural representation of A on W, (cf. (7.18)). We have already 
seen that o}, A € A, is a set of irreducible pairwise inequivalent representations 
of A (Lemma 7.2.9). We now show that this set is also complete. 


Proposition 7.4.8 Every irreducible representation (o, W) of A is isomorphic 
to one of the oy,’s. 


Proof Set Kero = {A € A: o(A) = 0}. Then Kero is a twosided ideal in A 
and therefore, by Proposition 7.4.3, there exists Ag C A such that Kero = 
en Ba- Let 0 be the restriction of o to Piesis End(W,). Then KerO = {0} 
and therefore the map 


0: E End(W,) > Ena(w) 
2EA\ Ao 
is injective; by Burnside’s lemma it is also surjective and therefore 6 is an 
isomorphism. 
Proposition 7.4.1.(i) and Proposition 7.4.3 (applied to Pie A\Ao End(W)) 
force |A \ Ao| = 1. Let A \ Ao = {p}. Then Proposition 7.4.1.) forces 0 to 
be equivalent to the restriction of op to End(W,,) and in turn ø to be equivalent 


to Op. 


From now on, we denote by Aa complete set of pairwise nonequivalent 
irreducible representations of A. Therefore we can write (7.13) as follows 


A= @EndW,) = DB Maa (7.18) 


aci reA 
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We shall also use A to denote a complete set of irreducible A’-representations 
via the natural pairing W, <> Z, given by Theorem 7.3.4. 


7.4.3 The Fourier transform 


Let (o, W) be an irreducible representation of A. The Fourier transform of 
A € A evaluated at o is just the operator o (A) € End(W). 
The Fourier transform on A is the map 


A > B := @,_qEnd(W,) < End e3 Wa) 


7.19 
At> @,.70,(A). ( ) 


The following proposition is an immediate consequence of Corollary 7.3.5, 
Corollary 7.4.4 and Proposition 7.4.8. 


Proposition 7.4.9 

(i) The Fourier transform in (7.19) is an isomorphism between A and the 
subalgebra B of End, <3 Wi). Moreover, P,ez Wh is the (multiplicity- 
free) decomposition into B-irreducible representations. 

(ii) If p: A —> B < End(U) is an isomorphism, then there exists a decompo- 
sition of End(U) into irreducible B ~ A-representations 


US mwm, 


EN 


with m, > | forallr € A 


7.4.4 Complete reducibility of finite dimensional «-algebras 


To complete the picture, we want now to show that every finite dimensional 
representation of a finite dimensional «-algebra may be written as a direct sum 
of irreducible representations. Our exposition is based on Shilov’s monograph 
[110]. 


Lemma 7.4.10 Let V be a finite dimensional vector space, A a subalgebra of 
End(V) and (o, W) a finite dimensional representation of A. Suppose that in 
W there is a finite set W1, W2, ..., Wm of invariant irreducible subspaces such 
that W = (Wi, W2,..., Wm). Then, there exists a subset H C {1,2,...,m} 
such that W = @jen Wi with direct sum. 


Proof Suppose that K C {1,2,...,m} and that W = Diex W; is a direct 
sum. If j g K, then (Bre K Wx) N W; is an invariant subspace contained in 
W; and therefore it is either equal to {0} or to W;. We can construct a sequence 
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Hı, Ho, ..., Hm of subsets of {1, 2,..., m} starting with Hı = {1} and taking 


H; if (Bien, Wi) A Wear = Wha 


Aj+1 = , 
Hj UL +1) if (Oien, Wi) A Wj = (0). 


Finally, we have 


Dw=w 


ic Hm 


with direct sum. 


In the following lemma, {E}, 1i,j7=1,2,...,q,r7€ A} is a fixed set of 
matrix units for A (cf. Section 7.3.4). 


Lemma 7.4.11 Let A be as in (7.18) (with A replaced by A). Suppose that 
(o, W) is a representation of A and that there exist we W, p€ A and 
1 < t < d, such that wo := o(Ef,)w # 0. Then the subspace U = o (A)wọ = 
{o (A)wo : A € A} is A-irreducible. 


Proof Let A, B, C € A, then they may expressed in the form 


d 

A= Viet ei of EP 
d; 

B = Dai a =i Bi ER; 
dy, 

C= Daik- Vij Ej. 


Since wo := o(Ef w, if we set u = o (A)wọ and z = o (B)wọ, then we have 


do dp 

p p p P 

u=) af o(Ef)w, z=) Bl, o (Ef w 
isi i=1 

and 


dp dp 


o(C)u = > eee o(Ef )w. 


k=l \j=1 


This amounts to saying that if u, z € U, with u ¥ 0, then it is always possible 
to find C € A such that o(C)u = z (this follows from the irreducibility of 
C% under Ma, a,(C)). Therefore, any u € U, with u 4 0, is cyclic and U is 
irreducible. 


We are now in position to prove that every finite dimensional representation 
of a x-algebra is a direct sum of irreducible representations. 
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Theorem 7.4.12 Let A be a finite dimensional «-algebra. Then every finite 
dimensional representation of A may be written as a direct sum of irreducible 
representations. 


Proof Suppose that A is decomposed as in (7.18) (with A replaced by A) and 
let (o, W) be a representation of A. Let {w1, w2,..., Wm} be a basis for W. 
Since I = $2} 4] E}; is the identity of A, then 1-7), o(E},) = 
o(/) = Iw and therefore the set 


{o (E) w: € A, i =1,2,...,d,, t=1,2,...,m} 


spans W. By Lemma 7.4.11 we deduce that if o(E} ur Æ 0 then o(AE?;)w, 
is irreducible. Therefore, the nontrivial subspaces of the form o (AE à wy are 
irreducible and span W. From Lemma 7.4.10 we deduce that W may be written 
as a direct sum of irreducible representations. 


An associative algebra with the property that every representation may 
be written as a direct sum of irreducible representation is called completely 
reducible, see [49]. 


7.4.5 The regular representation of a x-algebra 


Let A = ©, 4End(W,) be a finite dimensional *-algebra. 

The left regular representation of A is the representation A: A —> End(A) 
given by left mutiplication: A(A)B = AB for all A, B € A. 

We endow End(V) with the Hilbert-Schmidt scalar product defined by 


(A, B) ns = tr(B*A) 
forall A, B € End(V). Then the left regular representation is a *-representation: 


(A(A)B, C) us = (AB, C) ys 
= tr(C* AB) 
= tr[(A*C)* B] 
= (B, A*C)us 
= (B, A(A*)C)us, 
which shows that 4(A)* = A(A*) for all A € A. 
The right regular representation of Ais the representation p: A — End(A) 
given by right mutiplication by: p(A)B = BA’ for all A, B € A. Note that 


p(A) belongs to Hom (A, A), the commutant of the left regular representation 
of A, for all A € A. 
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Proposition 7.4.13 
(i) Let à denote the left regular representation of A. Then, the map 


A — Hom,(A, A) 
A > p(A) 


is a *-isomorphism of *-algebras (see Section 1.2.3). 

(ii) A = @,pe3 do Wo is the decomposition of A with respect to the left regular 
representation. 

(iii) A= QB. a(Wo ® Wo) is the decomposition of A with respect to the A ® 
A-representation n: A Q A — End(A) given by n(A Q B)C = ACB’, 
forall A,B,C € A. 


Proof (i) First of all note that op: A —> Homy(A, à) is an injective algebra 
homomorphism. Let us show that it is also surjective. 
Let T € Homy(A, A) and set A = T (Iy) € A. Then, for every B € A, 


T(B) = T(BIy)= BT(Iy)= BA = p(A7)B, 


that is, T = p(A7). 
Finally, 
(0(A)B, C) us = (BA”, C) xs 
= tr(C*BA’) 
= tr(A’C*B) 
= tr{[C(A")*]*B} 
= tr{[C(4*"T B} 
= (B, C(A*)")us 
= (B, p(A*)C) us, 
which shows that p(A)* = e(A%*) for all A € A. Thus p is a *-isomorphism. 
(ii) and (iii) are obvious reformulations of (i) and (i1) in Theorem 7.3.4. The 
details are left to the reader: it suffices to examine the case |A| = 1 (that is 


A = End(W)) and then note that each block End(W,,) is invariant under A, p 
and 7. 


7.4.6 Representation theory of finite groups revisited 


Let G be a finite group. The group algebra L(G) = {f : G —> C} is ax-algebra 
with involution given by f(g) = f(g~!) for all f € L(G) and g € G (see 
Section 1.5.1). 
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Any unitary representation (o, V) of G may be uniquely extended to a 
representation (7G), V) of the group algebra L(G) by setting 


oro f) = >> f(g)o(g) 


geG 


for all f € L(G). Indeed, o(f) =o(f)* for all f e L(G). Conversely, given 
any *-algebra representation (o, U) of the group algebra L(G), then the map 
og: G —> End(U) given by og(g) = o (ô;) for all g € G yields a unitary rep- 
resentation (og, U) of the group G. 

Therefore there is a natural bijection between the set of all unitary repre- 
sentations of G and the set of all *-algebra representations of L(G). Moreover, 
this bijection preserves irreducibility. 

It turns out that many of the results in Chapters 1 and 2 might be deduced 
from the results in the present chapter. 

As an example, in the discussion below we establish a connection between 
Corollary 2.1.6 and Proposition 7.4.13. After that, we shall discuss the repre- 
sentation theory of the commutant (cf. Section 1.2). 

Let o € G and denote by M° the linear span of the matrix coefficients of 
the irreducible representation o. Denote by o’ € G the adjoint of o. A slight 
different formulation of Corollary 2.1.6 is the following: 


LCS AM Qog 


oeG oeG 


is the decomposition of L(G) into irreducible representations with respect to 
the action ņ of G x G on L(G) given by 


In(g1, 82) f(g) = f(g; 'gg2) 


for all g, g1, g2 E€ Gand f € L(G). 

Let us show why here we have o ®o’ (and not o @o, as in Propo- 
sition 7.4.13.Gii)). The right regular representation p: G — End(L(G)) is 
given by o(g)f = f *5,-1 for all g € G and f € L(G). It corresponds to 
the L(G)-representation given by p(y) f = f * g”, where y(g) = o(g7!), for 
all f, € L(G) and g € G. Note that the map L(G) > g > œ’ € L(G) is 
an anti-automorphism which does not preserve the decomposition L(G) = 
reg M°. Indeed, from the elementary property of the matrix coefficients 
gf (g7') = oie) = 97 (8), it follows that the map yg —> ọ° switches M” 
with M°. On the other hand, the transposition used in Proposition 7.4.13 now 
coincides with the map g? 7 ps, P 

We end this section with a discussion of Proposition 7.3.9 in the setting of 
a group algebra. 
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Let G be a finite group and let (o, V) be a unitary representation of G. Let us 
set A = {o(f): f € L(G)}. Then A’ = Endg(V) and we can apply Theorem 
7.3.4 to A in order to decompose V under the action of Endg(V). 


Theorem 7.4.14 Let V = perm, pW, be the decomposition of V into G- 
irreducibles, with R C G and, for all p € R, m, > 0. For p€ R we set 
Zp = Homg(W,, V). 


(i) Under the action of Endg(V) ® L(G) the space V decomposes in the 
following multiplicity-free way: 


v = QZ, ® W,): (7.20) 


pER 


(ii) Ife’ :p E G and j = 1,2, ...,d, are as in Proposition 1.5.17, then 


dp 
v =Q Qoe 
pER j=l 


is an orthogonal decomposition of V into Endg(V )-irreducible represen- 
tations with a(ef)V = Z,, forall j =1,2,...,d,andp € R 


Proof Just note that the elements ae"), j=1,2,...,d,, P € R, are the prim- 
itive idempotents (cf. Proposition 7.3.9) of A = {o (f): f € L(G)} associ- 
ated with the orthonormal bases of the spaces W,, p € R, as in Proposition 
1.5.17.(iii). 


7.5 Subalgebras and reciprocity laws 


In this section, we collect some results that connect the operations of restriction 
and induction for a representation with the operations of taking the commutant 
and the centralizer of a subalgebra. 


7.5.1 Subalgebras and Bratteli diagrams 


Let A and B be two finite dimensional x-algebras and suppose that B C A. Note 

that this implies that A and B have the same identity since they are «-algebras 

of operators on the same vector space. We also say that B is a subalgebra of A. 
Let (p, V) be a representation of A. Its restriction to B is given by 


[Res oT) = p(T) 
for all T €e B. 
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For (A, Wi) € A and (e, Vp) € B, we denote by m,,, the multiplicity of p 
in Res, so that 


Ress W, = Dima pV, 


peB 
The A x B matrix 
MA, B) = (M) pici peb 


is called the inclusion matrix for the pair B C A (see [48]). Note that the 
integers m,,p satisfy the following condition: 


X mpd = dy 


peb 


for all A € A. 

The Bratteli diagram (or branching graph) of the inclusion B C A is the 
bipartite labelled multi-graph described as follows. The set of vertices is A UH B, 
each vertex 0 is labelled by dg. Moreover, two vertices à € A and pe B are 
connected by exactly m}, edges. Pictorially, we display the vertices on two 
horizontal lines, with the vertices in A on the top row and the vertices in Bon 
the bottom row (note that in [48] the positions of A and B are inverted). 


Example 7.5.1 
(i) From the representation theory of G,, developed in Chapter 2 (in particular 
the Young poset in Figure 3.12 and the branching rule, Corollary 3.3.11) 
we get the Bratteli diagram in Figure 5.1 for the inclusion L(G4) € L(Gs). 


1 4 5 6 5 4 1 
NINIX AL 7 
/ N 
1 3 2 3 1 
Figure 7.1 The Bratteli diagram for L(G4) C L(Gs). 


(ii) Similarly, for the inclusion L(G3) C L(Gs) we have the diagram in 
Figure 5.2 


Figure 7.2 The Bratteli diagram for L(G3) C L(Gs). 
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When A = L(G) and 6 = L(A) are group algebras and H < G (so that B C 
A) we also write MG „f ) to denote the inclusion matrix MA, B). 

We say that 5 C A is a multiplicity-free subalgebra of A if m}, € {0, 1} 
for all à € A and pE B. In other words, Res W decomposes without multi- 
plicity for every irreducible representation W of A. Clearly, the corresponding 
Bratteli diagram does not contain multiple edges. For instance, L(&,„—1) is a 
multiplicity-free subalgebra of L(G,,), while the subalgebra L(G,_,) of L(G) 
has multiplicity if k > 2 (see Example 7.5.1). 


Exercise 7.5.2 Let B be a subalgebra of A. Let {hp j : j = 1,2,..., map} 
be a basis for Homg(Y,, Res? W,), à € A, p € B. Show that S € A belongs to 
B if and only if for all o € B there exists S, € End(Y,) such that 


Shp, jY = D mispt, 
for all à cÂ, j = 1,2,..., M} p and v € Y,. 
Exercise 7.5.3 ([48]) Let A, B, C and D be finite dimensional x-algebras. 


(1) Suppose that B C A, C C A and that B and C are isomorphic, say B = 
C = perEnd(Y,). 

Show that M(A, B) = IA, C), if and only if 6 and C are conjugate in A, 
that is, there exists a unitary operator T € A such that TCT* = B. 

(2) Suppose that B C A and D C C and that the inclusions have the same 
Bratteli diagrams. Show that there exists a *-isomorphism ®: A —> C 
such that ®(6) = D. 

(3) Suppose that C C B C A. Show that INCA, C) = MUA, BIN, C). 


Hint. (1) Use Exercise 7.5.2 and choose the operators J ,p,j in such a way 
that the decomposition W) = ©, <g o'i Dp, j Yp is orthogonal. 


Example 7.5.4 Let A= Ms s(C) ® Ms.8(C), B = [M4 4(C) ® M44(O)] 
Ms s(C) and C = Mg (C) @ [M4,4(C) ® M4,.4(C)]. Note that B and C are iso- 
morphic subalgebras of A with M(A, B) Æ M(A, C), so that they are not 
conjugate in A. However, the Bratteli diagrams of the corresponding inclu- 
sions are isomorphic and the flip ® : A —> A which exchanges the two blocks 
of A clearly satisfies ®(B) = C. 


7.5.2 The centralizer of a subalgebra 


Let A be a finite dimensional *-algebra and B a x-closed subalgebra. The 
centralizer of B in A is the *-subalgebra of A given by 


C(A, B)={A € A: AB = BA forall B € B}. 
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For instance, if A = End(V) then C(A, B) = B’. In general, if A is a x-algebra 
of operators on V, then C(A, B) = AN Bb’, where B’ is the commutant of 6 in 
End(V). Let (o, U) be an A-representation and let (p, Y) be a B-representation. 
Consider the space of intertwiners Homg(Y, ResfU ). There is a natural repre- 
sentation t of C(A, B) on this space: for C € C(A, B), T e Homg(Y, ResĝU), 
the operator t(C)T is defined by setting 
[t(C)T (y) = o(C)Ty, 

for all y € Y, that is, tr(C)T = o(C)T (the action of t(C) on T is the product 
o(C)T). 


Lemma 7.5.5 t is a representation. 


Proof It suffices to prove that t(C)T € Homg(Y, Res#U) for all C € C(A, B) 
and T € Hom,(Y, Res#U). For B € Band y € Y, we have: 
{[t(C)T ]o(B)}(y) = o(C)Tp(B)y 
(T € Homg(Y, Res#U)) = o(C)o(B)Ty 
(C e€ C(A, B)) o(B)o(C)Ty 
= {o (B)[t(C)T hO) 


that is, 


[t(C)T]o(B) = o(B)[t(C)T] 


and therefore t(C)T € Homg(Y, ResdU ). 


The following theorem (and its corollaries) is a slight generalization of 
Proposition 1.4 in [100] (see also Lemma 1.0.1 [73]). 


Theorem 7.5.6 Let A and B be finite dimensional «-algebras and suppose that 
B < A. Let A= @,-qEnd(W,) and B= @,-gEnd(V,) be their decom- 
positions into a direct sum of simple algebras and suppose that Res? W, = 
Dyck m.p V, for every à € A. Then we have a *-isomorphism: 


CA, B) = @B GD Mm p.m, (©. 
AEA peEB 
Proof From Proposition 7.4.9 it follows that, for every C € A, 
C e€ C(A, B) & (C) € C(o, (A), 0 (B)) 
for all à € A, and therefore 


C(A, B) = BCA), oB). 


NEN 
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Since o, (A) = End(W,), we may apply Theorem 7.2.8 and Theorem 7.3.4 to 
conclude that 


C(o,(A), 03,(B)) = GB Mm, s.m (©). 


peB 


Exercise 7.5.7 Use Exercise 7.5.2 to reformulate the proof of Theorem 7.5.6. 


Corollary 7.5.8 A subalgebra B < A is multiplicity-free if and only if the 
centralizer C(A, B) is commutative. 


Corollary 7.5.9 In the notation of Lemma 7.5.5, if U is A-irreducible and Y 
is B-irreducible then Homg(Y, ResgU) is C(A, B)-irreducible. 


Proof Combine Theorem 7.5.6 with Theorem 7.2.8 and Lemma 7.2.9. 


We end this section by observing that given a subgroup H < G, then Corollary 
7.5.8 with L(H) = B and L(G) = A yields another proof of the equivalence 
between (1) and (iii) in Theorem 2.1.10. 


7.5.3 A reciprocity law for restriction 


Let B C A be an inclusion of +-algebras of operators on a complex vector 
space V. We have also the inclusion A’ C 6’. Applying the structure theorem 
7.3.4 we get a multiplicity-free decomposition 


y= Daz & Wy) (7.21) 
acA 


with respect to the action 8 of A’ @ A (where Z, = Hom4(W,, V)). Similarly, 
under the action of B’ @ B we have 


Ve Bw, @ Y,) (7.22) 


peb 


where U, = Homg(Y,, V). We recall that we use the same index set A (resp. 
B) for the irreducible representations of A and A’ (resp. B and 6’); see the 
comments after the proof of Proposition 7.4.8. 

Following [49], we say that B C A and A’ C 6’ form a seesaw pair. 


Theorem 7.5.10 (Seesaw reciprocity [49], [48]) The inclusion matrix 
MB’, A’) for the pair A’ C B’ is the transpose of the inclusion matrix 
MA, B). In other words, for à € A and pe B, the multiplicity of Y, in 
Res W, is equal to the multiplicity of Z, in Res, Up- 
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Proof First note that A’ ® B is a subalgebra of both A’ @ A and B’ @ B. In 
particular, 0(A’ ® B) is a *-algebra of operators on V, that is, A’ & B acts on 
V via Res4.240 (note that Resi 25 leads to the same representation). 

Suppose that Res#W, = peg mM pYp and that Res% U, = Qe 2 np Zr 
that is, NCA, B) = (Mi. prc A pef and M(B’, A’) = (npa) penei: 

If the irreducible representation Z}, ® Yp, ào € A and po E B of A’ @B 
appears in V, then itis necessarily contained both in Z,, & W,, andin Uo ® Yo 
(cf. Theorem 7.3.4 and (7.21), (7.22)). Then, we may compute the multiplicity 
of Zu ® Yo in V in two ways. First of all, 


Res4os (Zn ® Wa) = Zio ® Resi W,, 
= |D miy.o(Zry ® Yp) 


peb 
and therefore, the multiplicity is equal to m,,, po- 
On the other hand, from 
Resi oB (U py @ Yn) = (Rest Up) @ Yo 
= as Nop, (Za ® Yo) 
acf 


we get that the multiplcity is also equal ton,, ,,. 
We have shown that ™m),, 5, = "po,a) and this ends the proof. 


In the following exercise, we connect Theorem 7.5.10 with the results in 
Subsection 7.5.2. C(A, B) denotes the centralizer of 6 in A and 6 is the repre- 
sentation of A’ @ Aon V. 


Exercise 7.5.11 
(1) Show that 


C(A, B) = C(B’", A) = [P(A @ BW. 


(2) Show that the spaces Homg(Y,, Resi W,), Hom ,/(Z,, Res4, Up) 
and Homya@sg(Z, ®Y,,V) are isomorphic as irreducible C(A, 5)- 
representations. Construct explicit isomorphisms. 

(3) Set X}, = Homg(Y,, Res W,,). Show that 


v = A I.. 8 Z, @ YI 


recA peB 


is the (multiplicity-free) decomposition of V into irreducible (C(A, B) ® 
A’ ® B)-representations. 
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Corollary 7.5.12 Let G be a finite group and H < G a subgroup. Let 
MG, Al) = (Mi. p)reG.peft be the corresponding inclusion matrix. Let (o, V) 
be a unitary representation of G. Then the inclusion matrix of the pair 
Endg(V) € End, [Res¢, V] is the transpose of MUG, A). 


Exercise 7.5.13 (Jones’ basic constuction) Let A and B be two finite dimen- 
sional *-algebras on the same space V, and suppose that B C A. Consider the 
representation 6 of 6 on A defined by setting 


A(T\(S) = TS 


for all T € Band S € A. Note that, in the notation of Section 7.4.5, we have 
0 = Resģà, where A is the left regular representation of A. Set C = Endg(A) 
and consider A as a subalgebra of Endg(.A) by identifying A € A with p(A) € 
Endg( A), where p is the right regular representation of A (use Proposition 
7.4.13). Observe that C is the commutant of 6(8) in End(A), so that there is a 
natural bijection between C and B. Show that 


MC, A) = MA, B). 


Hint. Use Proposition 7.4.13 to show that p(A) € C and 6(B) C A(A) is a 
seesaw pair. 


7.5.4 A reciprocity law for induction 


In this section, we present a reciprocity law for induction of representations of 
finite groups. 

Let G be a finite group and H < G a subgroup. If (6, N) is a (unitary) 
representation of H, we show that there is a natural inclusion Endy(N) => 
Endg [Ind N ] and we show that the inclusion matrix for these algebras is a 
submatrix of the inclusion matrix of L(H) C L(G). 

We first need a preliminary result. Let G = |[,., s H be the decomposition 
of G into right cosets of H (we may suppose lg € S). Let (6;, Nj), i = 1, 2, 
be two (unitary) representations of H and set V; = IndẸ N; and o; = Ind&6;, 
i = 1, 2. In view of (1.48) (see also Lemma 1.6.2) we may suppose that N; is 
a subspace of V;, 


Vi = Das), (7.23) 


ses 
and that o;(h)u = 0;(h)u, for all h € H, u € N;,i = 1,2. 
Given T e Homa (N1, N2), we define an operator T : Vi — V2 by setting 


To (s)u = o(s)Tu 


for all u € Nj, s € S, and using (7.23) to extend T to the whole Vi. 


348 Finite dimensional x-algebras 


Proposition 7.5.14 z 
(i) The definition of the operator T does not depend on the choice of the 
representative set S. 
(ii) For every T € Homa (N;, N2) we have Te Homç(Vı, V2) and the map 
T > T is linear and injective. 
Gii) Jf Ny = No, and therefore Vi = V2, then {T : T € Endg(N:)} is a subal- 
gebra of Endg(V\) isomorphic to Endy (N1). 


Proof (i) Fors € S, h € H and u € N, we have 
Toi(shju = Toi(s)loi(h)u] 
= o2(s)T [81 (h)u] 
= 02(s)O02(h)Tu 
= 02(sh)Tu, 
and this shows that using sh as a representative for s H , we get the same operator 
on 01 (s)N, x 


(ii) Let g € G,s E€ Sandu € N. Lett € Sandh € H be such that gs = th. 
We then have 


To (t)lo(h)u] 
o2(t)T 0: (hyu 
o(t)02(h)T u 
= 02(g)o02(s)Tu 
= 07(g)T [o1(s)u] 


and this shows that T € Hom,(V;, V2). 
(iil) This is obvious. 


Toi(g)loi(s)u] 


Note that in [19] we denoted the operator T by IndST. It was called 
the operator obtained by inducing T from H to G (or, simply, the induced 
operator). 

Let now (6, N) be a (unitary) representation of H and set V = Indo N : 
We introduce the following notation: A=Endg(V) and B= {T Te 
Endy (N)} C A. 

The following proposition is obvious. 


Proposition 7.5.15 We have that B = {A E€ A: AN CN}. 
Let 
N = Qa Y, (1.24) 


pER 
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be the decomposition of N into irreducible representations, where R C H and 
a, > 0 for all p € R. By Theorem 7.4.14, we also have the decomposition of 
N into irreducible End;,(V) ® L(A) representations 


N= Bu, ® Yp), 
pER 
where U, = Hom (Yp, N). 

Set Ù, 4 {T : T e Homy(Y,, N)}. Then, by Proposition 7.5.14, we have 
U, € Home (Ind? (Y o), Ind (N )). The algebra 6 acts on Us in the obvious 
way: if Be B (so that B € Endy(N)) and Te U, (so that T € Homy(Y,, N)), 
then 


BT = BT 
yields a representation of B on U Which is a translation, by means of the 
isomorphism 6 = Endy(N), of the irreducible representation U, (compare 
with (7.7)). In other words, {U, : p € R} is a complete set of irreducible and 


pairwise inequivalent representations of B and B = @ End(U, p): 
Let now 


pER 


V= QB b, W, (7.25) 


AEA 
be the decomposition of V into irreducible G-representations, with A C G and 
b, > 0 for all A € A. Moreover, 
v = QZ, 8 W) 
AEA 

as in Theorem 7.4.14. 

Theorem 7.5.16 (Reciprocity law for induction) The multiplicity of U, in 
Res4 Z, is equal to the multiplicity of W, in Ind? Y, (and therefore, by Frobe- 
nius reciprocity Theorem 1.6.11, to the multiplicity of Y, in Res® W). In other 


words, the inclusion matrix IN(A, R) (where A = Aand R = B) is a submatrix 
of IN(G, H) (taking A C G, R C H). 


Proof Let {Ip.1, Ip,2, . - . Ip,a,} be a basis for Up, p € R so that (7.24) becomes 
N = QQ hY (7.26) 
peR j=l 


(compare with (1.9) and (7.4); we may also suppose that the decomposition is 
orthogonal). 
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Inducing up to G, (7.26) becomes 


ap 


V = ndg N = Q QT, indy, (1.27) 


peR j=l 


and, in particular, cae ea. Sees Taz, is a basis for Up. for all p € R. 
For à € A and p € R, let m, be the multiplicity of W, in Ind§, Y, and take 
a basis {Jz p,1; Ja,p,2> <- - Jà, p.m, p} Of Homa (W, IndẸ (Y,), so that 


Mp 


Indy Y, = DOD havi (7.28) 


AEA i=1 


is a decomposition of Ind& Y, into irreducible subspaces (and we may again 
suppose that it is orthogonal). From (7.27) and (7.28) we get 


Mp ap 


Y= DODO bos roim 


AEA peER i=1 j=l 


which is amore explicit and structured version of (7.25). Note that, in particular, 
the compatibility equations 


J Ma pap = by 


peR 


for all A € A must be satisfied. Moreover, for every 4 € A, the set 
{Ip,j Jp. : p E R, j = l, 2235 Qpyk a 1,2,...,ma,p} 


is a basis for Z}. 
But for each p € R and for alli = 1,2, ..., m) p, the subspace 


(Lp, j Ja,p,i H J = 1, 2; SRR ap) 
is B-invariant and clearly equivalent to U p as a B-representation. Therefore 


Res#Z;, = QB mM) pUp 
pER 


and the theorem is proved. 


Note that we have proved that the map 
T : Homg(W,, Ind Y,) > Homg(U,, Res# Z,), 


given by T(J)T = TJ, forall T € U, and J € Homg(W,j, IndẸ Y,), is a linear 
isomorphism. 
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Example 7.5.17 We now present an example which constitutes the main appli- 
cation of Theorem 7.5.16. It will be used both in the next subsection and in the 
next chapter. 

Let (o, V) be a (unitary) representation of G. Set X = G/H and let xp € X 
be a point stabilized by H. Let us apply the construction that has led to Theorem 
7.5.16 to N = Res§ V. By Corollary 1.6.10 we have that 


Ind? N = Ind& (Res, V) = V @ L(X). 
Now (7.23) coincides simply with 


V 8 LX) = QV 8 å»). 


xeX 


Moreover, if T € Endy (Res V), v € V, g € G and x = gx € X, then 


T(v 8 bx) = Tillo w 8 xl} 
= O(g)[To(g7')v O ôx] 
= [øo (g)To(g7!)v] 8 ôx 


where 0 = Ind, [Res%o], that is, 0(g)(v @ ôx) = a(g)u 8 dgx. 


Note also that if A= Endg[Ind& N] and B= (T : T € Endy(N)} C A, 
then Proposition 7.5.15 yields the following characterization of B: 


B = {A € Endc[V 8 L(X)]: A(V @ ôx) = V @ dxf. (7.29) 


7.5.5 Iterated tensor product of permutation representations 


In this subsection, we anticipate, in an abstract form, a general construction that 
leads, as a particular case, to the Partition Algebras, which will be treated in the 
next chapter (see [58], [89] and [54]). Since this construction is an immediate 
application of the theory developed in this section, we found it natural to place 
it at the end of this chapter. 

Let G be a finite group and H < G a subgroup. Denote by X = G/H the 
corresponding homogeneus space and let x9 € X be a point stabilized by H. 
Also denote by à the permutation representation of G on X: [A(g) f](x) = 
f(g—'x) for all g € G and x € X. Set 


L(X)® = L(X) 9 L(X) @ --- 9 L(X) 
a 
k-times 
and àk =A @QA®W--- QÀ. 
— 


k-times 
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The linear isomorphism 


L(X)®* — L(X x Xx---x X) 
k-times (7.30) 
bx, ® 5x, Q&Q Ox, be OEE Garsi Xx) 


is also an isomorphism of G-representations, since 
Ar(g)[5x, ® Ôx D-8 ôx] == Sex, ® Sexo D-8 Sex, 


We now make the assumption that H is a multiplicity-free subgroup of G 
(see Section 2.1.2). It is not essential but it rather simplifies the notation and 
the statements of the results. In Exercise 7.5.20 we leave to the reader the easy 
task of generalizing these results when the subgroup H is not multiplicity-free. 

Using Corollary 1.6.10 (see also Example 7.5.17) we decompose L(X)®* 
in the following way. First of all, note that 


L(X)® = L(X)®*Y Q L(X) = Ind§ [Res L(X)®*-] 


where the equality follows from Corollary 1.6.10. Therefore, to construct 
L(X)®*, we may start with the trivial representation Wo of G and then, for 
k times, alternatively restricting from G to H and inducing from H to G. We 
thus write formally 


L(X)® = [Ind Res$ ]* Wo 


where [IndG Res |‘ = Ind@Res¢ Ind@Res@ - -- IndẸ Res$. 
. k-times 

At any stage, we may use the fact that H is multiplicity-free: if W is an irre- 
ducible representation of G contained in L(X)®*—)), then Res W decomposes 
without multiplicities. On the other hand, if Y is an irreducible representation 
of H contained in Res? W, then Ind Y decomposes again without multiplic- 
ity. Starting from L(X) which is multiplicity-free, say L(X) = jez Wj, where 
Wje G are pairwise inequivalent, we construct paths of representations as 
follows. Given jı € J, we choose Y; € A which is contained in Res W,,. 
Then, we choose jz € J such that W;, is contained in IndẸ Y;,. And so on, thus 
obtaining a path 


P : Wo > Yo > Wi, > Y, > W; > Yp ceee Wii rI Wit 
(7.31) 


where Wo (resp. Yo) is the trivial representation of G (resp. H) and Y;, (resp. 
Wj,,,) is an irreducible H-sub-representation (resp. G-sub-representation) of 
Res W, (resp. Indĝ Y;,), € = 1,2, ..., k — 1. 
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Denoting by W, the last representation in the path p, (in other words, 
Wp = W, in (7.31)), we have the following orthogonal decomposition: 


L(x) = Qw, 


where the sum runs over all paths p as above. 

In order to formalize this procedure, we introduce a suitable Bratteli 
diagram. The levels of the diagram are parameterized by the numbers 
{0, 4,1,1 + 4,2,2+5,...}. For an integer k > 0, the kth level is formed 
by those (educi; representations of G that are contained in L(X)®*, while, 
the (k + +)nd level is formed by those irreducible representations of H that 
are sonani in Res SIL(X je"). I£ Wje G belongs to the kth (resp. (k + 1)st) 
level and Y; € F belongs to the the (k + znd level, then we draw an edge 
connecting W; and Y; if Y; is contained in Res¢, g W; (resp. if W; is contained 
in Ind& Y; ) The Oth (resp. . 33t) level is formed only by the trivial representa- 
tion Wo € G (resp. Yo € F ). Clearly, a representation W; € G (resp. Y; € A ) 
belongs to the kth (resp. (k + +)nd) level if and only if there exists a path p 
as in (7.31) starting with Wo — Yo and ending in W; (resp. Y;). Thus, a good 
parameterization of G and Ĥ and a clear description of the branching rule for 
Ind& and ResG, may lead to an explicit description of the Bratteli diagram (see 
Example 7.5.19 below). 

Let now algebras come into the play. Set 


Ar = Endg [L(X)™*] 
and 
Arı = Endy {Resi [L(X)™]}. 


Then, clearly A, is a subalgebra of A, ,1. On the other hand, by Proposition 
7.5.14, we may identify A, 1 with a subalgebra of 


Arı = Endg [L(X)®**?] = Endg {IndfRes¥, [L(X)**]} . 
Therefore, we have a chain (or tower) of algebras 


Ao E Ar C Ai SAY S A2 S++ SAK C Appi © Any S +++ (7.32) 


1 
5 


which is multiplicity-free. Indeed, ee a 2 (resp. Resi") ) is multiplicity-free 


by virtue of Theorem 7.5.10 (resp. Theorem 7.5.16). Note that, in order to apply 
these theorems, the kth level of the Bratteli diagram may be identified with A, 
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(cf. the comments after the proof of Proposition 7.4.8 and Theorem 7.4.14). 
Moreover, by Theorem 7.4.14, 


LX) = AZ @ Wi) 
ne A, 


Ar = @ End(Z;) 


ne Ay 


and 


(where {Z}: € Ad are the irreducible representations of Ay and {W, :A€ 
Ax} are the irreducible representations of G contained in L(X 8), 
Similarly, the (k + Hnd level may be identified with A,,1 and we have: 


@ U, 8Y) 


peA 


Ile 


L(x) 
1 
2 
and 


Apa = D End(U,) 
Akl 
(where {Up : :p E A, +i} are the irreducible representations of A, +4 and 
{Y,: pe A, +4 } are the irreducible representations of H contained in 
Res&[L(X)®*}). 
In the following theorem, we summarize and conclude the discussion above. 
We recall that a path is a sequence as in (7.31). 


Theorem 7.5.18 
(i) The chain a (7. 32) is multiplicity-free. 
Gi) Forà € A, the dimension of Z}, which is also the multiplicity of W, in 
L(X)®*, is is equal to the number of paths starting from Ao and ending at x. 
(iii) For p € Apa: the dimension of U,, which is also the multiplicity of Yp 
in Res& [L(X)®*], is equal to the number of paths starting from Ap and 
ending at p. 


ke x Aad 
(iv) [fA € Ay and p € Aki then Z, is contained in Res 7 U, if and only if 
Y, is contained in Res? Wi. 
(v) fd € Ayy and p € Â: then U, is contained in Res% Aen ga if and only 


if W, is contained in Ind¢, Y, 


Clearly, (iv) follows from Theorem 7.5.10, while (v) follows from Theorem 
7.5.16. In view of (iv) and (v), the diagram constructed above will be called the 
Bratteli diagram of the chain (1.32). 
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NIRS 
Wi 


Figure 7.3 The Bratteli diagram for n = 4. 
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Example 7.5.19 The canonical example for the construction developed in the 
present subsection is the following. Take G = G,, H = G,_), so that X = 
(1, 2, ...,} and (with the notation in Section 3.6.2) L(X) = M"—!!. Then 


A(n) = Ende, [pm] 

and 
Ar (n) = Ende, [Ress pe] , 
Moreover, from the branching rule for the pair G,_; < G, (see Corollary 

3.3.11) we immediately get 

Aen) = {AE nin—-a, <k} 
and 

Agim) = (AK n— Lin-ay < kh 


Indeed, the corresponding Bratteli diagram may be constructed by means of the 
branching rule for 6,: Ay 4} (n) is the set of all partitions that may be obtained 
by removing a box from some partition in Ai (n), and a(n) is the set of all 
partitions that may be obtained by adding a box to some partition in A, 41(n). 
These rules also determine the edges in the diagram (see Corollary 3.3.11 for 
the branching rule for G,,). We illustrate this in the case n = 4 (see Figure 7.3). 


Exercise 7.5.20 Generalize Theorem 7.5.18 to the case when the subgroup H 
is not multiplicity-free. 


8 
Schur—Wey] dualities and the partition algebra 


The Schur—Wey] duality is a cornerstone of the representation theory. It estab- 
lishes a connection between the representation theory of finite groups and 
the theory of (continuous) representations of classical Lie groups. We examine 
the commutant of two representations of the symmetric groups ©, and 6, 
on the iterated tensor product V ® V ®--- ® V, where V = C”. 


k-times 
In the first case, the commutant is spanned by the operators of the natural 


representation of the general linear group GL(n, C) and this yields an important 
class of irreducible representations of this group. We shall not discuss the Lie- 
theoretical aspects, but we shall rather examine in detail a few topics such 
as the branching rule and the Littlewood—Richardson rule for the irreducible 
representations obtained in this way. 

In the second case, the commutant is an algebra called the partition algebra 
because it is described in terms of partitions of the set {1,2,..., 2k}. We limit 
ourselves to presenting a brief (though detailed) introduction to the partition 
algebra, focusing again on the properties of the irreducible representations 
obtained by means of the Schur—Wey] construction. 


8.1 Symmetric and antisymmetric tensors 


In this section, V is a fixed n-dimensional vector space over C and {e1, é2,... 
..+,@n} is a basis of V. We shall also suppose that V is endowed with a 
Hermitian scalar product (-,-)y and that {e1, e2,...,e,} is an orthonormal 
system, even though this requirement will not be always necessary. Actually, 
we may identify V with C” and take {e), e2, ..., €n} as the standard basis. Our 
treatment is based on the monographs by Goodman and Wallach [49], Sterberg 
[115], Simon [111], Fulton and Harris [43] and Clerc [21]. 
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8.1.1 Iterated tensor product 


In this section, we introduce the basic object of the present chapter: the iterated 
tensor product VS = V @ V @---@ V. We have already introduced tensor 
ee 


k-times 
products in Section 1.1.7 (see also Section 7.5.5). Here, we treat more closely 


the space V®* and we give three different (though equivalent) descriptions of 
it. We set V** = V x V x --- x V (direct product of k copies of V). 
eS 


k-times 
The first one, that we call analytic coincides with that one in Section 1.1.7 


(which is taken from [111, Appendix AJ): V® is the vector space of all 
bi-antilinear maps B : V**« = C. If vj, v2,..., vg € V the simple (or decom- 
posable) tensor product vı ® v2 ® --- © v is defined by setting 


k 
(v1 @ v2 @ +++ Q VU, U2, ..., Uk) = | [. vi) v, 


i=l 


for all (uj, u2, ..., up) E€ V**. 
The space V®* may be endowed with the Hermitian scalar product defined 
by setting 


k 
(uy @ U2 @ +++ Bug, V1 QVO: B ve) =] [ (ui. viv 
ii 


and the set {e;, ® ei @--- Qei | i1, i2,..., ik E {1, 2, ...,n}}is an orthonor- 
mal basis for V®*. 

The second definition is algebraic (or categorical). We recall that if U is 
another vector space, a map y : V** — U is multilinear if it is linear in each 
variable, that is, 


V 5 ve G(Uy, V2,.--, Un—1, V, Vh+1, +--+, Un) EU 
is a linear map for every h € {1,2,..., k}andall vj, v2,..., Uh—1, Unt, <- -, Un 
€ V. Then, the tensor product V®* may be also defined in the following way. 
It is a vector space equipped with a multilinear map 


p: yr + ye 


with the following universal property: if U is a vector space and Y : V** > U 
is a multilinear map, then there exists a unique linear map 6 : V®* —> U such 


8.1 Symmetric and antisymmetric tensors 359 


that 0 o ® = W, that is, such that the diagram 


yxk CERN Vek 


N? 


U 


is commutative. We leave it to the reader the easy task to verify that the 
tensor product defined in the first way satisfies the requirements of the second 
definition and that it proves the existence of V®* (even if the use of a scalar 
product is not very natural in this approach) and to also prove the uniqueness 
of the tensor product defined in the second way. For more on the algebraic 
approach of the tensor product, we refer to [43], [76] and, especially, to [115, 
Appendix B] which is very detailed and friendly. 

There is also a third and very elementary description of V®*, that 
we call combinatorial. We have already described it in Section 7.5.5. 
Set [n] = {1,2,...,n} and identify V S C” = L([n]). Set also [n] = 
[n]x[n]x --- x[n]. In other words, [n]* is the set of all ordered k-tuples 
(i1, i2, ~ of integers in {1, 2,..., n}. Then we have the natural isomor- 
phisms 


V% = Ln = Lin) (8.1) 


(cf. (7.30)). The isomorphism between the left- and right-hand sides of (8.1) is 
given by the map 


e Q Cj, @ +++ @ Ej, > Siinai 


for all (i), in, ..., ig) € [n]. 
We also have 


[End(V)]®* = End (V®*) (8.2) 


as in Section 1.1.7: given A1, Az,..., Ag E€ End(V), the tensor product A; ® 
A2 Q- -- @ Ax may be seen as the operator on V® defined by setting 


(A; © Az @- ++ 8 AV @ V2 @ +++ @ VE) = Av Q A212 @ +--+ Q Agy 


for all decomposable tensors vı ® v2 @---® vg, and then extended it by 
linearity. 

In the combinatorial description of V®*, the isomorphism (8.2) may be 
derived by (1.22): 


End(L({n})) = Ldn}* x [n}') = Ln} 8 Lin) 
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and this yields a matrix type description of End(V®*), Indeed, with each F € 
L({n}* x [n]‘) we may associate the linear map Tr € End(L({n]}*)) defined by 
setting 


Trei ® €i, @ +++ @ ei, ) 
= DO Fs jas- deits ins. ine, @ ep @-+- Be. (83) 


Js j2- k=l 


8.1.2 The action of G;, on V2 


The symmetric group Gx acts on V® in the obvious way: by permuting the 
coordinates. That is, we may define an action og of G; on V® by setting 


OK (V ® V2 @ +++ @ UE) = Vri) @ Vr) @ +++ @ Vqz-1K) 


for all x € ©; and all decomposable tensors vı ® v2 ® --- ® vz. It is easy to 
check that o is indeed a (unitary) representation of G; on V®., 

From the combinatorial description point of view, the definition of øg can be 
given in the following clearer way. Consider the action of ©% on [n]* given by 


(iy, 12, ss ik) = (lri be -1Q)5 s iaag): (8.4) 


Now, identifying [n]* with [n] = {6:{1,2,...,k} > {1,2,...,n}}, 
by [n]"15 6 < (1), 6(2),..., O(k)) € [n]*, then (8.4) becomes 2(0) = 
6077!. Then, op is the corresponding permutation representation of G; on 
L({n}‘). Compare also with the construction in Section 3.7.4. 

The combinatorial description of V®* easily leads to the decomposition 
of V® into irreducible G,-sub-representations. Denote by C(k, n) the set of 
all compositions of k in n parts, where each part is > 0 (cf. Section 3.5.3). 


With each a = (a1, a2, ..., an) € C(k, n) we associate the orbit Qa C [n]* of 
G+ consisting of all (i1, i2,..., in) € [In] such that |{j : i; = A}| = ap, for all 
h=1,2,...,n. Clearly, 
[n] = al Qu (8.5) 
aeC(k,n) 


is the decomposition of [n]* into the G,-orbits. Consequently, we have the 
following decomposition of V®* as a direct sum of permutation representations: 


vez Q m (8.6) 
aeC(k,n) 


where M“ is the Young module associated with the composition a (cf. Section 
3.6.2). 
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In the tensor product notation, © permutes the vectors of the basis {e;, ® 
€i, @---@e;,:1 <i; <n, 1 < j < k}, and the stabilizer of the vector 


€1 BC] R: Gey DeD: Dea SE QE ®@:-- Bex (8.7) 
a ee —— 
a ,-times a-times ag-times 
is the Young subgroup Sa, X Sa, X -+> X Sa,- The Gz-translates of (8.7) span 
M°. 


Lemma 8.1.1 We have 


k-1 k-1 
cama (“PET C) 


Proof Given integers 1 < h < m, we denote by (2(m, h) the set of all h-subsets 
of [m]. We sketch two proofs. In the first proof, with eacha = (a1, a2, ..., an) € 
C(k, n) we associate the following (n — 1)-subset of [n + k — 1]: 


Qa = {a + 1, a) +a +2, ..., a Fag +--+» +a); +n —- I}. 


It is easy to see that the map C(k, n) 5 a > Qa E Qn +k—-1,n—Il1)isa 
bijection. In the second proof, with the sequence 


1 ee ae ee ee MR 0, n,..., A) = (i1, i2,..., ig) 
a 2 a eae ae 
a,-times dy-times d,-times 


we associate the k-subset of [n + k — 1] 


Ra = {ho + 1,..., ik +k — 1}. 


Again, the map C (k, n) 3a > Ra € Q(n + k — 1, k) is a bijection. 


Note that, in the second proof above, we have counted the number of k- 
multisets of an n-set: see the monographs by Aigner [2], Cameron [16] and 
Stanley [112]. 


8.1.3 Symmetric tensors 


The symmetrizing operator on V®* is the linear map Sym: V® + v® 
defined by setting 
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where ox is the representation of ©; on V®* defined in Section 8.1.2. In other 
words, 


1 
Sym(v; @2 @- +: @ v) = a > Uq-11) @ Vq-12) @ +++ @ Vr-ik)» 


mEG, 


for every decomposable tensor vı ® v2 @ --- ® vg. Lemma 1.3.5 ensures that 
Sym is the orthogonal projection on V®* onto the isotypic component of the 
trivial representation of G; (see also Corollary 1.3.15). The image of Sym, that 
we simply denote by Sym(V®*), is called the space of symmetric k-tensors 
over V or the kth symmetric power of V. In other monographs, it is denoted 
by S*(V). We also set Sym(V®°) = C. In other words, a tensor T € V®* 
belong to Sym(V®*) if and only if o,(7)T = T for all x € G,. For instance, 
v®w+w®v is a tensor in Sym(V®7) for all v, w € V. From (8.6) and 
Lemma 8.1.1, it follows immediately that 


. +k—-1 
dimSym(V®*) = (" | (8.8) 
Given v1, v2,..., Uk E V, following the monograph by Fulton and Harris 


[43], we set 


Vi: V2... Vg =k! Sym(vi @2 Q- - Q vg) 
= > Vr(1) 8 Uz (2) E +++ @ Vrk). 


nE: 


Clearly, the set {e;, < ep +... t€ : 1< i) <i < +--+ < ię < n} isan orthogonal 
(not normalized) basis for Sym(V 8%). 

An alternative basis is the following: {ea = 0G, i. ipe Ci: @ Cin DO 
:a E€ C(k,n)}, where Qa is as in (8.5). Clearly, if (i1, i2,..., ik) E Qa then 


Ci, 


i, Cin ++. Ci, = aila?! agleg. (8.9) 


Consider the multilinear map 


g: yxk > Sym(V®) 
(V1, V2,..., Ug) Œ V1 V2... Up. 
Note that g is symmetric, that is, @(Ux(1), Va(2), «++ Vrk) ) = PCV, V2, ..-, Vk) 
for all z € Gx and v1, v2,..., Vg € V. This map is universal in the following 


sense. If W is another vector space and Y : V** — W is a symmetric mul- 
tilinear map, then there exists a unique linear map y : Sym(V8*) + W such 
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that the diagram 


Nt 


W 


commutes (that is, Y = w o g). Indeed, we may set 
Wd, V2... vg) = P(u, v2, ..., Vk). 


Note that y is well defined (because Y is symmetric) and it is the unique map 
that makes the diagram in (8.10) commutative. It is easy to check that this 
universal property characterizes Sym(V®%). 

Suppose now that V = V; @ V2, with dimV; = m, and choose the basis 
{e1, €2,..., €n} Of V in such a way that the first m vectors are in V; and 
the remaining n — m vectors are in V2. For O < h < k consider the linear 
map 


Sym(V 2") Q Sym(ve") > Sym[(Vi $ V2)®*] (8.11) 
(Uy V2:...- Un) @ (Ung + Unga... UE) Œ VE Va Uk 
where v1, V2,..., Un E€ Vi and Vh41, Unt2,..., Uk E V2. 


Proposition 8.1.2 The map (8.11) determines an isomorphism 


k 
Sym [m ® V2)? = QB [Sm vR Sym(v#“—)| 
h=0 


Proof Just note that if 1 <i <i <---<i,<m and m+1 <ini < 
İm+2 < +++ < ip < n, then we have 


(ei, "Cin tees ein) Q (Cina, Cina eee : éi,) © eit @j, +... * eie 


Note that from Proposition 8.1.2 and (8.8) we get an algebraic proof of the 
combinatorial identity 
JETER 7 Gay 
= m—1 n—-m—1 n—-1 
which is a variation of the Vandermonde identity (see the book by Graham, 
Knuth and Patashnik [51]). 


Now we state and prove a technical but fundamental result on Sym(V®*) 
which constitutes the essential tool for development of the duality between the 
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symmetric group Gy, and the general linear group GL(n, C). For v € V, we set 


v™* —yv@v®---@v. 
a Aau 
k-times 


We suppose that V = C” is endowed with the standard topology. 
Theorem 8.1.3 Let U C V be a nontrivial open subset of V. Then the set 
{u2 :u € U} 
spans the whole of Sym(V®*), 
Proof Let y : Sym(V®*) — C be a linear map such that 
pu) = 0 (8.12) 


for all u € U. If u = } `; x;e;, then we have 


pu*)= J` x'glea) 


acC(k,n) 
where e, is as in (8.9) and x4 = xf! x3 --- x®™. In other words, y(u®*) is a 
homogeneous polynomial of degree k in the variables x1, x2, ..., Xn. Since 


by (8.12) such a polynomial vanishes on a nontrivial open set of C”, then 
necessarily it is the zero polynomial; equivalently its coefficients must be all 
equal to zero. Thus (ea) = 0 for alla € C(k, n), that is p = 0, and this shows 
that the set {u®* : u € U} spans the whole of Sym(V 8%). 


As an example, we have 


1 
vi ® v +v 8 v = zl + v2) Q (vı + v2) — (vı — v2) 8 (vı — v2)] 


(see also (8.14) in the exercise below). 

In the following exercise, we sketch an alternative more constructive proof of 
a weaker version of Theorem 8.1.3. It is taken from the book by Goodman and 
Wallach [49, Lemma B.25]; see also the monograph by Bump [15, Proposition 
38.1]. 


Exercise 8.1.4 (1) Let C$! ={(, y3,---. V): yi € {—1, 1}, i=2, 3, ..., k} 
be the product of (k — 1) copies of the (multiplicative) cyclic group C2 = 


{—1, 1}. Identify the dual group Ge with the collection of all subsets of 
{2,3,...,k} by setting, for J C {2,3,..., k}, 


x~=[[vi 


jes 
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for all y = (72, V3, ---> Yk) E€ ck, Show that the Fourier transform on Cc 
and its inversion formula are given by 


D= VY fx’) 
yech! 


and 


1 pa 
ID= 2, FOXO), 


Jec! 


for all f € L(C5~'). 
(2) Let ® : Sym(V®*) — C bea linear map. Given v1, v2,... Un € V set 


f(y) = [wi + yv + + yev] (8.13) 
forall y € co. Set Jo = {2,3,..., k}. Show that 
Fo) = 2 1k1@ [Sym(v; @ v @--- @ vg]. 
(3) Deduce from (2) the following polarization identity: 


Sym(v; @ vz Q- Q vg) 
k 


1 
= p 2 ([[v J@trnt--+nw™ 814) 
` yec! \j=2 
(4) Deduce from (3) that if U C V is a dense subset, then {u®* : u € U} 
spans the whole of Sym(V 8%). 


Hint. (2) Expand the tensor product in (8.13) and consider the simple tensors 
of the form v;, ® vi, ® +--+ @ vi,» with i), i2, .. . , ig distinct. 

(3) Write down the expression for Fo) and use the fact that the map © is 
arbitrary. 


8.1.4 Antisymmetric tensors 


Let op be again the representation of G% on V® defined in Section 8.1.2. The 
alternating operator on V®* is the linear map Alt : V@* > V®* defined by 
setting 


1 
Alt:= = X emol) 


` mEGE 
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where € is the alternating representation of 6%. In other words, 


1 
Atu @2 @--- BU) = FY) Uy) B ao B+ @ vriw 


. nE: 


for every decomposable tensor vı ® v2 @ -- + Q vk. 

From Corollary 1.3.15 it follows that Alt is the orthogonal projection of V®* 
onto the isotypic component of € in V®*. The image of Alt, namely Alt(V®*), 
is called the space of antisymmetric (or alternating) k-tensors over V. It is also 
called the kth exterior power of V and it is often denoted by N V. Finally, we 
set Alt(V®) = C. 

Clearly, a tensor T € V® belongs to Alt(V®*) if and only if og(r)T = 
é(z)T, for all x € Gy. 

Given v1, U2,..., Ug E V, we set 


Vp A V2 A+++ A vp =k! Alt(vy @2 @--- ® vg) 
= > E(T)Uz(1) @ Vr) @ +++ @ Vak) 


nE: 


(here we follow the monograph by Fulton and Harris [43]; in the book by Simon 
[111] there is a Jk! in place of k!, while in the book by Goodman and Wallach 
[49] there is no normalizing factor in front of Alt). 


Proposition 8.1.5 The set 
{ei Nen A+++ A Ci, D1 <i <in <-++- <i <n} 


is an orthogonal basis for Al(V®*). In particular, dimAlt(V®*) = (7) for 
0 < k < n and Alt(V®) = {0} fork > n. 


Proof Let a = (aj, a2, ..., an) € C(k,n) and suppose that a; € {0, 1} for 
all i = 1,2,...,n. Then there exist 1 <i) < in < --- < ip <n such that 
aj, = aj, =--- = i = l anda; = Oifi ¢ {i1, in, ..., ig}. Moreover, the vec- 
tors eia ® eiro @ +++ eiry With x € G; form a basis for the correspond- 
ing permutation module M“ in (8.6). But Alt(e a 8 ero De 8 iw) = 
elr )ei ^ei ^tt Aei. Therefore M° = M " contains the alternating rep- 
resentation of G; with multiplicity one and the corresponding space is spanned 
by ei A @i, N+ ++ AN Cx. 

Now suppose that a; > 2 for some index j. If (i, i2,..., ik) € Qa, then 
i, =i, = j for a pair of distinct indeces s and t, and therefore 


Alt(e;, ® ĉi, ® ses ® €i,) = 0 
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Since the set {e;, Q ei -Q ei : (i1, i, ..., ik) € Qa} is a basis of M°, this 
shows that M°“ does not contain the alternating representation of G, and this 
ends the proof. 


Note that in the above proof we have derived again a particular case of the 
Young rule (Corollary 3.7.11), namely the case u = (1, 1,..., 1). 
Let W be another vector space. A multilinear map 


p: vV* >W (8.15) 
is alternating (or skew-symmetric, or antisymmetric) if 
P (Va), Va) «+ -> Vr) = ET )P(v, v2, ..., Vk), 


forall x € ©; and v4, v2,..., Ug € V. By virtue of the elementary polarization 
identity 


a(vı + v2, vi + v2) — æ (v1, v1) — (v2, V2) = (v1, v2) + æ (v2, vı) 


valid for all bilinear maps a : V*? —> W, we have that the map © is alternating 
if and only if ®(v1, v2, ... , vk) = O whenever v; = v; forsome 1 <i < j <k. 
We define an alternating multilinear map 


Y: yxk > Alt(V®*) 
(V1, V2,..., Ue) © Up A U2 A+++ A UR. 


This map is universal in the following sense. If ® is an alternating multilinear 
map as in (8.15), then there exists a unique linear map ¢ : Alt(V®*) —> W such 
that P = go y). Indeed, we may set 


PCV A v2 A+++ A Ug) = (v, V2, ..., Vk). 


It is easy to check (exercise) that this universal property characterizes 
Alt(V 8%). 

Suppose now that V = V; ® V2, with dimV, = m, and choose the basis 
{e1, €2,..., €n} Of V in such a way that the first m vectors are in V; and 
the remaining n — m vectors are in V>. For O < h < k consider the linear 
map 


Alt(V2") Q Aalt v) > Alt[(Vi © V2)®*] 
(Vy A v2 A+++ A Ug) @ (Ung A Unga Avs A Ug) Fe Vy A U2 A+++ A UE 
(8.16) 
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where vj, U2,..., Un E Vi and vps, Vh+2, .--, Uk E V2. In particular, if 1 < 
ip <i <- <in <mandm+ 1 < ings <img. <- < ip <n, we have 


(ei Neg ANASA ein) Q (ein Nepp Anas A €i,) > ei ^ Ei, A+++ A Cig 
We then get the following analogous of Proposition 8.1.2. 


Proposition 8.1.6 The map (8.16) determines an isomorphism 


k 
Alt[(Vi o ⁄)”] = DB [anv Qan )] , 
h=0 
From the algebraic identity above the usual Vandermonde identity for the 
binomial coefficients follows (see (5.6)). 


8.2 Classical Schur-Weyl duality 


In this section we examine the classical Schur-Wey1 duality between G, and 
GL(n, C). However, we do not go deeply into the representation theory of 
GL(n, C), nor do we discuss the representation theory of the unitary group 
U(n) and SU(n). For a thorough dicussion of these topics, that requires tools 
like Lie algebras and representation theory of compact, locally compact and 
algebraic groups, we refer to the books by Simon [111], Goodman and Wallach 
[49], Sternberg [115], Bump [15], Clerc [21], Fulton and Harris [43] and the 
recent book by Procesi [103]. These monographs are the sources of most of the 
material presented in this section. 

Our aim is mainly the study of the action of G, on V®* and the repre- 
sentation theory of its commutant, which is, in any way, the milestone in the 
study of the Schur—Wey] duality. Then we limit ourselves to show that the irre- 
ducible representations of the commutant of 6; yields a family of irreducible 
representations of GL(n, C). We also show how to use the machinery devel- 
oped in Chapter 2 to describe these irreducible representations of GL(n, C) and 
introduce a related Young poset. 


8.2.1 The general linear group GL(n, C) 


The general linear group GL(n, C) is the group of all invertible n x n, com- 
plex matrices. We identify it with GL(V) the group of all invertible linear 
transformation on V = C”. If {e), e2,..., én} is a basis of V as in Section 
8.1, the isomorphism GL(n, C) = GL(V) associates with the invertible matrix 
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& = (8i,)i,j=1,2,...n € GL, C) the linear transformation given by 


ej Ý gi je. (8.17) 
i=l 


For g € GL(V) and v € V, we denote by gv the g-image of v so that we also 
write (8.17) in the form 


gej =} Bij. (8.18) 
i=l 


A linear representation (o, W) of GL(V) is a group homomorphism o : 
GL(V) —> GL(W). A -representation is a linear representation o such that 
o(g*) = o(g)* for all g € GL(V). Two representations (o, W) and (p, U) of 
GL(V) are equivalent if there exists a linear bijection T : W — U such that 
To(g) = p(g)T for all g € GL(V). A subspace U < W is o-invariant if 
o(g)w € W for all w €e W, g € GL(V). We say that (o, W) is irreducible 
when W has no nontrivial invariant subspaces. 


Example 8.2.1 For k > 1 we define a -representation pp of GL(V) on yok 
by setting 


Pr(Z)(U1 D V2 @ +++ @ Ug) = 8V1 B gU @® ++: @ gu, 


for all g € GL(V) and all decomposable tensors vı ® v2 @--- Q vg € ye, 
In terms of (8.2) we have (e) = g®g@®---@g, that is o = a if the 
k-iterated internal tensor product of representations of GL(V) is defined as in 
Section 1.1.7. The representation p; is also called the defining representation 
of GL(V). 
From (8.18) we immediately get the following matrix representation of 
Px(8), & = (8i,{)i,j=1,2,...n E€ GL, C) = GL(V): 


PLENE Be @ +++ @ ej) 


n 


= ) Siji Siz, j °° Eik, je Pit 8 eir @- ++ @ Ej, 


i, i2,...,4=1 


The representations p% of GL(V) and oz of ©, (defined in Section 8.1.2) 
commute: 


PICS )OK(T) = OKT) PKS), (8.19) 


for all g € GL(V) and x € Gy. 
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Example 8.2.2 The subspace Sym(V®*) (see Section 8.1.3) of V® is pp- 
invariant. Indeed, for all 1 < ji < jo < --- < je < n we have, 


PBMC jy ejnt Cj) = Plk! Sym(e;, De O: Beh) 
=k! Sym[ pa Eiji Sin. j t Sins ie’ 
i) ,i2,.., ip=l1 
-ĉi DeL D @e;,] 
= D Sii, ji Sia, j2 tae Sin. je iy . ĉi, TE eip- 
1 


E 


(8.20) 


In the next subsection, we show that the restriction of the representation p; of 
GL(V) to the invariant subspace Sym( V®*) is irreducible. For the moment, we 
present an isomorphic representation. 

Let W% denote the space of all homogeneous polynomials of degree k with 
complex coefficients in the variables x1, x2, ..., Xn (see Section 4.1.2). There 
is an obvious linear isomorphism of vector spaces between Sym(V®*) and we, 
given by the map 

egre nep ER XX jy Ajo (8.21) 
forall 1 < ji < jo <--- < ją < n. We define a representation 6 of GL(V) on 
Wk by setting 

n n n 
(Ox(g) P(x, X25 ---5%n) = PCY Baiti D Birks «++. D Bini) 
i=l i=l i=l 
for all g € GL(V) and p € wE. It is easy to see (exercise) that 6, is a represen- 
tation of GL(V). Note that in the jth coordinate of p there is )~"_, g;, jx; and 


and the polynomial p as a function on the row vector (x1, X2, ..., Xn), we have 


OLD px, XQ, +55, Xn) = pix, XQ, ++, Xn)g). 


Then, 6; is isomorphic to the restriction of p to Sym(V®): if x AX jy Xj, AS 
as in (8.21), then 


n n n 
OEA j, Xj, me Xj) = ‘o> Si Xi) i OD Sin, j Xin) pe ion Siz, jeXix) 
i=l i=1 ip=l 
n 
> Eii, ji Siz, jr °° * Sig, jki Xin © Nix 


i), i2,...,4=1 


that coincides with (8.20), modulo (8.21). 
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Example 8.2.3 The subspace Alt(V®*) (see Section 8.1.4) is also p,-invariant. 
Indeed, for all 1 < ji < j2 <--- < je < n we have, 


P(g ej, A ej At A ej) = PE! Alt(e;, DeD @ ej.) 


(by (8.19) = K! Altlpy(g)(ej, Be, BD Bey) 
n 
= 5 Bii, ji 8i2, j2 ° Bik jei Cig N***A Cig 
itise k=l 
which equals 
b= E(T) Bin). j Eiro. j Sina je | Ci A ei, Nti A eige 


l<i<iz<=-<i<n \ nE: 


In the next subsection, we show that the restriction of the representation px of 
GL(V) to the invariant subspace Alt(V®) is irreducible. 

The character of a representation (o, W) of GL(V) is defined in the obvious 
way: x°(g) = tr[o(g)]. Clearly, equivalent representations have the same char- 
acter. In particular, suppose x1, x2, ..., Xn are the solutions of the characteristic 
equation of det(g — AJ) = 0, that is, the eigenvalues of g (where each eigen- 
value is counted according to its multiplicity as a solution of the characteristic 
equation). Then 


X8) = xy tx. +--+ +X, = tr(g) 
and, more generally, as it immediately follows from (1.18), 
X”) = i + x2 +--+ + xn) = tr(gy 


for all g € GL(V). 

Following the monograph by Simon [111, Lemma A.1] we now give an 
important generalization of these identities. We start with an elementary lemma 
which is a particular case of the so called Spectral mapping principle (see, for 
instance, [34, Theorem 20.13]). 


Lemma 8.2.4 Let A € M,,,(C) and denote by x1, x2, ... , Xn the eigenvalues 


of A. Then, for every integer h > 1, the numbers a x$, ..-, X? are the eigen- 


values of A". In particular, 
tr(A") = xt +x +e +x". 


Proof Let w = exp(27i/h) be a primitive hth root of 1. Then we have 


AtI — A} = (AI — ANAI — wA). Ol — o"! A) 
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and therefore 


h-1 
det(a"I — A") = det | | [MI — w/ A) 
j=0 
h-1 
= | [detar — wÏ A) 


j=0 
h-l n 

=[[]]a-e'x 
j=0i=1 


=| Ja" — x). 
i=1 


Consider the representation n of GL(V) x ©; on V® defined by setting 
n(g, m) = px(g)ox(z) for all g € GL(V) and wz € Gx. In other words, 


N(Z, TMV, Q V2 @ +++ @ UE) = Bvzqz-1(1) @ BUq-1(2) @ +++ @ Vr- (8.22) 
for all g € GL(V), wm € Gx and v1, v2,..., Ug E V. Moreover, 7 is a repre- 
sentation because p, and og commute. We now compute the character x” 
of n. 

Proposition 8.2.5 Let g € GL(V) and n € G,. Suppose that x belongs to the 


6,-conjugacy class C}, where à = (Aj, A2,.--, An) F k (cf. Proposition 3.1.3), 
and let x1, X2, . . . , Xn be the eigenvalues of g. Then 


X(g, T) = Pai, X2,- Xn), (8.23) 


where p, is the power sum symmetric polynomial associated with the partition 
à (cf. Section 4.1.3). 


Proof Leto € Gx. Since 
x"(g, oro!) = X'in, ON, In, 07) = X87), 
we may suppose that 


m = (l> à> àl >- -> 2 > DAIA1 OAL +A2 3+ A, +21, 
+1)---(k—àÀnr+1—>k—>k-—1—>---—>k—inr+2—k—ìr+1). 
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We then have: 
n 
trina, I= D> (ne, ej, DeD @ lj), Cj Bly @ ++ Bej) yor 
Js j2,- j=l 
n 
= 2 (8e j1 CHIV 8E- EIV 8E- CHV 
Jis jd Sk=l 


5 > (82n, Cn) V (BCs en) v ++ (BCH Cn, dV 


PSI f),ha,..., h,=1 


h n 
= X ` Eth Eh, °° * Ebt 


r=1 a A 


=, Dar ¥ x coe x) 


rsi 


= Pr(xX1, X2, Sosy Xp) 


where =, follows from Lemma 8.2.4. 


Corollary 8.2.6 Denote by x’ (resp. x“) the character of the restriction of the 
representation py of GL(V) on Sym(V®*) (resp. Alt(V®)). Then we have 


XS) = glx, X25 +++ Xn) 


and 


x4(g) = €x(X1, X2, ER , Xn), 


where x1, X2, . . . , Xn are the eigenvalues of g, and h; and ex are the complete 
and elementary symmetric polynomials (cf. Section 4.1.3). 


Proof We have 
x°(g) = tr [px(g)Sym] 


1 
= girl} aee) 
TEGE 


1 
= do tin, g) 


` nE: 
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1 
(by Propositions 4.1.1 and 8.2.5) = > — py(%1,X2,---,Xn) 
ALk 


(by Lemma 4.1.10) = hg(x1, X2,..., Xn). 


The proof of the second identity is similar: we replace Lemma 4.1.10 with 
Remark 4.1.14 (cf., in particular, (4.15)). 


The group algebra of GL(V), denoted by C[GL(V)], is the space of all 
functions f : GL(V) > C whose support supp( f) := {g € GL(V) : f(g) # 
O} is finite. It is an associative algebra where the multiplication of two elements 
fi, fa € C[GL(V)] is their convolution fı x» f2 defined by 


fix flgy= D> AWRA g) 
heSupp(/i) 


for all g € GL(V). Equivalently, we may identify an element f € C[GL(V)] 
with the (finite) formal sum }` eeGL(V) Ff (g)g. Then the convolution becomes 
formal multiplication: 


fix h= 2 fig > f2(82)82 
gı EGL(V) g2EGL(V) 
= Yo Aled frlgr)sige 
81,82€GL(V) 


yaa Yo AM fh") |g, 


geGL(V) | heSUpP(fi) 


where the last equality follows by setting g = gıg2 and h = gj. 
Clearly, C[GL(V)] is infinite dimensional. 
Let (o, W) be a *-representation of GL(V) and f € C[GL(V)]. We set 


o(f)= >> f(h)o(h) € End(w). 
hesupp(f) 


Then o(C[GL(V)]) is a finite dimensional *-algebra of operators on W. More- 
over, (o, W) is GL(V)-irreducible if and only if it is o(C[GL(V)])-irreducible. 


8.2.2 Duality between GL(n, C) and ©; 


We recall that we have identified the algebras End(V2*) and End(V)®* by 
means of the isomorphism (8.2). 
Define a representations 6; of G; on End(V 8%) = End(v)® by setting 


O(A @ Ar @ +++ @ Ag) = Ara) D Arai) @ ++» An- 
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for all z € Gy and Aj, A2, ..., Ax E€ End(V). It is clearly the analogue of og 
with V replaced by End(V). 


Proposition 8.2.7 For every T € End(V®) and n € G,, we have 
OTT = opla) T o(a!) (8.24) 


Proof Given the decomposable tensors J = A; ® Ar ®---@ AE 
End(V)® = End(V®) and vı @ v2 @--- @ vg € V we have 
[kA @ Az @--- @ Ag) (v1 @ v2 @ ++» @ vg) 
= Ára B ArU @ +++ An- Vk 
= oln )(A1vr0) @ Avr) @ +++ @ Axvacey) 
[oA 8 Az @ +++ @ ATTU ® vz @ +++ @ vx). 


We are now in position to prove one of the main ingredients of the classical 
Schur—Weyl] duality: the characterization of the commutant Ende, (V®) of 
V®* with respect to the representation ox. 


Theorem 8.2.8 With respect to the isomorphism (8.2), we have 
Ende, (V®%) = Sym[End(V)°*] = px(C{GL(V))), 


where Sym = a D reS 6, (1) is the symmetrizing operator on End(V)®* with 


respect to the Gx-representation 6x. 


Proof The first identity is an immediate consequence of Corollary 1.2.22, 
Lemma 1.3.5 and Proposition 8.2.7: Endg,(V®*) coincides with the isotypic 
component of the trivial representation with respect to the representation 6; of 
G; on End(V®*) (see (8.24)) and Sym is the projection operator onto the trivial 
representation. 

The second identity is a consequence of Theorem 8.1.3: GL(V) is a nontrivial 
open set in End(V) (J € End(V) belongs to GL(V) if and only if det(J) Æ 0, 
and det is a continuous function: it is a polynomial in the coefficients of the 
operator J). Therefore, the set 


>> f(ge™ : f € CIGL(V)] 


geGL(V) 


coincides with Sym[End(V)®*], and Žec) FOE = P). 


Remark 8.2.9 Theorem 8.2.8 may be formulated in the following equivalent 
way: the commutant of oŁ[L(6+)] in End(V®*) coincides with p,{C[GL(V)]}. 
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Therefore we can apply the double commutant theory (Theorem 7.3.4). How- 
ever, we shall state the results in terms of representations of the groups G; and 
GL(V). 


For à F- k, set 
U` = Home, (S4, V™), (8.25) 


where $° is the irreducible representation of G; canonically associated with A 
(see Definition 3.3.8). As in Theorem 7.3.4, we may consider the representation 
pi. of GL(V) on UÀ defined by setting 


[ea(g) (LT) = px(g)T 


for all g € GL(V) and T € U^ (the right-hand side is the composition of 
T : Sò > V® with (g) : V@k —> V®*). We also recall that x* denotes the 
character of S, d} the dimension of S and s, is the Schur polynomial (in the 
variables x1, X2,...,X,) associated with A (see Section 4.3.1). The character 
of (px, U*) will be denoted by ¢* and its dimension by m,. We will also use 
the Young seminormal units {er : T € Tab(k)} introduced in Section 3.4.4. 


Theorem 8.2.10 (Classical Schur—Weyl] duality) 
(i) The set {U*: AE k, L(A) <n,k =1,2,3,...} is a set of irreducible, 
pairwise inequivalent representations of GL(V ). 


Gi) Setting Aeay+1 = Aeayg2 = ++: = An = 0, we have 
LOA) di ed 
m, := dimU* = 471 []u-i+m= IT a 
i=1 j=1 I<i<j<n 
(iii) The character y* of (p), U*) is given by 
P8) = X1, X2 ho Xn), 
where x1, X2,..., Xn are the eigenvalues of g € GL(V) (as in Lemma 


8.2.4). 
Gv) We have that 


yok ow QB (U* Q S*) 
tEn 


is the (multiplicity-free) decomposition of (n, V®*) into irreducible 
(GL(V) x Gx,)-representations (cf. (8.22)). 
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(v) We have that 
y2 = QB m, S° 
AEk: 
L(A)<n 


is the decomposition of (ox, V®*) into irreducible G,-representations. 
(vi) We have that 


ye =~ QB d, U> 
AEk: 
LOJN 


is the decomposition of (px, V®*) into irreducible GL(V )-representations. 


In particular, 
y= p B oler) VO (8.26) 
AKk: TeTab(à) 
L(A)<n 


is an orthogonal decomposition of (px, V®) into irreducible GL(V)- 
representations, with oler) V & = U> for all T € Tab(A) and d,U* = 
Preto) ox(er)V™. 


Proof First of all, recall the decomposition (8.6). We may then apply the Young 
rule (Corollary 3.7.11; actually, the weaker version in Theorem 3.6.11 suffices 
and applies in an easier way): the G,-representation Sà appears in V®* if and 
only if it appears in M“ for some a € C(k, n) and therefore if and only if 
£(A) < n. With this remark in mind, and taking into account Theorem 8.2.8 and 
Remark 8.2.9, we may apply the double commutant theory (Theorems 7.3.4 
and 7.4.14) to the representations px and ox, yielding (iv) and the irreducibility 
and pairwise inequivalence of the U*’s. 

From (iv) and an obvious generalization of Proposition 1.3.4 (iv) and (vii), 
we get the following expression for the character of 77: 


xg.) = D> oX(g)x*@) (8.27) 
Ek: 
e(A)<n 
for all g € GL(V) and x € Gx. Comparing (8.27) and (8.23) we get that if 
X1,X2,...,X, are the eigenvalues of g and az € C,,, where u F k, then 
Pur X2- Xn) = So wea): 
AEk: 
e(A)<n 
Since {s,: Ahk, €(A) <n} and {p,:utk, (u) <k} are bases of the 
vector space A* (cf. Theorem 4.3.1 and Theorem 4.1.12, respectively), 
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Theorem 4.3.9 and the orthogonality relations in Corollary 1.3.7 ensure that 
Plg) = 8, (x1, X2,..., Xn), and this proves (iii). 

Then (ii) follows from Theorem 4.3.3 and (4.39). 

Moreover, ifA F kand uF hwithk Æ h, then p} % p, as the corresponding 
characters are different and this gives (i). 

Finally, (v) and the first part of (vi) follow from Theorem 7.3.4, while the 
second part of (vi) follows from Theorem 7.4.14 and the definition of er (see 
(3.58)). 


Observe that, since Sym is the projection onto the isotyopic component of 
the trivial representation (see also Exercise 3.4.13.(1)), we have 


UP = Sym(V®*) (8.28) 


as GL(V)-representations, and the computation of the character x° in Corol- 
lary 8.2.6 agrees with that in Theorem 8.2.10.(iii)); indeed, from the Jacobi— 
Trudi identity (Corollary 4.3.18), it follows that sy) = hg. Similarly, as GL(V )- 
representations, 


uy) = At(V2%) 


and the two computations of the characters agree; the details are left to the 
reader. Finally, it is clear that U® = V. 


8.2.3 Clebsch-Gordan decomposition and branching formulas 


We recall the definition of the Littkewood—Richardson coefficients: for à H k 


and 1 < h < k — 1, these are the nonnegative integers ch 6 involved in the 
decomposition 
G; AA h 
Resgix6,_,5° = a> Chu lS” X S] (8.29) 
vHh, 
p}k—h 


(cf. Definition 6.1.25.(3) and Corollary 6.1.35 (the Littlewood—Richardson 
rule)). 

We have devoted the entire Chapter 6 to the combinatorial description of 
the coefficients ch „ and to a deep analysis of (8.29). In the present section, 
we only use (8.29) because we have to show that the same coefficients govern 
two different rules involving the irreducible representation U* of GL(V) (cf., 
(8.25)), that is, we do not need the explicit results in Chapter 6. 

In what follows, we regard G} x Gx_» as the stabilizer of {1,2,..., A}. Let 
vF h, uF k-— h and £(v), £(u) < n. We consider the external tensor product 
of U” and U“, that we denote by U” X U” (with a slight modification of 
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our convention in Section 1.1.7), which is a representation of GL(V) x GL(V). 
We also consider the internal tensor product U” & U” = Resa OU ” X 
U+”), where GL(V) is the diagonal subgroup {(g, g) : g € GL(V)} < GL(V) x 


GL(V). 


Theorem 8.2.11 (Clebsch-Gordan decomposition) For v F h, ut k—h 
and &(v), £(u) <n the GL(V)-representation U” & U” has the following 
decomposition as a direct sum of irreducible representations: 


ux À A 
eu" = @ dur 
AEk: 
e(A)<n 


Proof Consider the representation on ® ox—n of Gn x Gx_, on V% = V @ 
Vek") We set 


B = onr 8 o%-n[ L(G x Gy—n)] = on[L(Gp)] ® ox¢—nlL(Gx_n)] 


that is, B is the subalgebra of End(V®*) = End(V®") & End(V®*—") spanned 
by all operators o),(77) Q on, (t), 7 € ©, and t € Gy_),,. From Theorem 8.2.8 
it follows that the commutant of $ is given by: 


= (Pn Q pr-n{CLGL(V) x GL(V)]} = pa{ClGL(V)]} ® ox—n{CLGL(V )]} 


which is spanned by all operators of the form p;(g1) ® Pk-a(82), 81, 82 E€ 
GL(V). Clearly, B C A := o;,[L(G,)] and B’ D A’ := px{C[GL(V)]}, where 
A and A’ are the algebras used in the proof of Theorem 8.2.10. Note also 
that, applying Theorem 8.2.10 both to V®" and to V®“—” and taking into 
account Proposition 7.3.1, we deduce that the decomposition of V®* into 
B ® b'-irreducible representations is: 


VF= QD Pw’ au) As’ R Se). (8.30) 

Eh: vEk—h: 

L(u)<n &v)sn 
This is also the decomposition into irreducible (GL(V) x GL(V) x Gy, x 
Gx_,)-representations, and this also proves that U” KU" is (GL(V) x 
GL(V))-irreducible. We now apply the seesaw reciprocity theorem (Theorem 


7.5.10): the multiplicity of U* in Res@Y*S™ (Vy X UH) is equal to the 


GL(V) 
sage aed of S” X S” in Rese ees S>. It is also clear that Regy = 


Res, 


As a particular case of Theorem 8.2.11 we get the following remarkable rule 
(recall that V = U®). 
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Corollary 8.2.12 For wt k — 1, &(u) < n, we have: 


UX @V= QB U>, 


AÃk: 
e(A)<n 


A> 


where à — n is the notation for à covers u introduced in Section 3.1.6. 


Proof For h = k — 1 the Littlewood—Richardson rule reduces to the branching 
rule (Corollary 3.3.11). 


It is worthwhile to examine more closely Corollary 8.2.12 because it leads 
to a remarkable connection with the Okounkov—Vershik theory developed in 
Chapter 2. For example, if k = 2 we have the decomposition: 


V&V U® @U!! = Sym(V®) @ Alt(V®). (8.31) 


Starting from (8.31) and iteratively applying Corollary 8.2.12 we can easily get 
an (orthogonal) decomposition of V® into irreducible GL(V)-representations 
(and we will show that it coincides with (8.26) in Theorem 8.2.10). For instance, 
for k = 3, we have 


VEeVEVE[U% eU''1@V 


=[U® @U*']}@[U*! eur"), a 


and we may continue this way. In order to formalize this, we need some 
more considerations. Note that, by the branching rule for G;, we have, for 
AE k, €(A) <n, 


Reser cary BU) = A (s* wu’) 


prk—1: 
A> 


and, applying this decomposition to Theorem 8.2.10.(iv), we get the following 
(multiplicity-free!) decomposition of V® under G,_1 x GL(V): 


yea QB QB (St R UX). (8.33) 
AKk: kk—-1: 
(A)<n p> 


We can get (8.33) in the following alternative way. Consider the repre- 
sentation of G,_; x GL(V) x GL(V) on VƏ = V®4-) Q V, where G1 
permutes the first k — 1 coordinates and GL(V) x GL(V) acts via pg_1 X (1. 
Then, decomposing V@“—) @ V as in (8.30) and applying Corollary 8.2.12, 
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6x1 xGL(V)x GL(V) 


that is considering Res 6,1xGL(V) 


, we get: 


ye z yak) @Vve QB (Ss! RUHR V) 


pek—1: 
e(u)sn 

= pern 8 
u}k—1: AHk: 


L(u)<n LAN 
A> 


Note that we have just reproduced, in a particular case, the arguments in the 
proof of Theorem 8.2.11 (and those in the proof of Theorem 7.5.10 on which the 
former is based). Let us apply these considerations to get a different description 
of the decomposition (8.26) in Theorem 8.2.10). 

We first need to modify the Young poset introduced in Section 3.1.6. Given 
a positive integer n, the n-truncated Young poset Y, is obtained from the usual 
Young poset Y by considering only the partitions à such that £(A) < n. For 
instance, the bottom of the 3-truncated Young poset Y3 is shown in Figure 8.1 


(cf. Figure 3.12): 


X] 


JN / X 


/ 
NI 
a 


Figure 8.1 The bottom of the 3-truncated Young poset Y3. 


Let à F k and à = AM — &-D > A02 > ... = 1 = (1) be a path in 
Y,, let T € Tab(A) be the corresponding standard tableau and wy the associated 
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GZ-vector (cf. Section 3.4.2). Clearly, in (8.26) in Theorem 8.2.10, we have 
ox(er)V™ = Cwr BU’. 


The subspace Cwr X U* may be reached by an iterative use of the branching 
tule for G,,, by means of the following chain of subspaces: 


SRP D S Roe ee SoS ee oa et. 
(8.35) 


We now formalize the construction in (8.31) and (8.32). Let A =~“ > 
ACD > A% _, ... —> 4 = (1) be the same path that has led to (8.35). 
Consider the following chain of subspaces: we” := Vk; Ww is chosen in 
Yok = V82 g Vk) = (UM @ UL!) @ V2" as follows: 


wr? LUC SVP fA = 
~ Jull@veke2 ifa® = (1,1). 


Iteratively, W*"” is the subspace U>” @ V24—") of 


we? z yw Q VEKI) 
~ awe” Q V) Q yek-h) 
p (U" Q Vek), 


Eh: 
&(u)sn 
pane) 


The chain ends with a subspace isomorphic to U*: 
yo = we” > we” 5 n > we” z U>. 


We set WT := W>”, and clearly, V&®* = Q rerba W7 is an (orthogonal) 
decomposition of V®* into irreducible GL(V )-representations. We show that it 
coincides with the decomposition (8.26) in Theorem 8.2.10. 


Proposition 8.2.13 We have WT = og(er)V ©. 


Proof We proceed by induction on k. The case k = 1 is obvious. We have 

w>“ = y>“ X V, and, by the inductive hypothesis, in V®“~ the subspace 
AED . . . 

U is given by the chain 


A&D A&D A&D 


U = Cwr XU 


(k-1) 


= sORuU 
(k-1) A&D x U* (8.36) 


es my CS 
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as in (8.35) (T is the tableau obtained by removing from T the box containing 
k, as in Section 3.4.4). Tensoring (8.36) on the right by V, and decomposing 
U“ RV by means of Corollary 8.2.12 we get the desired result. 


Exercise 8.2.14 Give an alternative proof of Proposition 8.2.13 by 


(i) using the fact that ey is a factor of er (cf. (3.59)); 
(ii) using the spectral analysis of the YJM elements applied to V®. 


We end this section by giving the Littlkewood—Richardson rule for GL(V). 
We still use the symbol & for the external tensor products even for vector 
spaces. 


Theorem 8.2.15 Let V = Vi ® Və with dimV; =m, 1 <m <n-—1. Con- 
sider the subgroup GL(V,) x GL(V2) of GL(V ) associated with this decompo- 
sition. Then, for every à F k, €(A) < n, we have 


GL(V) Red, À 
Reserv yxcuyy* = EB ci [U* QU"), 
u,vHk 
L(v)<m 
&(v)<n—m 


coincide with those in (8.29) (for the symmetric 


; A 
where the coefficients c} ,, 


group ©x). 


Proof We follow the indications for the solution of [43, Exercise 6.11]. We first 


need some notation. Denote by Q, the space of all -subsets of {1,2,..., k} 
and, for each A € Q}, choose o4 € ©; such that o,({1,2,...... A) =A. 
This way, 


Gp = al OA(Gn X Gen) 


AEQ; 


is the decomposition of G, into left (G;, x Gx_;,)-cosets. 

Consider the basis {e1, €2,..., €n} of V = Vi @ V2 in such a way that 
{e1, €2,..., €m} spans Vi and {@y41, @m+2,---, €n} Spans V2. For O < h < k, 
consider the subspace Wh of V& = (V; @ Vo) % spanned by the (basis)-vectors 
€;, Qei D Qe with |{t: i, € {1,2,...,m}| = h. Clearly, we have (see 
Lemma 1.6.2) 


W, = B ove @ ye) 
AEQ, 


= ndg e, [Ve ey", 
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Therefore, 


k 
= = (V1 9 V) = Qw, 


h=0 


= p Indexe. Ve x p=] 


~ maS o., D urasi] GB vas) 


h=0 pth: vHk—h: 
£(u)<m L(v)<n—m 
k 
~ 6 ‘ 
=Q © [Mev ames, 2) 
h=0 vEk—h: 


Pa (v)<n—m 


k 
=< PB @ D c [Ut RU” R S 
h=0 uFh: vek—h: AFH 
L(u)<m £(v)<n—-m en 

where =, follows from Theorem 8.2.10.(iv) and &, follows from (8.29) and 
Corollary 1.6.12. This is the decomposition of V® into irreducible (GL(V;) x 

GL(V2) x G,)- representations. 
On the other hand, we may start from Theorem 8.2.10.(iv) and apply 


Resear eae x6, Comparing the two results, the statement follows. 


Exercise 8.2.16 Show that the decomposition in Proposition 8.1.2 and Propo- 
sition 8.1.6 are particular cases of Theorem 8.2.15. 


In [49, Theorem 9.2.3] it is shown that using seesaw reciprocity one may 
connect Theorem 8.2.11 and Theorem 8.2.15. This is one of the results in the 
remarkable paper [60]. 


8.3 The partition algebra 


This section is devoted to another kind of Schur—Wey] duality. In the preceding 
section we studied the commutant of the action of G, on V® obtained by per- 
muting tensors; we showed that GL(n, C) spans this commutant and we deduced 
several properties of a remarkable class of representations of GL(n, C). In the 
present section, we consider the action of ©, on V®* obtained by resticting the 
representation of GL(n, C) to the subgroup formed by all permutation matrices, 
which is clearly isomorphic to G,,. From another point of view, ye = Lin] 
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and G,, acts on L({n]*) by tensoring k-times the permutation representations on 
the Young module L([n]) = M"~!-!. We show that the commutant Ende, (V®*) 
is an algebra (called the partition algebra) described in terms of partitions of 
{1,2,..., 2k} in a nice pictorial way (actually, for n < 2k the commutant of 
Ende, (V®) is a quotient of the partition algebra, while for n > 2k they are 
isomorphic). The partition algebra was introduced, indipendently, by V. F. R. 
Jones [67] and P. Martin [86, 87]. Our main source is the paper by Halverson 
and Ram [58]. We have also benefited from the introductory part of the paper 
[8]. However, our treatment is more elementary and in some sense we are more 
interested in Ende, (V®*) than in the structure of the partition algebras, so that 
we have omitted several results such as semisemplicity of the partition algebras, 
the role of the basic constructions, the presentations of the partition monoids 
and the explicit expression of the YJM elements. For them we refer to [58]. 
Other important references on the partition algebras and related constructions 
are: [9, 13, 14, 30, 37, 38, 48, 56, 57, 88, 89, 90, 91, 92, 126]. 


8.3.1 The partition monoid 


A monoid is a set with a binary operation which is associative and has an 
identity. In this subsection, for each positive integer k > 1, we construct a 
finite monoid Px, that we call the partition monoid. The elements of P, are the 
partitions of the set {1,2,...,k, 1’, 2’,..., k’}, that we consider as the disjoint 
union of two copies of {1,2,...,k}. Given d € Py, d = {A), A2,..., Am}, 
a diagram representing d is any (simple, undirected) graph (without loops) 
with vertex set {1,2,...,k, 1’, 2’,...,k’} and whose connected components 
are precisely the parts (or blocks) A1, A2,..., Am of the partition d. This 
means that two vertices of the graph are connected by a path if and only if 
they belong to the same part of d. In most cases, such a graph is not unique, 
but our constructions do not depend on the particular chosen graph. A diagram 
representing an element of P; will be drawn in the form of a two-row array: 
in the top row we put the elements 1, 2, ..., k and in the bottom row we put 
1’, 2’,..., k’, in both cases respecting the natural order. 
For example, for k = 9 the diagram in Figure 8.2 


1 2 3 4 5 6 7 8 9 
e 


eo ~e 
1’ of 3 vos 6/ 7 3! 9’ 


Figure 8.2 


386 Schur—Weyl dualities and the partition algebra 


represents the partition 
H1, 1%, 4}, {2}, {3, 6, 2}, {5, 9}, {7, 8, 99, {3^ 6 bd 5}, 17} {89 


In general, we will define a partition d € P, giving a diagram representing it. 
Note also that d induces a partion of {1, 2,...,k} whose parts are called top 
blocks and a partition of {1’, 2’, ..., k’} whose parts are called bottom blocks. 
Morever, a top/bottom block may be isolated or connected respectively with 
exactly one bottom/top block. 

An edge connecting two vertices i, j (or i’, j’) may be drawn as a straight 
line if j =i+1(j’ =i’ + 1) or, in general, as an arc which is curved inside 
the box delimited by the vertices; the latter representation is useful when the 
arc belongs to the middle row of a three-row diagram (see below) and we want 
to indicate the graph (the upper or the lower) to which it belongs. 

Suppose that dı, d2 € Py. We define their product dı o d2 by showing how 
to construct a diagram representing it. The construction is in three steps (see 
Figure 8.3). 


e e 
dı = 
° eo ~e 
Vy? y a BY Ge BP 
1 2 3 4 5 6 7 8 
e 
dy = 
e 
Y 9! 3/ 4! 5/ 6/ 7 8g’ 
1 2 3 4 5 6 7 8 
G = 
e 
yy os 2 2 er Ss 
1 2 3 4 5 6 7 8 
e e 
g' = 


VY 7J of Bh Gt 7 8! 
Figure 8.3 


e First of all, we draw a diagram of dı above a diagram of d2, and we identify 
the bottom row of dı with the top row of d2. In such a way we get a graph G 
with three rows, that we call the intermediate diagram. 
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Then we delete all the connected components of G that are entirely contained 
in the middle row. 

Finally, we eliminate all the other vertices in the middle row and we draw 
a graph G’ whose vertex set consists of the top and bottom rows and that 
satisfies the following property: two vertices of G’ are connected by a path if 
and only if they were connected by a path in G. Then d; o dù is the partition 
represented by g’. 


It is easy to check that this product is associative: when we compute dı o 
(dz o d3) or (dı o d2) o d}, in both cases we can start constructing a four-row 
diagram, placing dı above dz and dọ above d3. Then we can follow the above 
procedure, deleting the second and the third row simultaneously. It is also clear 
that the identity element is the partition identified by the diagram in Figure 8.4: 


1 2 3 4 k 

=] |I] | 

1’ 9! 3/ 4! k! 
Figure 8.4 


The propagating number pd(d) of a partition d = {Aj, A2,---, Am} € 
P, is the number of parts A; such that both A; N {1,2,...,k} and A; N 
{1’, 2’,..., k’} are nontrivial. The set of all d € P} such that pd(d) = k coin- 
cides with the symmetric group on k elements, and thus it will be denoted by 
Gx. Indeed, if pd(d) = k then d must of the form {{i1, 1'}, {i2, 2'}, ..., fig, KY}, 
where i}, i2,..., ig is a permutation of 1, 2,...,, and therefore we can asso- 
ciate it to the element x € G; defined by setting: z (j) = i;. It is also clear that 
in this identification the product o coincides with the composition of permuta- 
tions, that is the symmetric group ©% is a submonoid of P}. 

Fori = 1,2,...,k— land j =1,2,...,k, we define the special elements 
of P, (see Figure 8.5). 


Figure 8.5 
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We also set pọ = pı = 1. Now we give a set of relations satisfied by these 


1 
Z 


elements. 


Proposition 8.3.1 The following relations hold (for simplicity we omit the 
product symbol o): 


(i) Fori, j = 4,1,1 + ż,2,...,k— 4, k we have: 


P? = pi, Pi Pix 


2g 1 
and, when |i — j| > 2 


PiPj = PjPi- 
(ii) Fori = 1,2,...,k — 1 we have: 
2 = 
S; = L, SiSi+1Si = S741 Sj} Si41 


and, when |i — j| > 1, 


SiSj = SjSi. 
(iii) Fori = 1,2,..., k — 1 we have: 


Si Pi Pit! = Pi Pi+1Si = PiPi+1, 
Si Pith = Pi4iSi = Pitts 
SiSit1 Pi 41 Si41Si = Pizia 

Si PiSi = Pi+1 


1 


and, when j #i-4,i,i+5,i+ 1,143, 


Sj Pj = PjSi- 


Proof These relations are easy to verify; in particular, those in (ii) corre- 
spond to the usual relations for the adjacent transpositions in G,, (see (3.33)). 
As an example, we draw the diagram (Figure 8.6) that proves the relation 
SiSi+1 Pit LSi415i = Pj 3+ 


i i+] i+2 
SiSi+1 sikk i i+l i+2 
Si+1si sa E 


Figure 8.6 
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Proposition 8.3.2 The elements pi, Pitis P2 +++ Pets Pio S1, 825 +- -> Sk—1 
generate the partition monoid Px. 


Proof We begin by introducing a definition: a special planar partition is a 
partition d € P of the form: 


= (eer V2 cased ih 
(i Ley ond i2, Gi +Y, Gi +2,- Fg) 
Sig {i1 + 1, ip} + 2; amas) iy, Cir-1 + 1y, (ji-1 + 2y, ae | iets 
{ir + 1, i + 2; sey inst}, {i1 + 1, i41 + 2, REg i2}, 
sa {is—1 + 1, is—] F 2; Pasy ish 
{j + 1y, Cit + 2Y, e.’ Gaah {+1 + 1y, (ji+1 + 2y, e.’ Cia}, 
{Gra + D, Gi +2,- GAH 
where ij <i2 <---i) < igi < <i =k and ji < ji < cji < jiy 
<- < j| =k’. It will be represented by a diagram which is a sequence 
of trapezoids followed by a sequence of horizontal lines, in the top and bottom 
row. We give an example: for t = 2, s = 4, r = 6, i) = 4, in = 8, i3 = 10, 
ig = 13, 7, = 3', j = 6, j = 9, j4 = 1U, j; = 12’ and jg = 13' the diagram 
is shown in Figure 8.7. 


10 u 12 13 


ES a 


rey 2 E: 9! 10’ 1! 12” 13" 


Figure 8.7 


We claim that every special planar partition may be written as a product 
of the elements pı, pı 44s P2 -+--> Peis Pk It suffices to analyze the above 
example: its expression as a product of Pi» P3, -- +, Pk May be obtained step 
by step as indicated in Figure 8.8 (again, we omit the symbol o). 


10 11 12 13 


1 2 3 4&4 6 
P3 Ps Pz pA 
Paps P11 p13 p15 P7Ps ° 
P19 p23 P25 P7PSP9P10 

1 


e 
PuPi2PisPispirp2 V Y Bf A y 6! 7 8 9 8&8 g io’ 1 11’ 12’ 13! 


Figure 8.8 
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All the other special planar partitions may be handled in the same way. To end 
the proof of the proposition, it suffices to note that every d € Py may be written 
in the form: d = dı o dz o d3, where di, d2 € Gx and dp is a special planar 
partition. Then we may simply invoke the fact that the elements s1, ..., Sk—1 
generate G,. 


Remark 8.3.3 In [58] it is shown that the generators in Proposition 8.3.2 
together with the relations in Proposition 8.3.1 form a presentation of the 
partiton monoid. 


Remark 8.3.4 The submonoid generated by the elements pi, pi, pj+1, 
P2, ---, Pe—4s Pk is called the planar partition monoid. It is formed by all 
partitions that may be represented by a diagram which is planar, that is, no two 
edges intersect. There are planar diagrams that are not special (in the definition 
introduced in the proof of Proposition 8.3.2): Figure 8.9 is a simple example 


1’ 9! 3/ 4! 5/ 6/ 
Figure 8.9 


that may be obtained as a product of the p’s as indicated in Figure 8.10 (as 
usual, for simplicity, we omit the symbol o): 


1 2 3 4 5 6 
e e 
P4P5 
Pp paps pr popu 


D3P4PSPEPLPs pu PapsPa 
: g e oe m 
1’ Ov 3/ 4! 5/ 6’ 
Figure 8.10 


The planar partition algebra is isomorphic to the famous Temperley—Lieb 
algebra; we refer to [48] for more details on the latter algebra and to [58] for 
details on the isomorphism. 

It is convenient to introduce a particular submonoid of P;+1. If k is a positive 
integer, P,,1 is the submonoid of P+, formed by all partitions d such that 
k + 1 and (k + 1) belong to the same part. We also set Py = Pi = {1}. 
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Exercise 8.3.5 Show that P, +: is generated by the elements pı, Pipl Pares 
s+ > Pets Pk» Pept, St, 525 » + + 3 Sk-1- 


We end this subsection considering again the Stirling numbers of the second 
kind (see Section 4.4.3). 


Proposition 8.3.6 For a couple of integers satifying O < h < m, the number 
of partitions of {1, 2, ..., m} into h parts is equal to the Stirling number of the 
second kind S(m, h). 


Proof Let S(m, h) be the number of partitions of {1,2,...,m} into h 
parts. It suffices to check that S(m, 0) = 0, S(m, 1) = 1 (both obvious) and 
that 


S(m +1, h) = S(m,h — 1) +hS(m, h); (8.37) 


see Exercise 4.4.11. The identity (8.37) has a natural combinatorial proof: a 
partition of {1,2,...,m-+ 1} into h parts may be obtained adding the part 
{m + 1} to a partition of {1,2,...,m} into h — 1 parts or adding m+ 1 toa 
part of a partition of {1, 2,..., m} into h parts. 


The Bell numbers are the positive integers B(m) defined by setting 


m 


B(m) = > S(m, h). 


h=1 


From Proposition 8.3.6 it follows that B(m) is equal to the number of partitions 


of {1,2,...,m}. In particular, the cardinality of the partition monoid P% is 
given by: 
1 1 
|P] = B(2k) for k=l, 145,2245 


Exercise 8.3.7 Show that the Bell numbers have the following exponential 
generating function: 


oo zh 
5 Bh) = exp(e — 1). 
h=0 2 


Hint. Use 4. in Exercise 4.4.11. 


8.3.2 The partition algebra 


For each k € {0, 5, 1,1 + 5, ...} andn € N, we define an (abstract) associative 
algebra P,(n), called the partition algebra of parameters k and n. As a vector 
space, it is formed by all formal linear combinations of elements of the partition 
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monoid P, that is, an element of P(n) is of the form ae P, f(d)d, where 
f : Pk — C. In other words, På may be identified with a vector space basis 
of P(n). In order to complete the definition of P(n), it suffices to define 
an associative product on the basis elements. It is a slight modification of 
the product dı o d in the partition monoid, and it is denoted simply by didz 
(juxtaposition). For d1, d2 € P, let G be the intermediate diagram constructed 
to define dı o dp (see Section 8.3.1). Then we set 


didz = n°d, O dz, 


where c is the number of connected components of G that are entirely contained 
in the middle row. For example, if dı and d are as in Figure 8.3(a), then 


didz = ndi O do. 
For k = 0, 5 we have: Po(n) = Pı (n) = C, since Po = Pi = {1}. 
Example 8.3.8 For k = 1, P; = {1, pı}, 1 is the identity and we have: 


Pipi 5 npı. 


Given two partitions dı, d? € P, we say that dı is coarser than d) (or 
that d) is a refinement of dı) when each block of dọ is contained in a 
block of dı (equivalently, each block of dı is the union of some blocks 
of d2). For instance, d, = {{1, 2}, {3, 4, 1’, 2’}, {3’, 4}} is coarser than dz = 
{{1}, {2}, {4}, (3, 1’, 2’}, {3’, FH. We write di < da when d; is coarser than d). 


Note that < is a partial order on the set P}. It is convenient to extend < toa 
total order. It is simple: put the B(2k) partitions in P, into a sequence 


di < dy < d3 < +++ < dgBor-1 < dae (8.38) 
in which the number of parts of dı is less than or equal to the number of parts 
of dj41,i = 1,2,..., B(2k) — 1. Clearly dı = {1,2,...,k, 1’,2’,..., k’} and 

dge = {{1}, {2}, -a {kK}, (UF, (2), (AT. 
Then we get a total order < such that 
d,d' € Py, d< d >d d. 


We can use this order to define a set of elements {xg : d € Py} of P(n) by 
means of the following relations: 


d=} xa. (8.39) 
d'<d 


Indeed, clearly xg, = dı (where dı = {1, 2, ..., k, 1',2’,..., k’}) and then we 
can compute Xa,, Xdz, - - - , Xdrop» that are uniquely defined (d2, d3,..., dan 
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are as in (8.38)). From the relation d; = xg, + )- d'<d, Xd’ and induction on i, 
it follows that the matrix that represents the x4,’s in terms of the d;’s is lower 
triangular with 1’s on the diagonal. Therefore we have proved the following 
proposition. 


Proposition 8.3.9 The set {x4 : d € Py} is a basis of P(n). 


Example 8.3.10 For k = 1 (see Example 8.3.8) we have dı = 1, d) = pı and 
Xa, = l and xg, = pı — 1, so that 


Giz) = (n — 1)xg, + nxa. 


For k € N, there is a natural inclusion P}41 (n) C P+ (7), because Papi is 
defined as a submonoid of Py. But we can also define an (injective) inclusion 


P; => Peyi 


4 
do d ee) 


where the partition d’ is obtained from d € Py by adding the isolated part 
{k + 1, (k + 1y}. This leads to an inclusion of P(n) in Prt (n), that is Prt (n) 
contains a subalgebra isomorphic to P(n) and we identify P(n) with this 
subalgebra. This way, we get a chain (or tower) of algebras: 


Poln) € Pi (n) E Pin) E Puy s(n) C+ 
-++ C Pln) E Pipp (n) E Prin) C (8.41) 


where Po(n) = P: (n) = C by definition. 


8.3.3 Schur—Weyl duality for the partition algebra 


Let V and V® be as in Sections 8.1 and 8.2. In particular, n = dimV and 
{e1, €2,..-, €n} is an orthonormal basis of V. We define a representation p; of 
the symmetric group G,, on V®* by setting 


PKT (ei Q ei @ +++ @ Cx) = erti) Q erli) @ +++ @ erlin 


for all 2 € ©, and all basis vectors e;, Q ei, ® --- Q ei. Note that for k = 1, 
it is just the permutation representation in Example 1.4.5 (and in the notation 
of Section 3.6.2 it is the Young module M"~!-'), Note also that pp may be 
considered as the restriction of the representation (denoted again by px) of 
GL(V) on V®* presented in Section 8.2.1 to the subgroup of GL(V) consisting 
of the permutation matrices (in the basis {e;, e2,...,e,}). For instance, the 
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0 0 1 
matrix | 1 0 Oj] represents the permutation 
0 1 0 
1 0 0 1 
0 > [1 > 10 > 10], 
0 0 1 0 


that is (1 > 2 > 3 —> 1). If we identify V®* with L({n]*) (cf. (8.1)) then px 
coincides with the tensor product of permutation representations considered in 
Example (7.5.19). As in that example, we set V = M""!'!, v®° = M™, the 
trivial representation of G, and 


A(n) = Endo, (V™) &=0,1,2,..., 


Axi) = Ende (Rev) 220132, 


n=l 


The aim of the present section is to show that A(n), k € {0, F, 1,1 + 


5 ,---, } is isomorphic to P(n) for certain values of k and n, or to a quotient on 


P(n) for the other values. First of all, we introduce a notation for End(V®*), 


An operator A € End(V®*) is determined by a matrix A A where the 
indices (i1, i2,..., ig) and (iy, iv, ..., ix) range in [n]*. More precisely, we 
set 
ACéi, ® ĉi, Q&Q ei) = x: A ori Ie ® Cin QD- 8 Cin, 
Griy,- ip etn Ik 
(8.42) 


for all basis vector e;, © ei, ® --- Q ei,- In the notation of (8.3), 


11,12, ig ; š $ Sc oe j 
ADS = Fiy, ix, ..., ip, it, i2,..., ik) 


Tl Ug! yeee lgl 


and A = Tr. We can define a representation ®; of P(n) on V®* by specifying, 
foreachd € Px, the matrix representing the operator P (d). We need a notation: 
for d € Py, we write s a to denote that s,t € {1,2,...,k,1',2’,...,k’} 
belong to the same part of d (they are equivalent for the relation associated 
with d). Then we set 
1 its4 ae 
[odaie n Be (8.43) 
O otherwise 


for all d € Py. This is another description of [,(d)]; aeodk Taken 


plot yeesdyy” 


(ii, i2,..., ig, iy, iv,..., ip) € [nk x [n]*, define a partition Pi by taking the 
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subsets on which the function 
{1,2,...,4,1/,2',..., kK} arrei, 


is constant. Then [,(d)]}' oe = = | if d’ is coarser then d and it is equal to 
0 otherwise. 

A third description of ®;(d) is the following. Let G be a diagram representing 
d. Then 


[mayer = [ona 
where the product is over all s,t € {1,2,...,k, 1',2’,..., k’} that are con- 


nected by an edge in G. For instance, if d is represented by the diagram of 
Figure 8.2, then 


KACA 


E sees ig 


= Ĝi, iy Ôi ig iy is Ĝis i Diy ig Oty iy Ôi 


is,i9 


ô; 


i7,ig 


yis Diada 


We also give the expression of ®; on the generators in Proposition 8.3.2: on 
each basis element e;, 8 ei, Q --- Q ei, we have: 


D;.(5; (Ei, Qei D- R eip) 
= e er BR eia @ eia 8 Ci, @ eiga BDR Gi, 


Di (pj ei, Der D8 er) 


= X ei, Den D eia O er BEi,,, O O er 
kel 


PLP jien @ Ci, @ +++ @ er) 
= ĝi ili 8 Ci, O- 8 ei, © eia B+ er 
Lemma 8.3.11 Ọ®; is indeed a representation of P(n) on yek, 


Proof It suffices to check that, for d, d’ € P}, we have ®;(dd') = ®;(d)®,(d’). 
For 


PORA : oe ; k 
(i, 12, o. es} ix), (iq, 12”, Aes iat) iw) E [n] 


we have: 
JygilÍ2, -3 ik — AE S OP iy ins. 
[PAOLA Nii = Dy (Pei [Pe Nita te 
iniy, ip=l 
(8.44) 
Suppose that dd’ = n°d” and let G be the intermediate diagram that is con- 
structed to compute d” = d o d’ (see Section 8.3.1). When we compute the 
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right-hand side of (8.44), in each isolated block in the middle row, the cor- 
responding ig are all equal and they can take all the values 1, 2,...,. This 
gives a factor n° (c = number of those isolated components). The values of 
those ig that do not correspond to an isolated part are determined by the values 
of those i}, i2,..., ikg, i”, inv, ..., ig to Which are connected in G. Moreover, 
the values of those i), i2,..., ix, i1”, i2”, ..., ig» that correspond to a block of 
d” = d o d' must be equal (for instance, if r 3 L and £’ a s" then i, = ig and 
ig = is” force i, = is”). The above considerations lead to the conclusion that 
the right-hand side of (8.44) is equal to [®,(d")]j'"3"""";,, and this ends the 
proof. 


We now compute ®;(x,7), d € Px. 
Lemma 8.3.12 For eachd € P, we have: 
(i) 


d 
i: Hees i oad 
®, (Xa) = ifs oe ETH 
0 otherwise 
when the number of parts of d is < n. 
Gi) (x4) = 0 when the number of parts of d is > n. 


Proof Compare the definition of ®;(d) (see (8.43)) with (i): s A t>i,= 
has been replaced by s ~ t i; = i;. This means that San =1 
if and only if the subsets on which the function {1,2,...,k, 1’,2’,...,k/} 3 
r +> i, is constant are precisely the blocks of d. Therefore (i) is an immediate 
consequence of the definition of xg (see (8.39)) and of ®,(d), with an obvi- 
ous inductive argument (using the order in (8.38)). Note also that (1) implies 
(ii): if the number of parts of d is > n, then we cannot construct a function 
{1,2,...,k,1',2',...,k} arr i, € {1,2,...,n} such that the subsets on 
which it is constant are exactly the blocks of d. Alternatively, the inductive 
argument, used in the first part of the proof, leads easily to the conclusion that 
Oi (xq) = 0. 


This is an alternative and fundamental description of Pz(x4) . Consider the 
following action of G, on In} x [n}*: 
(ij, i2,..., ik, iv, ix, ..., ig) 
= (x (i1), 7 (i2), ..., T (ik), Wy), Win), ..., We). (8.45) 


Denote by P(< n) the set of all d € Py that have at most n blocks. With each 
d € P(< n) we associate the set Q4 of all (ij, i2,..., ik, iv, iy,..., ig) € 
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[n]* x [n]* such that the subsets on which the functions {1,2,...,k,1,2,... 
.,k'} > r i, is constant are exactly the blocks of d. Then 
[nk x(nk= [| Qu (8.46) 
de Py(<n) 


is the decomposition of [n]* x [n]}* into G,,-orbits. Indeed, the orbit of 6, 
containing (i1, i2,..., İk, it, iy, ..., ip) is determined by the equivalence rela- 
tion s K t i; = i;. Moreover ®;(xq) is exactly the operator associated with 
the characteristic function of the orbit Q4 (see (8.3) or Section 1.4.1). These 
considerations, together with Lemma 8.3.12, lead to the Schur—Wey] duality 
for P(n), k =0,1,2,.... 


Theorem 8.3.13 (Schur—Weyl] duality for P;,(n)) Fork € N, the map ®, isa 
surjective homomorphism of P(n) onto A(n). Moreover, for n > 2k it is also 
an isomorphism: P(n) = A,;(n), while for n < 2k we have 


Ker®, = (xq : d € Py and it has more than n parts). 


Proof Indeed, by Proposition 1.4.1, Lemma 8.3.11, Lemma 8.3.12 and (8.46) 
the set {®;, (xq): d € Py(< n)} is a basis for A(n), while ®;, (xg) = 0 if d has 
more than n parts. 


Now we examine the Schur—Wey] duality for Prin), k=0,1,2,... We 
define a representation ®, 1 of Pra 1 (n) on VS by setting, for d € Py, 1 (€ 
Pk+1) and i i 


(iis in, «++ de, tv, iv, «+, ig) € [nt x [n], 
Ty e o PEOR 11 ,12,...,14,N 
[Pr l a? iy, = [DO i in (8.47) 
In other words, the value of ®,,ı(d) for the indices (i4, i2,..., ik, iy, iy, ... 
., ip ) is equal to the value of ®;4,(d) for the indices (i4, i2, . .. , ix, n, iy, iy, 


.„ iw, n), that is, ik}1 = ig+1y =n. There is an alternative description of 
Opt (d): the space V% is isomorphic to VS @e,, and the last space is 
invariant under the action of ®,4.;(d) when d € Pra 1 and (k + 1) and (k + 1y 
belong to the same part of d, and therefore if i,,, = n, then we must also have 
igsiy =n to get [Previa os = 1 (see (8.42) and (8.43)). Then 
P, +1(d) coincides with the restriction of ®;,1(d) to V®* @ e,. This second 
description immediately yields the following as a consequence of Lemma 
8.3.12. 


Lemma 8.3.14 ®,,ı is a representation of Pyi(n) on yo 
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We now describe the orbits of G,_; on [n]* x [n]*. Denote by P1 (< n) 
the set of all partitions d € P, +1 with at most n blocks. To each d € Prat (<n) 
we associate a subset Q4 C [n]* x [n]}* in the following way: wg is the set of 
all (i), i2, ..., ig, i", iv, -.-, ip) € [n]É x [n]* such that the subsets on which 
the function {1,2,...,k, 1’,2’,...,k’} 3 r + i, is constant, with the constant 
value different from n, are the blocks of d not containing {k + 1, (k + 1)’}, 
while the subset {i, : r = n} coincides with B \ {k + 1, (k + 1V}, where B is 
the block of d containing {k + 1, (k + 1)’}. Then 


[nk xtak= [] Qu 


dEP 1 (Sn) 


is the decomposition of [n] x [n}* into G,,_-orbits. Indeed, the orbit of „1 
containing (i1, i2, ..., ix, iv, iv, ..., ig) € [n]* x [n] is determined by the 
equivalence relation s At <> i; = i, together with the distinguished block 
B = {r : i, =n}. From Lemma 8.3.12.(4), (8.47) and the subsequent discus- 
sion, it follows that ®,, 1 (xa), for d € P,,1(< n), coincides with the inter- 
twining operator associated to the G,,_1-orbit Q4. This yields the Schur—Weyl 
duality for P,, 1 (n). 


Theorem 8.3.15 For k € N, the map ®,,1 is a surjective homomorphism of 
Py41(n) onto A,,1(n). Moreover, for n > 2k + 1 it is an isomorphism 


Prt (n) = Ar+ (n), 
while forn < 2k + 1 we have: 
Ker®,}ı = (xa: d €E P+: and it has more that n blocks). 


Remark 8.3.16 For the values n > 2k in Theorem 8.3.13 and n > 2k + 1 in 
Theorem 8.3.15 we also deduce that P(n) is semisimple (see Remark 7.4.6 
and Theorem 7.4.7). In [58] it is proved that P(n) is semisimple if and only 
ifk < atl where n € {2,3,..., }andk € {0, 5, 1,1 + $, ...,}. This result is 
based on previous work of Martin: [88] and [91]. 


In order to complete the connection between the representation theory of 
the partition algebras and the representation theory of the algebras A(n) (see 
Section 7.5.5), we need to check the compatibility between the representation 
®, and the inclusions in the towers of algebras of the Ag’s and the P;’s. 
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Proposition 8.3.17 The following diagram 


P(n) ——> Prin) — P(n) 


| Pr | Pat | Pri 


Arn) —> Any 0) —> Ar (n) 


where the horizontal maps are the inclusion in the towers (1.32) and (8.41), is 
commutative. 


Proof First we prove the commutativity of the first part of the diagram. Let d € 
P, and let d' = d | J{(k + 1), (k + 1y} be its image in the inclusion P,(n) > 
Pry 1 (n) (see (8.40)). It suffices to check that P;(d) = ©, , 1 (d') as operators 
on V®. But this fact follows from the Definition (8.43) and from the fact that 
now in (8.47) (applied to d’) {k + 1, (k + 1y} is an isolated part. We now prove 
the commutativity of the second part of the diagram. We show that, for all 
de Prt, ®,, (xq) is the image of Pipi (xa) in the inclusion Ar: > Akı. 
This fact is clear: ®,, 1 (xa) is, by definition, the restriction of ®,4;(d) to 
VS @e,, and this is exactly the inclusion A,,1 > Ag+ı described in an 
abstract form in Proposition 7.5.15 (see also Example 7.5.17) and (7.29)). 


We now want to reformulate the results in Theorem 7.5.18 (and Exam- 
ple 7.5.19) in the setting of partition algebras. For k = {0, F, 1,1 + F, soral 
let A(n) be the dual of Ag(n), as defined in Example 7.5.19. Construct the 
Bratteli diagram as in that example and for A € A (n) let ZÀ be the irreducible 
representation of A; (n) associated to A. From Theorem 7.5.18, Example 7.5.19, 
Theorem 8.3.13, Theorem 8.3.15 and Proposition 8.3.17 we deduce immedi- 
ately the following theorem. 


Theorem 8.3.18 (Double commutant theory for partition algebras) Let k = 
0,1,2,... 


(i) Define a representation ng of P(n) ® L(G) on vo by setting 
nd, I)= ®,(d) px (7), de Phare Gp. Then 


v= BD Zs") 
re A, (n) 


is the decomposition of nx into irreducibles P(n) & L(G,) represen- 
tations. Moreover, z is an irreducible representation of P(n) and its 
dimension is equal to the number of paths starting at A; (0) and ending at 
à in the Bratteli diagram of the chain Ag(n) € A(n) Cc... 
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(ii) Define a representation Nk, of P+; (n) Q L(Gy_1) on V® by setting 
Mer id, m)= Pai (DCT), foralld € Pry, x € Gy_}. Then 


vere p (Zia @ S") 
weA 


is the decomposition of V® into irreducible (P+: 01) 8 L(Gn-1))- 


representations. Moreover, Z* , is an irreducible representation of 


k+} 
Pipi ı (n) and its dimension is equal to the number of paths starting at A ” 
and ending at u in the Bratteli diagram of the chain Ao(n) © Ai (n) C - 


Ps ~ P10) 
(iii) If à € A(n) and u € Ak ı (n) then Resp zi \ decomposes without 
multiplicity and it contains ZA if and only if S” is conii in Res" | ae 


(iv) fà € Aan) andu € Ari ı (n) then Resp Zeri decomposes without 


he ; : Sn 
multiplicity and it contains Zol ifand only if S is contained in Inds" S". 


In the remark below, we briefly descibe how to obtain a GZ-basis for the chain 
of the A;(n)’s and a related set of YJM elements. 


Remark 8.3.19 It is possible to define a Gelfand—Tsetlin basis for the modules 
Z;. in the following way. With each p in the Bratteli diagram 


1 
(+4) _, 


> 
. —> u® = ìà (or ending in > u+? =A) (8.48) 
we associate the vector v, obtained as in Be ona 2.2.1 for group algebras: 


) 1 (n) 


at each stage, the restrictions Res 4, Ma m and Re, Ae a are multiplicity-free. 


Therefore, as in (2.13), we have 
= pD Zp 
Pp 


where Z, are one-dimensional subspaces (representations of Ao(m)) and the 
sum is over all paths p starting at w = (n) and ending at A. Then we can 
choose v, € Zp, ||v,|| = 1 (defined up to a constant of modulus one). We can 
also define a set of YJM elements. Let T, be the sum of all transpositions in 
G, (see the proof of Corollary 3.2.7). Then p(T) belongs to the center of 
A(n) and p;(T,_1) belongs to the center of Api”) (see Proposition 7.3.10). 
Moreover, since Tọ, = Da X; (where X; are the YJM elements for G,, (see 
again Corollary 3.2.7), from the spectral analysis in Section 3.3 it follows that 


Z} @ S* (resp. Zg, 1 @ S“) 
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is an eigenspace of o;(T,,) (resp. px(Tn—1)) and the corresponding eigenvalue is 
J cŒ) (esp. $ co), 
ber ben 
where the sums are all over all boxes b of the Young frame A (resp. u) and c(b) is 
the content of b. Now set M, = (Tn) — pk-1(Tn-1) (using Ai! i(n) C A;(n)) 
and Mipi 1 = Ox(Ty-1) — px(T,). Then the elements Mo, M., ‘ og ty M, 


commute ‘(see Exercise 3.2.9). Moreover, from the spectral analyte of px(Tn) 
and p;(T;,-1) it follows that if p is as in (8.48) then 


I 1 ~ 
Mvp = c/u», (resp. M41 Up = —c(u™/d)) 


where c(à/u) is the content of the box b when A is obtained from u adding b. 
Therefore, as in Section 3.3 we can associate with v, the vector of eigenvalues 


l 1 l 
(cu /u®), cu /u®), —c(wO / uft)... 


It follows that the GZ-vectors vp are determined by the eigenvalues of the 
YJM elements M’s. Therefore, the YJM elements constitute a basis for the 
GZ-algebra associated with the GZ-basis {vp}. 


Exercise 8.3.20 Check all the details in Remark 8.3.19. 


In [58], the authors construct explicit elements M; € P(n) such that 
®,(M,) = M, for all the values of n (in their paper n is allowed to belong 
to C) such that P(n) is semisimple (actually, they use a slightly different 
expression for the M,). 
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